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PREFACE 


Thk ol»j ect of fhis book i,s to provide ;i .simple and comi'-etcd account 
of the subject of Finite Differences and to present the theory in a 
form which can he readily applied. 

Two distinct reasons impelled me to undertake this work. First, 
in my lectures at Greenwich to junior members of the Koval Corps 
of Naval Constructors I have occasion to treat certain aspects of 
difference equations ; seeondlv. the calculation of tables of elliptic 
functions and integrals, on which I have been recently engaged, 
gave rise to several interesting praetieal difficulties which had to 
he overcome. For both these causes mv attention has been 
directed towards the subject and the lack of a suitable text-book 
upon which to draw was brought to mv notice. The onlv com¬ 
prehensive English treatise, namely Boole’s Finite Differences, 
is long sima- out of print, and in most respects out of date. Mv 
first idea teas to revise Boole’s book, but on looking into the* matter 
it appeared that such a course would he unsatisfactory, if not 
impracticable. 1 therefore decided to write a completely new 
work m which not only tie- useful material of Boole should find a 
place, hut in which room should also he found for the more modern 
developments of the finite calculus. 

My aim throughout has been to keep in mind the needs of the 
beginner, so that tie- book may be regarded as suitable for a first 
course as well as for more advanced reading. 1 do not, however, 
helieve that the needs of the beginner in a mathematical subject 
are best served bv eschewing ai! hut the most elementary mathe¬ 
matical apparatus. Bather, his interest in the subject may well 
form an adequate opportunity for enlarging his outlook on the 
science of mathematics, so that he may the better he enabled to 
distinguish and appreciate the connection of the whole system 
and the relative dependency of its several parts. Consequently 
I have not hesitated to use the mathematical process or terminology 
which has appeared to me most appropriate to the immediate 
object in view. On the other hand whenever this course seems to 
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lead beyond the elementary matters, with which all who embark 
on the reading of a mathematical book must be presumed to be 
acquainted, I have included the necessary definitions or proofs 
as part of the text or have given accessible references to treatises 
which can ordinarily be found in any mathematical library. In 
this way it has been possible to treat the subject in a simple yet 
rigorous manner. 

The subject-matter falls naturally into two main divisions which 
may be subsumed under the headings 'Interpolation and Difference 
Equations. The pioneer in interpolation was undoubtedly Briggs, 
whose work was largely of an arithmetical character. Newton 
was the originator of the systematic theory and his divided difference 
formula is really the fundamental basis of all the usual methods 
of polynomial interpolation. Gregory was probably an independent 
discoverer in the same field.* 

The present work therefore starts with divided differences in 
Chapter I ; and in a general sense Chapters 111. IV and VII may 
be regarded as elaborations of Newton’s work. Chapter V on 
reciprocal differences, describes a method of interpolation, due to 
Thiele, by means of rational functions, which is more genera! 
than polynomial interpolation, and which will possibly be new to 
many English readers. Chapter VI introduces t he generalisations, 
due to Nbrlund, of Bernoulli’s polynomials, but here they are 
treated by a symbolic method, which seemed to me to be as effi¬ 
cacious and in many ways more suitable that) Norluiid's method, 
which is founded upon a different principle. By means of these 
generalisations the subject of numerical differentiation and integra¬ 
tion assumes a unified aspect wliich hardly seems to be attainable 
without them. Chapters 1 to Vli therefore form a suitable intro¬ 
ductory course and will make very little demand on the reader’s 
previous mathematical knowledge. I have tried to meet the 
requirements of those who wish to make numerical applications 
by giving the formulae in a manner suited to direct use with a 
table of data. The numerical illustrations scattered through these 
chapters are mainly of a simple kind which can be easily worked, 
for it is not my purpose to obscure principles by unnecessary arith¬ 
metic. The subject-matter of some of these examples is perhaps 

*See H. tV. Turnbull, p. 101, footnote. 
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of an unusual nature, but this is intentional in order to lend variety 
to the applications. In the chapters on Interpolation I have followed 
Steffensen’s excellent example in laying much stress on the remainder 
term, which measures the error committed in using an interpo¬ 
lation formula. Indeed, no formula has been given which is 
unaccompanied by a means of estimating the remainder. 

The part of the book which deals with difference equations 
begins with Chapter VIII, which expounds Norlund’s method of 
treating the summation problem. Chapter IX applies these 
methods to elaborating the theory of the Gamma function. In 
Chapter X, 1 have attempted to give a consecutive account of the 
salient properties of factorial series, which, I hope, will prove 
interesting in itself. The object of this chapter is to develop the 
properties of the series in which the solutions of difference equations 
find their natural expression. Chapter XI discusses the difference 
equation of the first order ; the linear case is completely elucidated, 
and certain amenable non-linear forms are treated. This chapter 
includes an investigation of the exact difference equation of the 
first order. The methods of this, and of succeeding chapters, 
are illustrated by simple worked examples in the text. Chapter XII 
considers the properties of the general linear equation, including 
the application of generalised continued fractions treated by matrix 
methods. Chapter Xlil deals with the important case of constant 
coefficients. Here the theory is complete, in the sense that the 
solution can be explicitly obtained. 1 have dealt with this equation 
at some length both by Boole’s method and by a method of my 
own, which seems well adapted to applications of a geometrical 
or physical nature, and which is analogous to Heaviside’s method 
for differential equations. The linear equation with constant 
coefficients has recently come into prominence in connection with 
various physical and mechanical problems ; for example in the 
theory of Structures. Chapters XIV and XVI develop the solution 
of linear difference equations with variable coefficients by means 
of Boole’s operators, which I have generalised in order to render 
the treatment more complete. Chapter XV gives an alternative 
treatment founded on Nbrlund’s use of Laplace’s transformation. 
Chapter XVII gives two fundamental theorems of Poincar4 and 
Perron on the asymptotic properties of the solutions of a certain 
type of linear difference equation. The proof of Perron’s theorem 
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is made to depend upon the properties of a certain class of simul¬ 
taneous linear equations in infinitely many unknowns. The theory 
is so interesting and so closely connected with finite differences 
that it has seemed worth while to give Perron’s treatment in extenso. 

Operational and symbolic methods have been freely used through¬ 
out the book, and it is hoped that the manner of presentation here 
given will be found free from the objections often associated with 
their use. Indeed it has always seemed to me that symbolic 
methods constitute the essence of the finite calculus. My choice 
of notations has therefore l>een made with a view to facilitating 
the statement and application of operational methods, and to 
stressing the analogies with the infinitesimal calculus. 

In stating theorems I have as far as jmssible associated the name 
of the discoverer as sufficient indication of the origin, but it must 
not be assumed that the method of presentation is in every case 
that in which the theorem was originally given. Indeed in the 
case of the work of the older analysts it would he easy, hut un 
profitable, to point out defects and lack of rigour in many of their 
proofs. 

My labour in correcting the proof sheets has been greatly lightened 
by Professor H. W. Turnbull. F.lt.S., who has read the first proof 
and made many valuable suggestions both mathematical and 
historical; and hv Dr. A. C. Aitken, F.R.S.K., who has performed 
the same kindly office, has supplied many original examples, and 
has verified the numerical work. To both these, friends J wish to 
express my lively thanks for assistance which has helped me to 
remove many imperfections both of expression and demonstration. 
For any blemishes which may remain I am solely resjamsihle, hut 
I am led to express the hope that the work will be found to be free 
from important errors. I take this opjM>rtunity of expressing mv 
thanks to the officials of the. Glasgow University Press for the 
ready way in which they have met mv somewhat exacting require¬ 
ments. 

L. M. MILNK THOMSON. 

Mathematics Department, 

Royal Naval Collkok, 

Greenwich, 

•July 19H:V 
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INTRODUCTION 


Lkt f(x) l>e a given function of the variable x. The Differential 
Calculus is concerned with the properties of 

f(x) Df(x) = lim 

U .-.0 Oj 

which is still a function of the single variable s. On the other hand 
the Calculus of Differences is concerned with the properties of 

A/M" 

which is a function of the two variables x and t». 

More generally, in contrast with the Infinitesimal Calculus, the 
Finite Calculus is concerned with the values of a function at a set of 
isolated points and with such properties as may he derivable there¬ 
from. 

Suppose then that we are given the numbers/(xj),/(x 2 ),/(x 3 ), ..., 
and an argument x different from x v x r 3 , ... . Among the subjects 
of enquiry which naturally present themselves are the following. 

(i) The determination of f(x) from the given functional values. 
This is the Interpolation problem. 

(ii) The determination of 

f'{x), f f(x)dx. 

J a 

These are the problems of Numerical Differentiation and Integration. 

Extending our enquiries in another direction we are led to con¬ 
sider the properties of the functions f(x) defined by the equation 

/<! + »>-/<*> 

where g(x) is a given function. This constitutes the Summation 
problem, which is analogous to the problem of integration in the 
Integral Calculus. 


XXI 




CHAPTER 1 


DIVIDED DIFFERENCES 


I’O. Definitions. Consider a function/(x) whose values are 
given for the values x 0 , x,, x 2 , ..., x„ of the variable x. These latter 
values we suppose to be all different. 

The divided difference of /(x) for the arguments x 0 , Xj is denoted 
by [x^j] and is defined by the relation 


[*■ 0 * 1 ] = 


./Vo) -/V1) _/(*)“/(*#) 

X 0 -X l x l~ x 0 


[XiX 0 ]. 


Similarly we define the divided difference of arguments x l5 x 2 by 


[XjX 2 ] — 


/( x i)-/( x i) 
x i - X 2 ’ 


and so on. 

Two divided differences of two arguments having a common 
argument can be used to define a divided difference of three argu¬ 
ments. Thus the divided difference [xqXjX,] of the three arguments 
x 0 , Xj, x 2 is defined bv 


... i x o x i’H x i x :>] _ [£o»i]-.fe] 


Proceeding in this way we can form divided differences of n+1 
arguments when we have defined the divided differences of n argu¬ 
ments. Thus * 


[XoXj x„] = • • \.*.-i] -1**1 • -• x »3 


* Other notations are ... x„), <>"/ (x), /„(r 0 , r,. r„). It will be 

proved in 1*3 that divided differences art* symmetric functions of their 
arguments so that the order of symbols within the bracket is immaterial. 




2 


DIVIDED DIFFERENCES 


[DO 


These, results may be exhibited in a scheme of divided differences as 


follows: 
x 0 

/(*o) 

/(*l) 

[z 0 Xj] 

IV 2 ] 

[XoXjXj, ] 

[ToZiZjZa] 

z 2 

/(* 2 ) 

tz,z 3 ] 

| XjXjjX^j 

[XqZiXjX^j] 

foXgZgXg] 

*3 

/(*s) 


[XjX 3 X 4 ] 


3-4 

/(*l) 








[**"n 3^"n- 2*^n - l^nj 


/(*«) 


(x„ 2 X„ jX fl ] 



1*1. Newton's Interpolation Formula with 
Differences. Writing z for z 0 we have by definition 


[zzj ...x n ,] 


\T,X 2 ...X n ] [xr,...Z n .,1 

X-Z„ X-X n ’ 

X — ^n-i ■ r ~ r n-\ 

**" ~ •En—2 ***n 2 


Divided 


[xx^] =13-1, 

X- x z X- T„ 

[xxj = . 

u T _ <r or r 


x-x x X - J j 

By repeatedly substituting for the second member on the right of 
each identity its value as given by the succeeding identity, we have 

[**.*• -*J = A 

X X n (z X n )(x X n _j) 

_ [^lXj- ..X„_ 2 ] _ _ [XjiC 2 ] 

(* ~ *") ( X ~ x n-l) ( Z “ x n-t) (z-z n )(j-z fl _j) ... (X - Zg) 

-— . . _/(*) _ 

(X-Z,,) ... (Z-Z 2 )(x-Z,) (z-X„) ... (X-Zj)’ 
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or 

f(x) = f(x x ) + (x - x x ) [x x x 2 ] + (x-Xj)(x- x 2 ) +... 

-f (x-x,)(x-x 2 )... (x-x,„ i) [x x x 2 ... X,] +... 

+ (x - Xj )(X - x 2 )... (x - X n .j) [XjX 2 ... x n ] 

+ (x- x t )(x - x 2 )... (x- x n ) [xx x x 2 ...x„l 

or 

(1) /(*) =/(Jh) + X(x--X!)(x-x 2 )... (x — x,) [XjX 2 ... X, , j] + R n (x), 

i 1 

(2) where /i„(x) - (x- Xj)(x - x 2 )... (x- x n ) [xx,x 2 ... x„]. 


This is Newton’s general interpolation formula with the remainder 
term R n {x). The formula is of course a pure identity and is therefore 
true without anv restriction on the form of /(x). 

Bv means of this formula the evaluation of a function f(x) whose 
value is known for the values x Jt x 2 ,..., x„ of the variable is reduced 
to the problem of evaluating the remainder term R„(x). Should this 
term be known or negligible, the required value/(x) can be calculated 
from Newton’s formula. 

It should be observed that no particular rule is laid down for the 
sequence of the arguments x. x lt r 2 , ... . which need not be in 
ascending or descending order of magnitude. 

If f(x) be a polynomial of degree n - 1 in x, then 


[xx,i 


/(x) -/(*,_) 

x-x, 


is of degree n - 2 in x. Hence the operation of taking the divided 
difference of a polynomial lowers the degree bv unity. Conse¬ 
quently the divided difference of the (« - l)th order of a polynomial 
of degree n-1 is constant, and therefore the divided difference of 
the nth order is zero, that is. [xx,... x„] = 0. 

In this case R„(x) 0, so that the value of f(x) given by the 

formula 

(3) /(x) =f(r l )-i U (x - x,)... (x - x s ) [x,x 2 ... x m ] 

I - l 

is exact. 

If f(x) be not a polynomial, we see that 

R„[x) = 0, for x = x v x 2 , ... , x„, 
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so that the right-hand member of (3) yields the polynomial of degree 
n - 1 whose value coincides with the value of /( x) for 

Example. Find approximately the real root of the. equation 
y s -2y-b = 0. 

Let x = y 3 - 2y - 5. 

This relation defines a function y—f(x). We want the value of 
/(0). Attributing suitable values to y we obtain the following 
table of divided differences. 


X 

/(*) 




-1-941 

1-9 

+ -10627 



-1-000 

2-0 

+ 09425 

- -0060 

+ -0005 

+ 0-061 

2-1 

+ -08425 

-•0044 

K0003 

+ 1-248 

2-2 

+ -07582 

- -0034 


+ 2-567 

2-3 





Thus approximately, using (3) above, we have 

y = 2-0+1 x -09125 + 1 x -061 x -0011 + ] >: -001 x 1-218 x -0003 
= 2-09454. 

The corresponding value of x is -0-00013 and the above value of 
y is in error by about one unit in the last digit. 

1 *16. Rolle’s Theorem. In order to discuss the form of the 
remainder term in Newton’s formula we need the following theorem 
known as Rolle’s theorem. 

If the function f(x) be continuous and differentiable m the interval 
aesfx^b, where a, b are two roots of the equation f (r) — (», then the 
equation f {x) = 0 has at least one root interior to the interval (a, b). 

Proof. If f{x) have the constant value zero, the theorem is 
evident. Uf(x) be not constantly zero, it will take jiositive value* 
pr negative values. Suppose that/(a;) takes positive values. Then 
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f(x) being continuous will attain a maximum value M for some 
point t; such that a < t; < 6. Thus, if h be positive, 

M+h)-M) 

h 

is negative or zero and hence the limit when h -0, namely /'(£), 
caimot be a positive number, that is, 

/'(*)< 0. 

Similarly, by considering the ratio 

- h ’ 

we prove that 

Thus we hate /' (;) = 0 and the theorem is proved. In the 
same way we prove the theorem for the case when /(x) takes 
negative values. 

1 -2. The Remainder Term. From 11 (2), we have 
R»(x) =fW~Pn -lW 

n — 1 

where P n ,(x) ~-f(x x ) f V (x-x,)... (jr-x.)[ j,x 2 ... r J+1 ], 

t 1 

so that I\. l (x) is a polynomial of degree n-1, and its (»-l)t.h 
derivate is 

(1) P ( n-\ l) {x) (n - 1)! [XjX a ... x„]. 

Hitherto/(i) has been unrestricted. We now suppose that in the 
interval (a, b) bounded by the greatest and least of x, x v x 2 , ..., x n 
the function/tO of the real variable t, and its first n-1 derivates 
are finite and continuous and that/ <B, (0 exists. 

Then since R„(t) vanishes when t = x v x i ,..., x n . by Rolle’s 
theorem it follows that if*(I) vanishes at n- 1 points of (a, b ) and 
therefore bv a second application of the theorem that if* (/) vanishes 
at n-2 points of (a, b). Proceeding in this way we see that 
if= 0 where rj is some point of (a, b). 

/"-%)-i*"_-l U (7))=0, 


Thus 
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(2) [x 1 x i ...x n ] = 

which is a formula expressing the divided difference of order n- 1 
in terms of the («- l)t.h derivate of f(x) at some point of (a, b). 
Hence we have 

fra x x ] — / (n> ^ 

[ra-^ ...x„\ - m , . 

where z, is some point of (a, b). We have therefore 

(3) R„(x) = {i -... (x~x n )^ 
where £ is some point of (a. 6). 

This important result enables us to find an upper limit to the 
error committed in omitting the remainder term, provided that we 
can find an upper limit for the nth derivate of/(/) in the interval 
bounded by the greatest and least of x, Xj, x 2 , ..., x„. 

Exampl-e. Find an approximate value of log 10 101 from the 
following table : 


X 

log )0 x- 



4-0002 

0-6020 817 

+•108431 


4-0104 

•6031 877 

+ •108116 

-0136 

4-0233 

•6045 824 

+-107869 

- 0130 

4-0294 

•6052 404 




The divided differences are as shewn. Thus approximately 
log 4 01 = -6020817 + 0008 x -108481 1 -0008 x -0001 > 0130 
= 0031444, 

which is correct to seven places. 

The error due to the remainder term is of order 

•0098 x -0001 x -0133 x -4343 x 2 
x 3 >: 3! 
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1*2] 

where x varies between 4-0002 and 4-0294, which is less than 2 in the 
10th decimal place. The above value could therefore be affected 
only by errors of rounding in the seventh place. 

1*3. The Divided Differences are Symmetric Functions 
of the Arguments. By definition 

[XX,] = f {x l . /<*>> . 

1 X-Xj x^-x 

so that we obtain without difficulty 

___/(*> „ fir i) ... /(**) 

1 xl ( x _ j-j) ( x - /„) (z, - X) (Zj - X 2 ) [X 2 - X) (X 2 - Xj) ' 

It is now very easily proved by induction that 
(1) [xx 1 x 2 ...x n ] 

f(') Hr -,) ... 

‘ (x -XjjlX-X,) ... (x -x B ) (x, - x)(x,-x 2 )... (x, -x„) 

/(•O 

(x„ - x)(.r n - Xj)... (x„-x„ !>■ 

Clearly the interchange of any two of the arguments does not alter 
the value of the divided difference, which is therefore a symmetric 
function of its n arguments. 

For example lxx 1 x 2 | {x,xx.,] - (x^x,). 

Again [x.x.^ ... x„ 1 x„x n , 1 ] - [x n XjX 3 ... x„ jXjX.,,1, 
so that 

/.»x [XiX^Xg ... X„] - [XjX ;i ... X„X„.,J 

Xj - x n -j 

(x^x^Xj ... x n ^x,) -Jxjj-.,... x„ l x 1 x n , l ) 

-**« “ J n-tl 

[XgXjXg ... x n ,]X n ] - [j[X jXg ... x n l .r „, ( j 

1*31. The divided differences of x" can be obtained as 
follows : 
from 1-3(1), 

p • i x » 

l-Vx / (x, - Xj)(x, - Xj)... (x, - x p+1 ) 
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This last is the coefficient of t n ~ v in the expansion of 


[1-31 


'£ 




ri (*, - *,-i) (1 - *.t) (*. - x„i).■ ■ (x, - x p+1 ) 

But this expression is evidently the result of putting into partial 
fractions the function 

(1 — Xj() -1 (1 - ijO -1 ••• (1 — 

and hence * the coefficient of t n ~ t is the sum of the homogeneous 
products of degree » ~p of x v Zj, ..., x p+1 . 

Thus [x,Xj ... x p+1 ] = £ x,“' X 2 °* ^“fY ’> 

where the summation is extended to all positive integers including 
zero which satisfy the relation Uj -f a s ~ ... + a p+1 — n-p. 

For the divided differences of * we have 

x 

v -> i \ 

[z l z i ...z p+l ) - ^ (x # —Xj)... (x, - x,.. 1 )x J (x, - X„,)... (x,-x p+l )’ 

and this is the value when t = 0 of 

j> * l i 

_ y. 1 

which is obtained by putting into partial fractions 

- 1 

(f-x 1 )(£-x g }...(f-x p) i)' 


so that 


[XjXjj ... x p+1 ] —■ 


(- 1 )” 


From 1-3 (1) 


1*4. Lagrange’s Interpolation Formula, 
we have 

( ) J{) /( ,) (x 1 -x i )(x I -x 3 )...(x 1 -x n ) 

•f(r\ — i X ~ *«) ... 

Jy 2 '••• (*»-*.) 

' " (X. - X,) ... (X, - X„ j) ^ ^ 

where if,(x) = (x - x,) (x - x*)... {x ~ x J [zx^ ... x n ]. 


G. Chryatal, Algtbra, 2nd edition. (London, 1019), 205, 
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This is Lagrange’s Interpolation Formula with the remainder 
term R„(x). Comparing with 1*1 (2) we see that this remainder 
term is the same as the remainder term in Newton’s Formula. It 
follows that Lagrange’s Formula has exactly the same range of 
application as Newton’s and yields identical results. 

The formula may also be written in a slightly different form. 
Write 

(2) <f>(x) = (z-XjKx-Xj) ... (x-x n ). 

(3) Thor. f(x) = V M + 

»-l 1 x i Y \ x t) 

1*6. Expression of Divided Differences by means of 
Determinants. By a well-known theorem in determinants origin¬ 
ally due to Vandermonde and generalised by Cauchy, we have 


( 1 ) 


1 


»l - 1 


1 


fl 1 


1 


n~l 


= n k-<o. 

i * 


n -1 


where the product expression has l/»(n- 1) factors. This import¬ 
ant determinant is usually called an alternant. 

Now from 1-3 (1), 

[x xxx j 1 - V fl x s) . 

1 ‘^ " J r j l( x ,~ x l)( x s- x i)--( x .~ x .-l)( x ,~ x .^)--( x ,- x n) 

- v [(- D"-*M) nVi-^)]/ n (*,-*.). 

ri L i • -v j ( 

where - x,) means that the value s is not to be ascribed to the 

suffixes », j. Now 


D( - U" ‘/(■ r ») nv,-tj 


• l 


fir,) fl x s ) ■ 


1 


( 1)" 


l : 


1 


n~2 r 


/(*«) 


l 


as iB evident when the determinant is expanded by its top row. 
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Hence rearranging the order of the rows and thereby removing 
the factor {- we get 

(2) [x 1 x J x 3 ...x„] 



M) 

/(•*•*) • • ■ 

/(*») 1 i 

O" ft —1 
•*1 

$ a w ~ 1 

. x ,”- 1 



ft -2 

x 2 ... 

T " 2 ! 

J n \ j 

, 7 . n -2 

7 . »~2 

x 2 


= 

X ,"- 3 

r n —3 

^2 ... 

, r n - 3 

.•»* w —3 

r u -3 

• * 3 "~ S 



•*2 ... 

, i 

: : 

J'j 

x 2 ... x„ 


1 

1 

1 

l 

1 

1 


1-6. Divided Differences expressed by Definite Inte¬ 
grals. We shall prove by induction the following formula, which 
is due to Hermite : 

>" "KW'n 1 

•'0 

where u n = (l - ^ - (t 1 -t.) x 2 • ... 2 ~( n ,)x„ l + t n l x n> 

and f, ... , t n _ x are to be treated as (« - 1) independent variables, 
which of course disappear when the repeated definite* integral is 
evaluated. 

Proof. When n — 2, the right-hand member of (1) becomes 


(1) [XjX, 


x K ] = ( df f <lt 

J it • n 


f /'((l - t x ) + *,x,) dl x = ^ - (x,x 4 J, 

Jo - ■'l 

so that the formula is true when w - 2. We assume it to be true 
for n arguments, and proceed to employ a new j:„,, and a further 
parameter 
Now 


r. 

^ A 




/ (B *’((1 -<i)*i - - r{t K .„-t n ,)X W ., \ <„ ,r„ 


/ ( “ _1, ((1 + — ' Un i-tn i)-r n 


f ^1 f {n> (u nit )di„ 


[x,x !i ...x n ]-|x 1 x s ...x n ,x B(1 ] 


Hence 
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_ l X i X 2 X n] _ [XyCg . ■. X„X n+1[ ] , j.g jo) 

= l X i X i ■■■ > 

so that the result follows by induction from the case n = 2. 


1*7. Divided Differences expressed by Contour Inte¬ 
grals. Consider a simple closed contour C enclosing a simply 
connected region of the complex variable l in which are situated 
the points z 2 . ... , z n . Then by Cauchy’s Residue Theorem,* if 
/(/) be holomorpbic * throughout this region and on the contour C, 





J( z ) 


■ l-z 



Again, the 

residue at t - 

r s of tin 

• function 



m 


is 


/(=,) 


(t 

-!»)('-=*) 


-n) ( 

7j) .. 


' -i-l) ••• (-» ~n 


Hence t 






(1 

) 1 f 


An 


n 

dt = 

/(:,) 

V 1 

; 2-tJ, 

(' s 



j — • (r - 

' « i ' 

”l) ••• (~t~ -n) 


I-V* •••=«]. by 1-3(1), 


which is the required expression by a contour integral of the divided 
difference of order n - 1 of/C). 

We can use this result to obtain another proof of Newton’s general 
interpolation formula, but with the remainder term now expressed 
as a contour integral. We have 


1 1 : - r, 1 

1 1 r, 1 


* See 8-4 and Whittaker and Watson. Modern Analysis, 4th edition, 
(Cambridge. 11*27>. ."> 2, 01, 512. Tins work will Ik* cited in later footnotes 
as Modern Aiuilysi.i. 

+ The notation N" means that the factor is excluded from the 

denominator for s - 1.2. ». 
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so that by repeated substitution for 



we get the identity 


1 _ 1 _ , 2 " h 1 (* ~ *,)(* - Z s) J_ , 

t—z t — i• — 2j t — (i ~ “i) {t ~ l ~ Zq 

(:-2l)(2-2 S ) 1 

bo that 


27aJ c f-z 2 ntJci- 2 ! 2:rt Jt’ (<-^)(t-z 2 ) 


that is 


C2) 


/( 3 ) —/( s i) + ( J — 2 i) t (; Cj)(s - c 2 )[r,: a ; 3 ] + 


where 

(3) «,(*> 


+ (2-^(2 - =*) - (2 ~ 2n-l)fV 2 =„] + 


(* - 2 j)(; — r 2 ) 


i r /(/) dt 
2m Je (t t-s’ 


which is again Newton’s general formula. Hut it should be 
observed that, while in 11 (2) f(x) is unrestricted, in the present 
case /(<) is an analytic function holomorphic in a certain simply 
connected region. 


t • 8. Divided Differences with Repeated Arguments: 
the Confluent Case. The identities which define the divided 
differences in 10 become indeterminate if two of the arguments 
ooincide. By 1-2 (2) we have 


(1) 


[i,a- 2 ... x„] 


/<” "U) 
(»-!)’ ’ 


where tq lies in the interval bounded by the greatest and least of 
Xj, Xj, ..., x n . If all these variables coincide with r, we take, os the 
definition of [x 1 r 1 ...x J ], the value of the right-hand member, so 
that for n coincident arguments x, 




(»-!)! ' 


(2) 
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The limiting value of a divided difference, which arises when 
two or more of the arguments coincide, may, with propriety, be 
called a confluent divided difference arising from the confluence of 
the arguments in question.* 

Provided that we write the difference scheme in such a way that 
all the arguments coincident with a given value occur in a single 
group, we can form a complete scheme of divided differences by the 
use of (2) above and the definitions of 1-0 without encountering 


indeterminate fonns. 

Thus 



x i 

/(*. l) 




Xj 

/(*,) 

/'W 

i/"(x,) 




/'(X.) 

4/"(x 1 ) 

[x,x,x,x 2 J 

T i 

n* i) 

IV*] 

i x ix,x 2 ] 

t-W***! 

*2 

/(• r s) 

/'(**) 

W 

(XjXyTjX,! 

X 2 

h*2) 

/'(X 2 ) 


[XyTjX^l 

X-l 

/(x,) 

[x-r'al 

kjXoXj] 


*2 

/(x 3 ) 





In this scheme, for example, 
which is perfectly determinate. 

In the case where all the arguments x,. x 2 ,... , x r . coincide with x v 
Newton's formula 11 (1) yields Taylor’s expansion, namely, 

f{x) =/(xj) t (x-x,)/Vi) of'* f"( x i) •- ••• 


*ef. Modern Analysis, lU’.Y 
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where J, lies in the interval (x, Xj). 

It should be noted that confluent divided differences can only 
be formed if / (x) possess the necessary derivates. 

To obtain a formula for [Xj... x„] when n 2 arguments are equal 
to X), 9*2 arguments are equal to x 2 , , n p arguments are equal to 

x p , we use 1-7 (1), which gives the interpretation 



f(0dt 

(t - Tj 


i i i i 1 a"? r 

i -1)! («, - 1)! ■" { n v - 1)! 2-1 dx,"- 1 "' di v n P 1 J c 


(n 


(3) = 


f(t) dl 

{t-x 1 )...(t-x v ) 

1 1 1 d"« 

(«7-"ij! («2 -lj! (» 7 =T)i dxf'- 1 ... dx p n P ~ 1 to* 8 "‘ Xp >- 


If all the « arguments coincide with Xj, we have 


••■**■>= aLJ. 


Im 

C (*-*»)" 


dl 


/" *l*i) 
(«-!)’• 


in agreement with (2) above. 


1*9. Interpolation Polynomials. A polynomial of degree 

n - 1 at most, whose values at the points x v i., . x„ are the same 

as the values of given function /(x) at these points is called an inter¬ 
polation polynomial of f(x). If /„ j(x) denote such a polynomial, 
we have at once from Lagrange's interpolation formula 1-1 (3), 

/n / (r\ -- V^-lW v/W 4>( r ) 

n l ” x-x a <f>'(x,) ri x - x, <£'(x.) 

where <f>(x) — (x - Xj) ... (x~ x„). 

It is clear from this result that the degree of j (x) is at most n - 1. 

Only one such polynomial with given agreement can exist, for if 
«/„_ a (x) denote a second polynomial with the same agreement, the 
polynomial l n _ l (x)-J n ^ l (x), which is of degree »- 1 at most, has 
n zeros x v x 2 ,... , x„ and therefore must vanish identically. 

To recover the interpolation formula from which (1) was derived 
we have simply to add the remainder term 

fi n (x) = (x-x,)(x-x 2 )...(x-x„) [xx,x 2 ...x n J. 
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Thus we have 

/(*) =In-i(x) + R n (x). 

Since Newton’s interpolation formula has the same remainder 
term as the formula of Lagrange, we have, from 1-1 (1), the alter¬ 
native expression 

n • I 

(2) I n -\ (x) — f{ x i) t- (x — X\){x — x 2 ) ... (x — x,) [XjX 2 ... x f+1 ]. 

< -1 

For example, if n = 3, 

4 (x) - /(ar-i) + (* - *i) [x^J + (x - x,) (x - x 2 ) [x^^]. 

It should be observed that an interpolation polynomial, being 
fixed by the values of the function at the given points, does not 
depend on the order in which these points are considered. Thus if 
we take the four points x_j, x 0 , x v x 2 in turn in the orders 

x 0 > x„ x j, x, and x„ x 0 , x 2 , 
we have the two expressions 

/ 3 (x) -- f(x 0 ) r (x - x 0 ) (x^x, ] + (x - x 0 ) (x - x r ) [x^x^] 

- (X - X 0 ) (X - Xj) (x - X_j) [x^XjX^xJ, 

I A*) - fix i) + (x - x,) [x 1 x 0 ] -r (x - X,) (x - x 0 ) [xpr^] 

T (X - X,) (x - x 0 ) (X - Xj) [XjXoXjX.j], 

Adding these expressions and dividing by 2, we have 


(3) I Ax) - M/(x„)-/(x^l+fx-lx 

f (X - X 0 ) (X - X,) \ J [X.^J -f [XoXjXjj } 

X (X — X„) fX — Xj) (X — lx j - |Xj) [X - jXqXjX^J, 

which employs the divided differences shown in the scheme 
*1 

X 0 /<X 0 ) [X. iXoXj 

1-ViJ 

*~i /(XA 


[x^x,] 


[x.jX^X,] 
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From / 8 (x) we could obtain an interpolation formula by adding 
the remainder term 

R t (x) = {X - X_,) (x - X e ) (X - Xj) (X - X^XX^XfoXi). 

Again by taking five points x_ a , x_j, x 0 , x l , x a in each of the 
orders x 0 , x_ v x v x_,. Xj and x 0 , ij, x_„ x a , x_ a we obtain two 
expressions for / 4 (x) whose arithmetic mean gives 

(4) 7«(x) =/(*„) + (*- * 0 ) \ { [*-i*o]+l*o»i]} 

+ (x - x 0 ) (x - £x_j - lx,) [x^XoX,] 

+ (X - X_j) (X - X„) (X - Xj) 1 { [X. jX .jX^Xj] + [x.jToXjXj] } 

+ (x - x_j) (X - x 0 ) (x - Xl) (x - K 2 - ^Xj) [x zX-iXoXjXj] , 
which employs the divided differences in the scheme 

x -i 

X -1 

[ X -l X o] Ix.jX.iXoX,] 

x o f( x o) [• r --i ar (r r i) [ x 2^ i J ‘cr r j x 2] 

[ x <r*ll [x ,Xt>XiX 2 ] 

Xj 

» 

X 2 

From 7 4 (x) we could obtain an interpolation formula bv adding 
iZ 5 (x). 

The above results, (3) and (4), are also due to Newton. They can 
easily be extended to include divided differences of any order, the 
form (3) being taken if n be even and the form (4) if be odd. 

Returning to (2), if two or more of the arguments coincide we 
obtain a confluent interpolation polynomial. Thus if n -- 4, with 
the arguments x v x^ x a , Xj, we obtain 

h (*) = /(*l) + ( X ~ X l) [ X ! x l] + ( x ~ x l)* l*l*I x l] 

+ (x-Xj) 2 (x-x a ) [x^XjXj] 

= /( *l) + ( X ~ X l) /' (*|) + ( X ~ X lf dx l X I X 2 ] 

+ (x~x 1 f (x - x a ) ^ [XjX^Xj] , 
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so that, in this case, 

lA x i) ~f( x i). Ia'( x i) ~f ( x j)- 

It is easily seen, in the same way, that if v arguments coincide 
with Xj, then 

(5) f (t \ x i) = /n (,) ( x i). S = 0, 1, ... , V - 1 , 

and the polynomial may be said to have agreement of order v with 
the function f(x) at the point x v In this way we can construct 
polynomials having arbitrarily assigned orders of agreement with 
the function at given points. Thus the confluent interpolation 
polynomial of degree 1, which has agreement of order 3 at x, and 
of order 2 at x 2 , is 

h( x ) == /( x i) + ( x ~ x 1 )l- r i x i] * (x - x,) 2 fxjXjX,] 

+ ( x - Xj ) 3 IXjX^jXj] • (X - x,) 3 (x - X^fXjXjXjX^j,] 

-:-/(x,) Mx -x,)/' X,) f (x-x.Jvj./'V,) 

, .t i d 2 i a 3 r . 

1 (x X,)‘ <)( ^.jlXjX,] • (X - Xj) (X x t) g x 2^ x t X l X 2l' 

That this polynomial has agreement of order 3 at x, is obvious. 
That the agreement is of order 2 at r., is equally obvious if we observe 
that the polynomial could have been written down in an alternative 
form with the arguments taken in the order XjXjXjXjXj. 

EXAMPLES I 

1. Shew that the divided differences of f[x) r 4>(x) are the sums 
of the eorresjMUiding divided differences of/(x) and of 6{x). 

2. Shew that the divided differences of cf(r) where c is a 
constant are c times the corresponding divided differences of/(x). 

3. If the arguments be each multiplied by the same constant c, 
while the tabular values remain unchanged, shew that the divided 
difference [x,Xj ... x B( ,j is multiplied by c 

4. Shew that the divided differences of/(x) are unaltered if the 
arguments be each increased by the same constant c, while the 
corresponding tabular values are left unchanged. 

M.T.C. B 
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5. Form the divided differences of the polynomial 

a 0 x n -l-fl 1 z n ~ 1 + ... +a n . 

6. Prove that. 

[T& |/ <nl) (Vi + l-ipr., f. .. -f / „x„) dt l dt 2 ...dt n , 

where the integration is extended to all positive values, including 
zero, which satisfy l l + t i + ... + t n = 1. [Genocchi.] 

7. With the notation of 1-8 (3) shew that 

[ XjXj ... a'pTpl — f dl x (* dl.,... f* <f>(t)f ( " "(.V) rf G-1- 
J o J o •« 

where 

y = (1 — Ij) i - !-f (/i — /,) t 2 (/ p j — Ij, ]) x v i t t v i s p . 

”' {tp ’ 


r (x-r l )(x-r 2 )...(r-x r j)(r-T r ^)...U- z„) 

' ‘ (^-^(Tr-Xj) ...(T r -X r ^)(X r ~X r+] ) ...(T r ~X n )‘ 


prove that 


r = 1, 2, .... n. 


L x (x) + L ,(z) + ... + I,(j) ~ 1, 

• (r, - x)*L l (r)-i-(z s - tYL s (t) + (x n - x)'L„(s) - It, 

v - 1. 2. 3, .... n - 1. 

9. Prove that the function 

, (t-a)(t- b) 

a - ft (a - 6 ) (a ~ c) 

Incomes unity when t = a, and zero when t ~ b, c . 

Hence with the notation of example 8 , prove that 

7 lr \ _ I ..*-*! , ( 3 --x,)(x- 3 -j) . (r~ar 1 )...(x-j rl ,) 

(x l -x 2 )(x l -r 3 ) ' 1 (x^-xj... (ar, 

with similar expressions for L,(:r), A 3 (:r). 

10. Deduce Lagrange’s form of the interpolation polynomial 
from the rule for resolving 

/(*) 

{x-x l )(x-xj...(z~z„) 


into partial fractions. 
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11. Find the polynomial of the lowest possible degree which 
assumes the values 3, 12, 15, - 21 when x has the values 3, 2, 1, - 1 
respectively. 

12. Three observations u a , u b , u c of a quantity u x are taken near 
a maximum or minimum. Shew that the value of x at the maximum 
or minimum is approximately 

(6 2 - c 2 ) u a 4 - (c 2 - a 2 ) u b 4 (a 2 - b 2 ) u c 
2 {(b - c ) n a -f (c - a) u b 4 (a - It) u r \ ‘ 

13. The values of a function at tn~ n points are given. Prove 

that a rational function, whose numerator is of degree m— 1 and 
whose denominator is of degree n, may be found, wdiich assumes the 
m 4 n given values at the given points. [Cauchy.] 

1-1. If m — 2. n ■-=■ 1, prove that the rational function of example 
13, which assumes the values u a , u b . u e at the points a, b, c, is 
-u b u r (b-c,)(x-a) - u r u„(c-a)(x-b) - u a u h (a-b)(x-c) 
u a (b-c)(x~a) ■ u h (c-a)(x-b)-ru e (a-b)(x-c) 

15. If the function 

u ( x ) — A o 4 (.1, cos x t B i sin x) 4 ... + (.1 n cos nx 4 - B„ sin nx) 
assume the values tq, v„. ... , u an „, when x — x t . x 2 , ... . x 2n+1 . prove 
that 

U (. V sinl(x x,) sin J (x - x.,)... sin i(x - x 2 „ tl ) y 
r *.1 sin 4(J, x,) sin I (x t - x.,)... sin i(x s - x 3tlil ) * ’ 

the factor which becomes indeterminate when x ~ x s being omitted 
in each term of the sum. [Gauss.] 

16. By means of 1T> (2) express the. confluent divided difference 
[oof*] in the form 


/(«) 

/» 

m 

.AO 

a 3 

3u 2 

6 3 

C 3 

« 2 

2u 

ir- 

c* 

; . a~ 

2« 

b* 

C* 

a 

1 

b 

c 

a 

1 

b 

c 

1 

0 

1 

1 

: • 1 

0 

1 

1 


17. Express the confluent divided difference [astabltc] as the 
quotient of two six row determinants. 

18. From the confluence of the n arguments in 15 (2) deduce 
the formula 1*8 (2). 



CHAPTER II 


DIFFERENCE OPERATORS 

2-0. Difference Notation. Let A x he an increment of the 
variable x. The corresponding increment of a function* u(x) is 
then given by 

A «(*) - «(i+ A x)-u(x). 

This increment J«(i) is called the first dfftreme of u(x) with 
respect to the increment J x. The most important rase arises 
when the increment A x Ls constant. Denoting this constant by to 
we have for the first difference of u(x) 

(1) A u(x) ~ u(x -f to) - U{s). 

The result of performing the operation denoted by the operator \ 
is still a function of x on which the operation may be repeated. We 
thus obtain the second difference 

J 2 m(x) = AM «(*)( = [«(x + 2tu) - u(x t <a)J («(r • w) - u(x)] 

(2) /pw(r) = u(x-t- 2a>) - 2u(x f-cj) ‘-u(x). 

Proceeding in this way we can form the third, fourth.nth 

differences, namely, 

J 3 «(x), . .J"«(x), 

by nwans of the relation 

1 u (x) j. 

We find, for example, that 

A x 3 — :ix a w + 3 xor - «« 3 , 

A 2 x 3 — fixw* • fitu 3 , 

A 3 -? - tku 3 , 

A* x 3 ----- 0. 

* Wo shall denote a function of z by u(z) or t>v u x according to convenience. 

20 
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2-0] 

The successive differences of a tabulated function are easily 
formed by simple subtraction. Thus for the function z 3 we have 


X 

r* 

A 

A 2 

A 3 

A 4 

0 

0 

l 




1 

1 

7 

G 

G 


2 

8 

19 

12 

6 

0 

3 

27 

27 

18 

G 

0 

1 

fit 

61 

21 



5 

125 






More generally, if we denote the functional value u(a r so>) by u,, 
we have the scheme 

Argument Function 


a - 2 to 

u 2 

.1 « 2 



a co 

u -i 

J« 1 

2 

J 3 «_, 

a 

M o 


J 2 «-I 

J 4 M-2 



1 “o 



a to 

“i 


J 4 «0 

J 4 «-l 



A «i 


J s «o 

a + 2u> 

«a 

A 11 2 

J 8 «, 


a- i Iko 






where each entry iu a vertical difference column is obtained by 
subtracting the upper entry immediately to the left from the lower 
entry immediately to the left. 

By adjoining further functional values we can extend the scheme 
as far as desired. Inspection of the scheme shews that to form a 
fifth difference six consecutive tabular entries are required. Simi¬ 
larly, to form a difference of the nth order, »+1 consecutive 
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tabular entries are necessary. In the above scheme the differences 
Au 0 , A iu o< A * u which lie on a line sloping diagonally 
downwards from u 0 , are called descending, or forward, differences 
of u 0 . The differences A u -i> A 2 u - 3 > •••. which lie on a line sloping 
diagonally upwards from u 0 are called ascending, or backward, 
differences of u 0 . 

2*01. Central Difference Notation. If we introduce the 
operator S defined by 

8 2 "u t = u k _ H , 

— zj a ” +1 Ujt- T» 

the difference scheme of the last section becomes 


a - 2<o 








Su_,- 




a-o> 

w ~x 


8 2 w^ 





8 u_j 


8 3 u._ 4 


a 

«o 


8 2 u 0 


Sh, 0 



8m 4 


8 3 u t 


fl fto 

u, 


8 2 Uj 


ss 



Suj 


8 3 U; 


a + 2<n 








8u* 




a-f 

« 3 






The operator * 8 is the central difference operator and the differ¬ 
ences in the above table are known as central differences. It should 
be carefully observed that the numbers in the above difference 
scheme are the same as the numbers in the corresponding positions 
in the scheme of 2 0. The two schemes differ only in the notations. 
It will be seen that 8uj = u k -v 0 , 8 'hi Q — 8« 4 -8u_j, and so on. 
The differences in the same horizontal line with u k are labelled 
with the suffix k. Those on the horizontal line between u k and 
are labelled with the suffix Ar-f j. The notation of central 
differences is useful for the compact description of certain inter¬ 
polation and other formulae. The arithmetic mean of successive 

* This notation is due to VV. V. Sheppard, I’roc. Land. Math. Sue. 31 (1 HUB), 
43«. 
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differences in the same vertical column is denoted by pc8 r and is 
labelled with the arithmetic mean of the suffixes of the entries 
from which this expression arises. 

Thus 

i(8a j+Smj) = ji8u 0 , 

|(S 2 u l) +S*u 1 ) = piS'-Uj. 

When these are entered in the difference table the lines a, a-f co, 
and the line between, wiil have the following appearance. 


a 

u o 

!iSu 0 

S 2 a 0 

H-S 3 u 0 

8% 0 

••• t 




(i8 2 aj 

8 3 aj 

|xS 4 Mj 

f 

a t -oi 

«1 

!j.8uj 

8 2 Uj 

p8 3 Ui 

8 4 Wj 

••• J 


where denotes « t ). 

Another notation, originally due to Gauss, for central differences is 
(m, «) where in denotes the row, and n the order, thus 

S 2 u 0 - (0, 8 b u i - (|, 5j. 


2*1. Difference Quotients. The notations of differences ex¬ 
plained in the preceding sections, while of the greatest practical 
utility, do not sufficiently muna.sk the close analogy between the 
finite and the infinitesimal calculus. We now introduce Norlund's 
operator which is defined by the relation 


(t) 


A «(•') 


U (X - Co) - U (x) 
Co 


We call i\u(x), which is evidently a divided difference, the first 


difference quotient of u(x). This symbol has the advantage that 
(2) lim _\«(x) — Vu(x), 


where I) denotes the operator of differentiation, in this case djdjr. 
The operation can be repeated, thus 


(3) A«U) AIA«l*)J - “ w 

u (x -t- - ’du (x t co) -f u (x) 

— **" " » 

CO" 
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and generally for the nth difference quotient 
* r»-i- 

A«(x) = A «(<P) • 

From this we infer the useful relation 

n nil n 

A«(r+())) = (D Au(j)+ A “(*)• 

Ul u 

We have also 

(4) lim A u i x ) = D n n (x). 

From the definitions it is clear that the operators /j| ami A )tro 
related by the formula 

(5) zl n u(j) = a" A«(4 

and in the special case where w = 1 the two operators have precisely 
the same meaning. 

If = I, we shall write A instead of A- 

i 

2-105. Partial Difference Quotients. Consider/(x, u) where 
yt and u are regarded as independent variables. Let x be given the 
increment to, and u the increment h. We then define jmrtial differ¬ 
ence quotients with respect to x and u by 

A*/(*. «) = l/(X-r<.i. u)~/(x, u) J; <■>. 

Au fix ,«) = l f(s, u - h) f(r. u)j j h. 

h 

The difference of /(x, u) is defined bv 

Ll/(x> «) -/(x-j-oj, u h) —/(x, u) 

-/(x-t to, urh)~f{x, u -*■ h)~f(T, u-t h)-f{x, u) 
—/(x * O), U +A)-/(x-j-to, u) *f(x + b>, u)~/(x, u). 
Thus we have the two equivalent relations 

(1) zl/(x, u) = to A,/(ar, + * A./(*. “). 

“ A 

(2) J /(*> u) ^ m A,/(-c. w) + h Au/(x * to, u). 

« h 
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Again 

A* A u /( x >«) = [A u /(x+w, «) -Au/K «)]/<«> 

= [/(l + 10 , u + h) -f[x + to, u) -/( X, u + A) +/(x, u)] / Ato. 
The symmetry of this result in A and to shews that 

( 3 ) Ar A«/(*> u) A u A,/(*- «)• 

U) h fl UJ 

2*11. The Difference Quotients of Factorial Expres¬ 
sions. Products of the forms 

( 1) u (x) . U (X -to) . U (x - '-'to) ... U (.r Wlto r to), 

(-) u(x r to) . u(x t 2<o) . U(XrHtu) ... u(x + into), 

where m is a positive integer, are tailed factorial expressions, the first 
being a descending factorial, the second an ascending factorial ex¬ 
pression. 

Of expressions of these types the two simplest and also the two 
most important are 

{■’>) X""-' X(X to) (X - '-’to) ... (X - WKu - to). 

(1) x 1 - (x • to) 1 (x - —to) 1 (x ■ Iko) 1 ...(/ : mto) ‘. 

If m 0 we interpret each of these expressions as unity, that is 

j ' 1 : 

and if to -0, we have also 

lint x ,m -‘ x”*. 

to - u 

lint x' m ~' - x ™. 

~ * l> 

To form the difference <piotients of x m ~ ) we have 

toAx 1 "*’ (x ’ to x • into to) x(x-to) ••.. (x-wxo-t-'ito), 

«w 

Ax'**’ me 1 *" 

Hence, if it c; >«, 

Ax lm *‘ m{m 1)... (*« n i 1) x ( "“ 
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which can also be written, after dividing by m!, in the form 


<5> 


A —r = i , ■, » < m. 
„ »»! ()»-«)! 


If n = m, we have 


m 

A ~ 


ml 


while if n > m the result is zero. 
If e> = 1, we have 


x' m> x(x-1) ... (jr-m-f 1) 


ml 


m: 


=0 


in the usual notation for Binomial coefficients, so that (5) yields the 
important formula 


( 6 ) 


a( x } - ( 1 )■ 

Vr\m-n/ 


Again from (5), if w >0, we have by 2-1 (4) 

r m r m~n 

/)» = ~ . 
to ! ( to - «)! 

These results shew the analogy between x lm ~ J in the finite calculus 
and x ra in the infinitesimal calculus. 

For the difference quotients of x 1 m *’, we have 



<•> A 

- m**) 

itw-r- 
” (x + w)(x-r 2u>) .. 

.(x- 

- to 


Ai ( 

- »n*o) 

— - mx 1 - 



so that 






(7) 

A* ( 

— Mw) 

= 

• (- 

m - n -r 1} x { ~ 

which can 

be written 




A( m 

- 1)! x { 

- BU>) 

= (- 1 r(m+ tt~ 1) 

! x' ■ 

M« - ) 


When <«> —► 0, we have 

D n (m - 1)! x~ m — ( - !)“(»» » m- 1)! x~’ m ~ n . 
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For more general forma of the types (1) and (2), we easily obtain 
4,1 A U Z U X - u • • • - JW +» 

w 

^ faz fw ~~ U x . mui f w ) w ... U x _ + 2« 

to A 1 = - "*"♦*< . 

u» 4 i-t «* 4 x+2w ••• ^’x-Tinui *•• 4 'xfmtu+w 

In particular for u x = u, = ax + 6, 
we can write 


(B) 

(9) 

and we have 


u x u z - u x _ mui 

1 

t’x-i w^Vi 2w • ■ • 4 x-t mw 


•= (ax4-h) (m " ) , 
— (ax-r 


(10) i\(cui — am(ax 16 ) (m “ ‘ 

(11) i\(ax-\-b)^ - am (ax - 6) ( 


2*12. Expansion of a Polynomial in Factorials. 

<j>(x) l>e a given polynomial of degree ?«. Assume that 


( 1 ) 


j-(»l j>(2w) 

<£(■0 a 0 vu, r - a 2 


x tm “> 
m! ’ 


Let 


which is evidently a legitimate assumption since the right-hand 
member is a polynomial of degree rn with m 4- 1 arbitrary coefficients. 
Forming the successive difference quotients, we have by 2-11 (5), 


A<M 

A<M-«) 


r (Jo 

a,> - u 3 


X<“* 

X (m ---> 

1! T " 

' a,n (m - 1)'. 

x<-' 


1! " ■' 

' ' ° m (m- 2)! 


A^(-r) - <»-■ 

If in these results we put x = U, we have expressions for the 
coefficients in the form 

a, A^(°)> - v 0 , 1 , 2 , 




28 


DIFFERENCE OPERATORS 


[2*12 


lf»«) 2 


4>(x) = m +-jt a *(o> + 2f a m +... + 


2*(mu») m 


A*(0). 


The coefficients in this expansion can be obtained by writing down 

the values of <f>(x) for x — 0, u, 2to.»wa and then forming the 

successive difference quotients. Thus for 


<f>(x) = 3fa> 2 x-t to 3 , 

we have 


3 


X 

4>(x) 

A H*) 

A Hx) 

A 4>( x ) 

0 

<o 3 






4fa) 2 



b) 

5fa) 3 

10fa) 2 

6<a 

6 

2w 

l.W 

22(o 2 

12<o 


3<u 

37faj 3 




X 3 

+ 3o» 2 x -i- fa) 3 

= to 3 -• 4 fa) 2 x ( 

->+ 3fa)X (2 -> 

' + x< 3 «>. 


Another method follows from observing that the coefficients 

a 0 , jj, ^ 2 . ..., are the successive remainders when we divide 

by x, the quotient of this division by (jr — to), tin* new quotient by 
(x- 2oo), and so on. 

Thus with <f>(x) — x 3 f :ko 2 x + w 3 , we have 
x , x 3 - ISorx f cu 3 

x-oj x 2 -tdku* remainder w s 

x - 2tu x + io remainder 4fa) 2 

1 remainder 'kj 


which gives the same expression for <f>(s) as that obtained by the 
first method. 


2*13. The Successive Difference Quotients of a Poly¬ 
nomial. To obtain the successive difference quotients we can 
express the polynomial in factorials by the method of the preceding 
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paragraph and then apply 211 (5). Since each application of the 
operator ^ to a polynomial lowers the degree by unity we have the 

following important theorem ; 

The in th difference quotients, and also the mth differences, of a poly¬ 
nomial of degree m are constant. The differences of order higher than 
the mth are zero. 

Thus with the polynomial 

<t>{f) - X 3 f • to 3 

=• • IPuj-* 2 -’ i ko 2 x < " ) J w 3 , 

wc have 

\<f>(r) i + 4<o ! -- (lx 2 t-3 ojX i-4co*, 

^ <f)(s) fix'" 1 f <kt> -- Ox f Coj, 
kd>(r) 0, 

±6{r) 0. 


2-14. The Difference Quotients of a*. We have 


Thus 


(11 

Writing 

we have 
( 2 ) 

Since 


A«' 


a 1 - a 1 


a- - 1 


" a- - 1 " 

A a 1 - a 1 . I • 

w 


a (1 - UjY‘, 

n 

A(i • M" /"-(I • M“ 


lim (1 • («.»)“ 


we have as a limiting case <>f (2) 

/>•* e kJr 

I 

Thus in the finite calculus (It to)" plays the part of t • 
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2*2. Properties of the Operator A- From the definition 
it is evident that A obeys the following three laws : 

<*i 

(i) The distributive law 

A [«•(*)-fe(x)] = A«(r) + At'(4 

U W ftl 

(ii) The index law 

m r n m - n n ' rn 

A A«W] " A «W = A A«(*) • 

where m and n are positive integers. 

(iii) The commutative law with regard to constants 

\c u(x) - cA«(/), 

where c is independent of x. This result is also true if c be replaced 
by ro(x), where m(x) is a periodie function of x with period ro ; for 

io A ra(r) u(x) -- m(x- e.>) t/(x • c o) - ro(x) u (x) 

«j 

— ro (x) u (x to) - ro(x) u (x) 

— wro(x) .A «(x). 

If then ~ a 0 X" ~a{/” 1 *■... a n be a polynomial in X whose 
coefficients are independent of x, we can associate with </>, (X) an 
operator ^(A). such that 

•M 

n n - I 

<MA)«(*) =•- «oA«(*H Oj A n(xj - ... ■ a H u(x). 

If <£ 2 (X) = 6 0 X" , + 6,X m 1 + ... 4-A„, be a second polynomial, and if 
we expand their product in the form 

&(>•)&(>•) - CoX m «-4 CjX"*" » * 
we have, on account of the above laws, 

<MA)&(A)«(*) = &<A)<MA) m (-0 
= f oA«(i)+f| A 

|W *» 
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We may also note that the above results are still true if the 
coefficients of the polynomials be replaced by periodic functions 
of x with period <o. 

2*3. The Operator y. The definition of this operator is given 

to 

by 

= \ [u(x)+u(x+to)], 

b> 

which may be compared with the definition of the central difference 
averaging operator p of 2 01. 

Repeating the operation, we have 

V u(x) \ [u(x)4 2«(j-rw)--«(l + 2tt)], 

and generally, as is easily proved bv induction, 

V «(x) «(x) » f "j u(s • r.j) • (” J u(t+2m) + ... 

As an example. 

T a' la 1 (a-- 1), 

V U r >)n a T (a~ 1 1 ) n . 

2-4. The Operator E“ Tiiis operator is defined by the 
relation 

(1) E‘ «|X) -■ >l(x -u). 

The operation mav bo repeated any number of times. Thus 

E"" M (- r ) - u(x-’-nco). 

The operator E“ clearly obevs the same laws of combination as Ap 

In particular, if <£,(>)■ sM>-) be the polynomials of section 2-2 
above, we have 

; .r C # E"“ +B * «(X) 1 C, U(X) + - + C m+n «(*) 

c 0 u(x * -*• «<>>) nuo f nw — 0») 1--r c m+n u(x). 
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2*41. Herschel’s Theorem. If if>(X) be a polynomial with 
comtant coefficients and if E"“ 0 m — [£"“ j m ] r 0 = n m io m , then 

4>(e~') = ^(l)+^(E-)04 ^(E“)0 S + ... , 
or symbolically 

The sign r! is used to denote symbolic equivalence. 

We have = N .J„ e n ~‘ and it is therefore sufficient to prove 

the theorem for = c"~‘, for the result will then follow by 

addition of constant multiples of terms of this type. Now 

fi 

f 1 ' tn,)l = 1 -■*- t(z^ mo) -• )( (x i nco) 2 r ... 

- l +«E”~a- * o. E"“-^t 
Putting a - - 0, we have 

t- 

e”~‘ = 1 + 1 E« t, E0* + .. • 
which proves the theorem. 

2*42. From the definition of E“i Wl ' have 
E""a* - a 1 -- a x .a”“. 

Thus if </>(>.) — N -d n be a polynomial in we have 
<£(E“)a r — 2-i n a z a n - 8' <f>(a~). 

More generally, if the power series 

X 

4>0 ) - ^ - U > " 

n o 

be convergent for X — we have 

^(E“)« x a z <j>(a~). 

2‘ 43. Theorem. // <£(}.) he a polynomial whose coefficients are 
indcpenderU of z, then 

(1) <ME “)a z u{z) a*<f>(a- E’)«(r). 

(2) 4>(E*) u(*) ~ «'^(a“E‘)a '«(4 

Let <£().) = HA„ A". 
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Then 

<f >{£“) a x u(x) = 2 A„ E"" a r u(x) 

~ ZA n a x * n “u(x + nuj) 

-- a r 2 J n a"“E , “"«(T) 

- a z <f>(a“ E") u(z), 

which proves (1), and (2) follows by replacing u{x) by a~ x u(x). 

2*6. The Relations between A- E“ and D. We have from 
the definitions 

E“«(z) = u(xfa>) u(x) + o>\u(x). 

Thus 

E~ 1 x o A> 

<‘>A f E“-1- 

As deductions from these relations, we have Gregory's Theorem, 
namely, 

(1) v(x~ no) - E”” M (x) r= (1 ■ o A) n a (/•) 

« (•'■) • ' ? j to A M (.r) - (” ) to 2 \u(x)~... 

■'n n 

- ^u(x), 

n being a positive integer. This formula expresses u (z -f no) in 
terms of u (x) and its successive differences. 

Again, we have 

(-’) w"i»|j) i (E , -l)"*W 

— u(r i ho) ( ^ j u(r f n - 1 <o) ; ) u(x - n - 2co) - ... 

+ (-!)"(” )«W. 

which expresses the nth difference in tcnns of functional values. 

Again, assuming that u (x 1 <») can be expanded by Taylor b 
T heorem, we have 

2 

u(jt) u(x 1 to) — u(x) ? to I) «(x) + 4 y| Z> 2 tt(a‘)+ ... 

r* u(j). 


M.T.C. 


C 
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Thus we have the relations of operational equivalence 

E“ = <*“*, 

1 + <o A = e “ D ' 

m 

A == 1). 

so that 

A«(l) fl) -n( c .O_ 

2*61. The Analogue of Leibniz' Theorem. The theorem 
of Leibniz in the differential calculus, namely, 

D* (uv) = (D n u) v+(”)(D» 1 «)i)t' + (”)(Z)»-*t/)/) 2 r +... , 

where 2) denotes the operation of differentiation, has an analogue 
in the finite calculus, which we proceed to obtain. We have 

“AfWxl/) = «**„*>«*•.-«*«■’* 

E-«* Er 

= {(E Ei)"-!)«»«*» 

where the operator E acts upon u x alone and the operator E, acts 
upon t>, alone. Thus we have 

(l) w"A («*»*) = {(EE,) , -'!"“A' 

m 

In the expressions of E and Ei let us suppose that A acts on 
u x alone, while Ai acts on v x alone, so that 

m 

E‘vl+wA, Er t it«Ai. 

Then we have 

(EEi)"-l = E”(i+o>A J )-i v«(Ai E-A.). 

Thus 

A (««»«) = (A + E“Ai) n («.».) 

m mm 

= {a+(”/a E-Ai + (J/aE*-Ai+-}(«^v). 
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2-51] 

Remembering that A and E operate only on u x , we may drop the 

m 

suffix and write 

( 2 ) A(w*v*) = (a«i)h* + (j)( A «x+-)Av x 

+ (”)( A « i+ j.)a^+- . 

which is the required theorem. Since 

I 

lim &u z = D‘u x , 

«-»o - 

we see that Leibniz’ theorem may be regarded as a limiting case of 
this result. 

The theorem may be expressed in other forms. If in (1) we expand 
the right-hand member directly, we have 

<■>"£(«.*.) - (E"-Ei"--fJ)E ( - l) -E x ( » l) ~ r :.j(u x v z ) 

(^) ~ ( j ^ W xi(n-l)<w^x 4 (»~l)* 

. ,'n > 

which is in fact a case of 2 5 (2). 

If the expansion be required in difference quotients of u x and v t , 
we write 

(EEi)“-1 <u A + w Ai + w2 AAi> 

M ■» •* ■* 

so that 

AKO - (A-Ai * wAAi)”( m xO- 

m mt m mm 

The expansion of the right -hand member gives the required result, 
but it is hardly worth while to write down the general expansion. 

2-52. The Difference Quotients of a x v„ By 214 we have 

n * 

~ a z '-h"-*, 
b — 1 ). 


where 
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If then in (2) of 2-51 we put u„ = a*, we obtain 

Ao 1 *, = a »« + (?) h n_1 a“A v !t + (o) b B “*a 2 -A «’* + •••"] 

W L •* K - w J 

Thus if </>(A) be a polynomial, we have the operational theorem 
<t>(A)a x Vz - a*<f>(a- A+ 

If next we put o~ = 1 + oua, we obtain 

T X 

<£[A3 0 +«*>)“«* = (1 -t-aoj)“(£[(l -faw) A + *]tV 

w « 

If we now let w —► (), we obtain the corresponding theorem for the 
operator D, namely 

<j>(D ) e uT v z = c’** r (Z> + oc) v z . 

n 

2*63. The Difference Quotients of Zero. The value of A r m 
» ~ 
when x — 0 is written A 0 m and is called a difference quotient of zero. 

Clearly 

(1) A 0" = 0 if n > m, A 0 " - 

If in 2-51 (2) we put u* = z™- 1 , v x = x, we have 


n 1 

A x m — x A i™ -1 + « A -r o))™' 1 

• w *» 

i» n » 1 

— x A z m_1 + n [<u A z "' 1 + A x m ~ l ] ■ 

W MW 

Putting x = 0, we have the recurrence relation 

(2) AO" = ^ Ai )m ' 1 + n Vo*" 1 . 

W W M 

which in conjunction with (1) enables these numbers to be calculated 
successively. Thus 

AO = 1, 

M 

AO 1 = o) A o=u), 
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A° 2 - 2!, 

mi 

A0 3 = wA0 J = w 2 , 

lo 3 = 26 jA^ 2 +2A0 2 = Geo, 

w mi mi 

AO* = 3!, 

and so on. Expressions for these numbers will be obtained in 
Chapter VI in terms of Bernoulli's numbers. 

2*64, Expression of Difference Quotients in terms of 
Derivates. By Hersehel’s Theorem, 2-41, we have 

(e-« - ])« ~ f(E“- 1)"0-K* (E“- l) n 0 2 -f .... 

Since E“ - 1 i- w A. we obtain 

1)» - > AOt ^A«» 2 -••• • 

where 

A<>' - [A**] r o, 


which is equal to zero if s n. and to n ' if s = n. 
Thus 

/n * 1 n /n-t-2 n 


Now from 2-5 we have 


A T oi 1)". 


AO"' 1 a o™ +2 

Au, = /)•», » »•*•.,+... • 

[ See also 7-05.] 

2*6. The Summation Operator p _1 . If r be a positive 
integer variable, capable of taking the values 0, 1, 2, 3,..., we 
write 

X - 1 

(1) Pul "l = U x l + «x 2 + «*-S + — + M 0 = ^ «l. 
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where the notation p _1 is introduced for formal reasons f and 
indicates the inverse nature of the operation. Indeed it follows 
at once, if u t be independent of x, that 

AP<o«*= Pu+i)«i ~ P u)»t 

= («* + + ... + «o) - (M,-l + + ... + «„) 

= «*, 

so that the operator A neutralises the operator P 1 , which is in this 
sense an operation inverse to A' With the above notation we have, 
for example, 

Pfr) + «x-l +...+«,+ u„ 

P<;!-»4l)U, + m = W, + «n-l+- + «»=P;'|Mr P(m')«i- 
When there is no risk of ambiguity we may conveniently write 

(2) P 1 u, = + «,->+•• - + u 0 . 

These notations may be compared with 

f i i,d( and | u r dx. 

Jo Jo 

We have at once from (1), 

(3) Pd) 1 «< = «o’ P<o* u t = fl¬ 
it, by affixing an asterisk, we now define a function u* by the 

properties 

(4) u* = u g if x ^ 0, uf — 0 if * < 0, 

we have 

P ( x) u, = U?_i + M?_2 + ... + «o' + M*j + U*2-f ... 

= (E _1 + E’+... + E _r + E * 1 + E T...)«? 

(5) =(E-l) _1 «f- 

The operation can be repeated any number of times, thus 

Pw«< 4 P« l [(E -1)' 1 «.*] = (E - i)“ 2 «x* 

= + 2u*-s + 3u,_ 4 +... + (x -1) u 0 , 

and this result is seen to be in agreement with (1) and (3). 


f h. M. Milne-Thomson, Proc. Camb. Phil. Soc., xxrii (1931), 20-36. 
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More generally wc have 

P,«* = = «*..+ (*)«*.., + (” 2 + - 

(«) =P,-,L..„ ("fi 

which expresses n successive operations with p _1 in terms of a 
single operation. Also, if u t be independent of x, we have 

(7) AP ( ;«« - APfo fP«," ! 1 «.] - Pw n+1 ««• 

2*61. Theorem. If f(x) be a function of the positive integral 
variable x such that A /(- r ) ~ u x , «>/</ if u t be independent of x, then 



P(0 «l = 

m ]’• 

We have 




A (Pu» «»-/(■«•); •-= «*- 

- U z T- 0. 

Hence 



p (J * /(r) constant 

- -/(<*) . 

since P (U ' u, ~ 

= 0. This is the required theorem. 


2-62. The following table exhibits the relations between the sums 
P " n u x and the functional values u 0> t/ 2 . 




P 


A "0 




P '*«, 




A»o 

3 

P 3 u 3 


P ' 


A", 


A»o 


-I 4 

<9\ 

0- 


«a 


A»i 

3 

P J «4 


P X 


A U 2 


A", 


p 2 “4 


«3 


A«2 

3 

P 3 « S 


P ' ", 


A»3 


A M a 


2 

CL 




A»3 


P 

P X 

P-‘« S 

"s 

A "4 


♦ 


P 1 «. 
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Each sum is formed by adding the i»eml>ers of the column on the 
right, beginning with the member immediately above the required 
sum. Thus 

P _1 «3 = Uj + Uj + Uq’ P _3 «5= P -i «4+P“* u 3+P~ 2 “a- 

We note also that each column can be formed by differencing the 
column immediately to the left. It will also be noticed that if we 
change the origin, that is, label another entry with the suffix 0, the 
resulting sum table will have each of its members altered in value 
while the differences will be unaffected. Lastly, we note that all 
entries labelled with the same suffix lie on a diagonal line. 

Obviously in analogy with central differences we could also form 
“ central sums ” by a mere change of notation. 


2*63. Moments. Given a set of x tabular values. Bay, 
«o- ••• > «*-1. 

their nth moment * about the point x - 1 is defined by 


T-l 


( 1 ) 


= v (<-3 4-I)"U, = !)"«,. 


i -o 


If we express (x-l- l) n in factorials by the method of 2-1*2 we 
obtain 

(-])"(<-*- ■!)- = V, 

< 0 v * / 

where 

(2) c , — A 0”, 

a difference of zero (see 2-53). Thus 

(-1)"M„ = V NJ c,( X 1 1 ju, 

t 0 f 0 S / 

* (x-l- 1 


\> fx — t— 1 \ 

= w C A s K- 

# • (I I 0 s ' 


since 




vanishes when t > x - s - 1. 


* See for example W. Palin Elderton, Frequency f urre-i and ( orrtltiiwn, 
(London, 1927), chap. iii. 
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Hence from 2-6 (6) we have 

(3) ( - 1)" M n v; p (T * 1 U< = £ c. p * ' a, . 

I u i o 

Using the differences of zero given in 2-53 and noting that e 0 = 0, 
we have 

Mi - 

m 2 - P ! v2P 3 «, 

Ma ••• - P 2 «, - op 3 a x - op 4 

and so on. The terms p * u x (which are also called factorial 
moments) can he obtained directlv from the sum table of 2-62. 
If the moments he required about another point, say y, we have 

M n ,, = V(f- V )« u , 

t “0 

- • U-t (x- l - y)l"M< 

t 0 

f 0 ' 

which expresses the moment 3/,. y in terms of the moments 3/,. 


2-64. Partial Summation. We have 

•hAh - .A(«x ! x) - '/.lA U X 
Operating with P we obtain 

p *in 

P.») «,A 'x - «r'x - P<h' ' x.l 

Example. To calculate P, B ! xa 1 . 

We have (a - I)*!', and hence 




Now 

Pc’ *<•'(<> - 

i ) | 

‘ -Pjfl" 1 
J 0 


p<;> «'■> «- 

■«" * • .. 

n"' 1 - a 
. i (J , 

a - 1 

so that 

Pc! * 

H 0" 

a - 1 

o"' 1 - a. 

(a - l ) 4 ' 
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The analogy of the formula for partial summation with the 
formula for integration by parts should be noted. In fact if, 
taking nor 1 to be an integer, we make the extended definition 

PwU, = w(m„_„ + m„_ j- +... + u 0 ), 
the formula for summation by parts becomes 

P(»)- «* A = «, V, J - P^JL l' I+ „ A • 

„ u - J 0 „ 

which when to -> 0 becomes 





n 

-0 



2-7. The Summation of Finite Series. If we denote by 
u x the xth term of a series, the sum of the first n terms is 

Pin'll = »n+U n j ...+ U a + M 

To evaluate this sum we see, from the theorem of 261, that it is 
sufficient to find a function f(x) such that 

A f( J ) = «W 

The general problem of solving this equation constitutes the* 
summation problem, which will be treated in Chapter VIII. For 
the present purpose we require only a particular solution, and wc 
shall now shew how such a solution can be obtained for certain 
special forms of u x . 


2*71. Factorial Expressions of the form x< m) . By 211(b), 

(a- + 


Thus, by 2-61, 


m t 1 


(z-i- l) (m \ 






m r 1 


m • 1 


For example. 


I. 2.3 + 2.3.4 + ...t (n - 2)(n - 1) u - \(n - 2)(n 1) n (at I). 

Also 


m(m + J )(m * 2) -f (m f l){m f 2)(m t 3) f ... • (n - 2 )(n - 1)« 

= P«rt l (*+1)»- P,-.i)(*+l) w 

= i(n-2)(n - 1) n(n-r 1)- |(m~ 1) m(r» +■ l)(w • 2). 
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Again, from 2-11 (10), we have 


whence we get 


. (ax-t b) (m+1) . ... . 

A a(m+l) = (aX + 6)< ’ 


Example. Sum to n terms the series 

3.5.7 + 5.7.9 + 7.9.11 + ... . 

The xth term is (2x + 5)(2x + 3)(2x +1) = (2x + 5)< 3 > and the 
required sum is therefore 


p ( ;>(2*h ?)<»> 


(2x~ 7) (4, ~| 
8 


- n 


-■ • (2m -7)(2M + 5)(2n + 3)(2n + l)- 


2-72. Polynomials. If the xth term he a polynomial in x. we 
could use the method of 2-71, having first expressed u z in factorials 
by the method of 212. But from 212 (2) we have 

4>(n)4>( 0) - » A^(0)^ m( ",7 1, A^(0) + ... ■ 

Putting 4>(») -■ Pin) 1 we obtain 

4(H) = 0, A <A(<>) - A 0(0) = A u i. 

so that we get the formula 


_ «(n- 1) . 

Pi») «x.i - A^i - 


n(n-l)(«-2) ; 


3! 


A «! + ••• 


Since u t is a polynomial, the terms on the right vanish after a 
finite number of differences have been formed. 

Example (i). Find the sum of n terms of the series 

1 s -r 2 J -r- 3 3 i- ... . 

a 

Here u, = x 3 , A «x -- 2x4-1, A = 2 an,i the required sum is 
3n(»« - 1) w(*i - 1)(« -2) n(n + l)(2n + l) 
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Example (ii). Find the sum of n terms of the series whose nth 
term is n 3 + 7n. 

We form the following table of differences : 


«1 




U 3 


8 


22 


48 

92 


14 

12 

2G 

18 

44 


6 

Hence the required sum is 

gn + 14n (« - 1) + 12 m (n - 1)(n - 2) 4 On (n - 1) (n - 2) (n - 3) 

2 G 21 

—■ J«(« + 1)(»» 8 + M + 11). 

Another method of summing series of this type by means of the 
Polynomials of Bernoulli will be explained in 0-501. 


2-73. Factorial Expressions of the form x ( m) . From 
2-11 (7) and (9), we have 

-r(—m + 1) ] 

A = . 

a -m+l (x+ ])(x i 2) 

(ax-r bY~ m ' rly , .. 

— a (m — i) 


Thus 


[a(x + l)-f b)[a(s r 2) + b] ...{a (x+ rn) 6)’ 


p,~.: <*+1) 1 - [—f 


»{ -TB • If 


(«-l) 

Example. Find the sum of n terms of the series 

11 1 

1 . 4 . 7 + 4 . 7 . 10 + 7 : 10. 13 f ' ’ 


Here the xth term is 


1 

(3x—2)(3x-r 1)(3 jc+ 4) 


(3x - 5)0-*), 
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Thus the required sum is 

PwP(*+])-5] ( ' ,, = i(3 . !-5)<- 2 >-H3(n+l)-5y- 2 > 

1 _ 1 

" 24 6 (3n + 1) (3n + 4) ’ 

These results arc analogous to the formula 

fv t brdx,, {an+h)mrl - {a+b)m '\ 

Ji a(m + 1) a(m+l) 

2-74. A certain type of Rational Function. If 

... +<*> 

^’x^r-Tp x-*2 * 1 ’ *'x+ m 

where v t ax - b, 

and if ij>(s) he a polynomial of degree lower by at least two unities 
than the degree of the denominator, then we can sum the series to 
n terms. We begin bv expressing <f>{x) in the form 

4 * ( J *) * x * ( *2 1 x ' / ■ 1 r ‘ •• • m j * x^’x + l * x-^2 • ■ • fx-t-tn-2* 

This can he done by an obvious extension of the methods of 2T2, 
or indeed by equating eoellieients. It then follows that 


L X+fll-l *+l» 


so that the sum can be obtained by the method of 2-73. 

Again, supposing the numerator of a rational fraction to be of 
degree less by at least two unities than the degree of the denomi¬ 
nator but intermediate factors aioue to be wanting in the denomi¬ 
nator to give it the factorial character described above, then, these 
factors being supplied to botfi numerator and denominator, we can 
obtain the sum. Thus, for example. 


**3 


r X 1 x+ x* 2 T jf+3 


Example. Find the sum of n terms of the series 


2 3 1 

1 . 3.4 4 2.4 . 5 ’ 3 . 5 . 0 + "' ‘ 
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Here 

_£+1 _ £(£+l) + X+l 

“* ~ £(x + 2)(£+3) ~ £(£+])(x + 2)(£4-3)’ 

U, +1 = (£ + 2)(-«> + (£ + 1) <" 3 > + Z (-4), 

P« I+1 = 2<-*>+ i l<-») + £ . 0<~ 3 > - (n + 2)<->) - J (n +1 )<-*> - J 

_ i i i _ i 1 _ 1 

“3 5 12 f 18 n + 3 2(n + 2)(»+3) 3(n + l)(n + 2)(»+3)' 

2-76. The form a X <j>(x), <f>(x) a Polynomial. We have 

= a‘(«-l+«A)< ! x = a*{«- 1)(1 + i A) v*. 

where 6 = a / (a - 1). 

If i^(i) be s polynomial of degree v, put 

r* = -l 1 {l -6A + &* A- ••• + (-!)■ 6' A] +(*)■ 

Then 

= a r )1+( - 1)* b* +l A ! <M T ) = a 1 
We have therefore 
(l) p ( ;,V^(£+i) 

= “[ +l 1 [l-l>A+l>*A-... + (-l)'b> A ]^(»+l) 

- 0 ! 1 [l-frA+6 , A-- + (-n r fr‘ AWU- 

Example. Find the sum to n terms of the series 
1*. 2 + 2*. 2*+3*. 2 3 + 4*. 2*+ ... . 

Here = x* 2* and the required sum is 

2 n+1 {l -2A + 4A)( n + 1)*^2{1 -2A + 4A) 1* 

= 2" +1 { (n+l)*-2(2n + 3) + 8}-2{l -6 + 8}, 

= 2 B+1 (n* - 2n + 3) - 6. 

2*76. The form v x ^(x), ^(x) a Polynomial. Let <f>{x) he 
& polynomial of degree v. Consider the expression 

/(X) = (p v.) (X -1) - (P - 2 t-J A <£ (* - 2) 

+< p- s tg A <* (* - 3) -...+(-1 r (p-■'- 1 tg A <* (* - v -1 h 
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A (&X If) tx+l A &x ~t &X A t x , 

A/(*) = V x <f>{x) + (P~' V x )bt{z-1) 

-[(P-'tgA^(i-i)+(P- 2 tgA^-2)]+... 

+ ( - 1)- [(P- »•,) A 4> (* - v) + (p-- 1 v x ) AV(* - v -1.) ] 

= »■*<£(*) + (- 1)‘ (P ‘-‘t’x) A ^(x - V- 1) = v x <f>(x), 

V • 1 

since A 4>( x ~ v- 1) = 0. 

Thus, by 2 fil, 

(1) P(n> ; 1) - (P(n) t’x+i) </>(»') -(P( n) 2 Cx^) A ^(”-1) 

•MP(;;'t’x + x)A^(n-2)-..., 

since Pim i' ;il = 0 when n = (t. 

This result enables us to sum the series whose rth term is v z <f>(x), 
where 4>(x) is a polynomial of degree v, provided that we can form 
the related sums 

P(n*tVi, 5 ^ 1, 2, 3, ... , v~l. 

Example. Sum to » terms the series whose nth term is 
(n - c) sin (’lan-i-b). 

Here <f>(x) -= x- c, v z ~ siu(2fli - - b), and the required sum is 
P^/ (x + 1 - c) sin (2aj- + 2 a - b) 

— (n - c) P^ 1 sin (2ax-r 2a 4- 6) - P ( ;,> sin(2ax+2a + £>). 
Now* A (2a j t b) - sin (2ax 4 - 2a 4- b) - sin (2ax + b) 

— 2 sin a sin (‘2ax 4- b * a 4 ,*) ■ 


2-76J 
Since 
we have 


•It U interesting to nolo that, if we form the difference table for 
sin (or +6) or more generally for e at , the terms in the same horizontal 
line arc in Geometrical Progression. This fact was employed by Briggs 
and by Gregory. 
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Thus 

P(«) sin (2ax +2a + b) — ^ ^ jjiiii ^2ax+2a + b - a - 

= 2sin a [ Sin ( 2<in + b + a -V) + cos (a + 6)], 

P ( ;fsin(‘2aj- + 2a + 6) = ~ } 2 ("sin(2a-r +• b - 7t)~j «_£Os(o 4 _fo) ^ 

' 4 sin 2 aL ; J 0 2 sin a 

Hence, after reduction, the required sum is 

- c sin na sin {na + a + b) n cos (2an -t a + b) sin na cos (an -t b) 

— .- -+• 


sin a 


2 sin a 


2 sin 2 a 


The repeated sums required for the method of this section can 
always be formed for the types (ax + 6) (m \ <f>{x), a T <f>(x), where <f>{x) 
is a polynomial, since the operation with P 1 in each case leads to a 
function of the same form. He {tea ted sums for {ax + h) ( m) can lie 
formed, provided that the number of repetitions be not great enough 
to lead to the necessity of evaluating p 1 (ax • b)< J) , for which no 
compact form exists in terms of the elementary functions here con¬ 
sidered. 


2-77. When the nth term of a series proposed for summation 
cannot be referred to any of the preceding forms it is often possible 
to conjecture the form of the sum from a general knowledge of I he 
effects of the operator A- and hence to determine the sum by trial. 
For example, if <£(z) be a rational function, then 

A = ° r v (■*)> 

where is likewise a rational function. Similarly 
A tan ~ x <f>(x) — tan' 1 ^(z). 
where y(z) is rational if 4>{x) be rational. 


Example. 


To sum to n terms, when possible, the scries 


l^X 
2.3 


+ 


2 2 . X* 
:i. 4 


+ 


3*. X 3 
4.5 


“f ... . 


The xth term u z is given by 

U * ~ (z+l)(x + 2)‘ 
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Here we should evidently assume that 

P(n‘ «in = 4-constant. 

Operating with A> we have 

(n + l) 2 X" +1 n4l C(a(n+ 1)4-6) X a» + 6) 
(»4-'2)"(»4-3) t n + 3 n4-2 | ' 

Equating coefficients, we must have 
(X- 1) a = 1, 3a(X - l) + ft(X- 1) = 2, 2(a + 6) X-36 = 1, 
From the first two, (X-l)(a-f6) =0, whence from the third 
b = - $, so that a = $, X = 4. 

Thus the series can be summed if X — 4, and we have for the sum 
~(x- 1) 4* fl ~ 


3(i+2) 


" 4 n+, (n-l) 2 

o" 3(n + 2) + 3 


This example is due to Boole, who explains the peculiarity as 
follows : 

IX" X n 

H n — A" — + , 

n-<-2 n 1 

X" 

so that unless X — 4, in which case the term ‘ , destroys the corre- 
’ . »+l * 

- 4X n_1 

sponding term ^ f ^ in m„. ,, we should require the sum of a series 


whose nth term is 


X" 

rt 4 T 


Such a sum cannot be obtained in terms 


of the elementary functions considered here (but see Chapter IX). 


EXAMPLES II 

1. Prove that 

(i) A log « M = log f l - ; 

(ii) Alog(M x « x l ... = log “ , ‘ I . 

u x— m*l 

2. Prove that 

n 

A sin (ax i b) — (2 sin £a)"sin {ax + b + b> ■(«+ n )}, 

n 

A cos (ax 4 b) — (2 sin !«)" cos { ax + b + in (a 4- tt) }. 

n 

Obtain corresponding results for the operator A> and deduce the 
results for the operator D n . 


D 
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3. Prove that 


A tan ax = — 


sin a 


cos ax coa a (z 4 1) ’ 


A tan' 1 ax = tan -1 

4. Evaluate A tan ti,, A tan 3 ti x 

5. Find the first differences of 

a a 


1 f a a z4-a*z 2 * 


‘>* si 


6. Shew that 


sin , tan 0r , cot (a . 2 J ). 


r x A» / x-«xA»‘x 

A ' = —■— - " • 

r t* v 

~ ' 1 


7. Prove that 

A 0™ - n m ~ {” ) (n - 1) m ‘ ( ” J (n - 2) m - . 

n ! = n" - ,)(/i- !)" • f ” I (n - 2)'* - ... 

1 / 1 / 


8. If <£(>.) be a polynomial, show that 

<£(E)U" = £f(E)(»* 

and deduce 2-53 (2). 

9. From Herschel's Theorem, or otherwise, deduce the secondary 
form of Maclaurin s Theorem, namely, 

4(t) = 4> (<») -i 14(D) 0 t '* <*(/>) 0* * J *(/>) O 3 r ... , 

where <f>(D)0‘ is the value when I — 0 of tf>(D)t’. 

10. If denote n x , prove that 

<f>(E n ) ()j: ---- » r ^(E)«^. 

11. Shew that the differences of zero 

AO", At'"* 1 . A 0 "' 2 . — 

form a recurring series and find the scale of relation. 

" — \ A 0*, shew that 
tv 

€*, = C* x .\ i nt™.„ 


12. If C 




DIFFERENCE OPERATORS 


51 


EX. IIJ 

13. Shew that 


u„x 2 




2 


1 


U 0 + U 1 X+-‘ ] - + ... = C* | M 0 + * A M o + 2 t A «o 
where u x is a polynomial. 

14. If S n — , - +•„, 1 shew that, if m > 2, 

1 . n 2(n - 1) n . 1 

(SiA-^a+.-)o» = o. 

n 

15. Express A in a series of terms, proceeding by powers of x, 
by means of the differences of zero. 

Find a finite expression for the infinite series 

x 3 x 3 

l m . x - 3 m . ■+ 5 m . rl - ... , 

where m is a positive integer. If in — 4. shew that the result is 
(x - Gx 3 ) cos x - (7x 2 - x 4 ) sin x. 

16. Prove that 

(rA) (n) u * = (x-tn - l) (n) A u x> 

/(xAHx E ) m ~ (*E ) m /( J A-+ »»)«*• 

17. Find w„ from the relation 

Vru 

n 0 -* 

18. If 'V t” u n /(,■<). prove that 




19. Find a symbolical expression for the nth difference of the 
product of any number of functions in terms of the differences of 
the separate functions, and deduce Leibniz’ Theorem therefrom. 


20. If the operator A act on n alone, prove that 





rz 

sin iar; 


m 

A«°. 


m being a positive integer greater than a and 2k the even integer 
next greater than a + 1. 
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21. Shew that 


22. Prove that 


n l\v = Ai^+AJ" 
^ " n+1 


Al p+1 = (n + l)Al p + nA 1 l p , 

and apply the formula to constructing a table of differences of 
powers of unity up to the fifth power. 


23. Prove, that 


( - 1 )«/(* + mo) = f{x) - 2 (”) V/(*) + 2 2 (o) V/(*) - - ■ 

24. Prove that 

A V/(*) - A /(*), 


A 


V/(*) = A/(*)- 


•>- 


25. Sum to n terms the following series 

(i) 1.3.5.7 + 3.5.7.9 + .... 

.... 1 1 

(U) 1.3.5.7 + 3.5.7.9 + ”" 

(iii) 1.3.5.10+3.5.7.12+ 5.7.9.14 + .... 

. 10 12 14 

(1V) r:3T5 + 37577 + 5T7T9 + -- 


(v) 1.3.5 cos 9 + 3.5.7 cos 20 + 5.7.9 cos 30 + .... 

(vi) 1 + 2a cos 0 + 3a 2 cos 20 + 4a 3 cos 30 + ... . 

26. The successive orders of figurate numbers are defined by 
this;—that the ith term of any order is equal to the sum of 
the first x terms of the order next preceding, while, the terms 
of the first order are each equal to unity. Shew that the zth term 
of the nth order is 

■ i(a!+l)... (x + n-2) 

(»-!)! ' 
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27. Prove that P( X )<f>(t) cos mt — f(x) -/( 0 ), where f(x) is equal 
to the expression 


. m ._ 

sin g ( 2 a: - J) 


: sin 


to 


4>(x)+ 


m 

cos 2 ( 2 a;) 


TO 


n • TO i 

2 sm 2 j 
m 


sin - 5 - (2a: 4-1) 2 

; - -r A 4 > {*) 


2 sin 


my 

2/ 


m , 


cos 'J (2a: + 2) 3 sin (2a; + 3) 4 

' —A <£(*) + —;- 




2 sin 


TO 


28. Prove that 

Pwo^(') 

= (o-*i )■ '> (.! ,)* 4«D--} 

+ C 0 + Cj x 4-... + C„_i it'*- 1 ', 
and determine the constants C 0 , C x , ..., C' n r 

29. Use the result of Ex. 28 to discuss the summation of the 
series 


to n terms. Consider the forms of u x given in sections 2-71-2-70. 

30. Prove that to n terms 

(i) . I x+ • \, n + r« + -• ~ cot JO - cot 2"- 1 0 ; 

sin 0 sin 20 sin lO 

... 11 _ 2 sin «0 

cos 0 cos 20 " r cos 20 cos 30 ' ’' cos (ft +1)0 sin 20 

31. Shew that P -1 cot -1 (p + g + rx 2 ) can be evaluated in finite 
terms if q i -r' 1 = 4 (pr- 1 ). Calculate : 


P<») tan -1 


_ 3 __ D - i l°g tan 2 *a . 

l + x(x- 1 ) A*’ K(n> 2 * K(b) 


-i‘ 2 *(x-l) 
x(x + 1 ) 


32. It is always possible to assign such real or imaginary values 
to « that P~ l f(x) can be evaluated in finite terms, where 

ti n _ (*+ Px + yx 2 + ... + vx n ) s x 
J W ~ 77~Z 3 > 

w jt u x+l u x+m—1 

a, (},..., v being any constants, and u x — ax + b. 


(Herschel. 
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33. Shew that 

« 0 4- «i cos 20 + w 2 cos 10 + ... 

2 3 4 

— X u _ A M o _ , _A “_o_ s j n 0 ■ _A M o cos oft_A M o : n on _ 

* 0 4 sin 2 0 + 8 sin 3 Q + 16 sin 4 0 ° 32 sin 6 0 ^ 

34. If <j>(x) = i’ 0 + v, 2 : + v 2 2; 2 + ... , shew that 

U 0 v o + VjVjX + u 2 v 2 x 2 + ... 

x 2 2 

= u 0 <f>(x) + x<f>'(x)ku 0 + 2l f'(l)A« 0 +"' , 

and if <fi(x) — v 0 + vpc + r 2 a;< 2 > + ... , then 
u 0 v 0 + up.\x + M 2 r 2 a: (2) +... 

fx\ 2 2 

= U 0 <f>{x) + x &4>(x- 1) . A*o + ( 2/ )A*(*-2) . A« 0 +- • 

(Gudermann.) 

35. If S n = l n + 2" +... +m n and p = m(m + 1), shew-that 

S„ = p 2 /(/>) or ( 2m + ] ) p/(p)> 

according as n is odd or even ,f{p) being a polynomial. 

36. Prove that the number of ways in which an integer which is 
the product of m prime numbers can be expressed as a product of 
factors relatively prime to each other is 

w r 

S m = £ A O’" I r\. 

r — 0 

Prove also that S m satisfies the recurrence relation 


37. Prove that 


S» = r^r»/f!, 


and that, if m is a prime number, S m - 2 is divisible by m. 



CHAPTER III 


INTERPOLATION 

In the practical applications of the finite calculus the problem of 
interpolation is the following : given the values of a function for aj 
finite set of arguments, to determine the value of the function for* 
some intermediate argument. 

In the absence of further knowledge as to the nature of the 
function this problem is, in the general case, indeterminate, since 
the values for arguments other than those given can obviously be 
assigned arbitrarily. 

If, however, certain analytic pr oper ties of the function be given, 
it is often possible to assign limits to the error committed in calcu¬ 
lating the function from values given for a limited set of arguments. 
For example, when the function is known to be representable by a 
polynomial of degree ■«, the value for any argument is completely 
determinate when the values for n+ 1 distinct arguments are given. 
In the present chapter we propose to obtain certain formulae based 
on the successive differences of the function for the given arguments 
and to investigate the remainder term, the knowledge of which will 
enable us to decide as to what further information is necessary to 
ascertain limits within which the interpolated value represents the 
value sought. In actual calculations there is, of course, another 
source of error due to the fact that the knowu values are usually 
approximations obtained by curtailing at, let us say, the fifth 
figure a number which contains more than five figures. For an 
investigation of this error see papers by W. F. Sheppard.* 

The basis of the interpolation formulae about to be obtained is the 
general formula of Newton for interpolation with divided differences. 

* Proc. London Alalh. Soc. (2), 4 (1907), p. 320; 10 (1912), p. 139. 
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This formula with its remainder term has already been given. The 
formulae of Gauss, Stirling and Bessel were known to Newton, and 
if for brevity we do not attach his name to them, it docs not detract 
from his credit in discovering them. 

3*0. Divided Differences for Equidistant Arguments. 
If in the formula 1-3 ( 1 ), we put 

x t = x+s<o, s = 1, 2, 3, ..., n, 

we obtain for the divided difference the expression 

r „_ _ i _/(z+nw) /(x+(n- l)u>) f(x + (n - 2) to) _ 

|xx 1 x 2 ...x„j_ ni ce" (n-l)T 1! w" + (n-2)! 2! w" 

= ^,A/(*) from 2-5 (2). 

Since the arguments in a divided difference can be written in any 
order we have thus proved the following theorem. 

If the arguments x v x 2 , ..., x n+1 taken in a certain order form an 
arithmetical progression whose first term is x„ and whose common 
difference is w, the divided difference of f(x) formed with these argu¬ 
ments is given by the relations 

(1) ... x n+1 ] = ^ Af(x r ) = “ , 

Again by 1-2 (2), we have 

\x 1 x 2 ...x n+1 ) = ^ f (n) (E), 

where E, lies in the interval {x r , x„ + no>). 

Thus we have 

(2) A./(*,) =/<«>(5), 

where E is some point of the interval (x„, x, + run). 

In the notation of differences this result can be written, using 
2-1 (5), 

(3) /<">(5) = 

This result shows that the nth column of differences formed from 
a table of functional values for equidistant arguments places before 
us a specimen set of values of the nth derivate of the function, each 
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such derivate being multiplied by m ", which is a constant for the 
column in question. 

3*1. Newton’s Interpolation Formula (Forward Differ¬ 
ences). Consider the following table of functional values and 
differences. 

Argument Function 


a 

/(a) 






Am 



a + m 

/(a + m) 


A 2 m 




J/(a-m) 


JV(°) 

a-Kim 

/(a-Kim) 


A 2 f(a-ro) 




/\f{a (- 2m) 


Zl 3 /(a + w) 

ai 3m 

f(a + 3m) 


A 2 f(a + 2m) 



If in Newton’s general interpolation formula with divided differ¬ 
ences, 1-1 (1), we write 

x, - a + (s~ l)m, s — 1, 2. 3, ..., n, 
we have by 3-0 and 1-2 (3) 

fcV*- A '/(")• 


s: 


[jrt, ... ar,] 


so that the formula gives 
; ) = f(a) + (x-a)u 

(x - a)(x - a - to)... (x - a - two + 2m) +1 x 


(1) + ‘V’JW-- 


+ 


where 


(n-1)! 


o)-»+\j’‘~if(a) + R n (x), 


(2) ft n (x) - /<«>($), 


n ! 


and ^ lies somewhere in the interval bounded by the greatest and 
least of x, a, a 4- nm - m. 

This is Newton’s Interpolation formula with forward differences. 
The differences employed with this formula lie on a line sloping 
downwards from /(a). The formula gives the value of /(x) in 
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terms of f(a) and the differences of f(o) provided that we can 
calculate the remainder term It n (x). The formula assumes a 
simpler form if we introduce the phase p, where 

(3) p = (x-a)/ co, 

which represents the ratio of the “ distance ” between the “ points ” 
x and a to the tabular interval of the argument. We then obtain 

(4) f(x) =f(a)+pAf(a) + ( V jA z f{a) h (g) J s /(«) 

+ C P ])^ n_ V(«)t'0'7 (n> (4), 

which is the most convenient form of Newton's formula with forward 
differences, the value of p being given by (3). 

If in (4) we omit the remainder term, we obtain Newton's Inter¬ 
polation polynomial (see 1-9) 

(5) i(z) =f(a) + P Af(a) + K) A*A*) + ■■■ + (/_ J 

which assumes the values of f(x) at the points 
a, o + w, ... , a +- (n -1) to. 

It follows that neglect of the remainder term is equivalent to 
replacing f(x) by this interpolation polynomial. The degree of 
approximation attained by this process of polynomial interpolation 
of course depends on the magnitude of the neglected remainder 
term. This will be discussed in section 3-12. 

We may here observe that the interpolation polynomial (5) can be 
written symbolically in the form 

(6) In-! (*) = ,)/(«), 

where the suffix n - 1 indicates that the expansion of the operator 
by the binomial theorem is to cease after the term in A" 1 has been 
obtained. 

Newton’s formula, or rather the series which arises from it when 
the number of terms is unlimited, is of great theoretical importance, 
as will be seen in Chapter X. For practical numerical interpolation 
the central difference formulae to be obtained later are preferred. 
Near the beginning of a table, however, when central differences are 
not given, Newton's forward formula is available. 
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In the above work we have written Newton’s formula in the 
notation of differences, the form best suited to numerical applica¬ 
tions. We can, however, use difference quotients. Using 2-1 (5), 
we see at once that (1) can be written 


(7) f(x) = /(«) + (£ - a) A f( a ) + ^ X aH * ( a ^ A /(«) + ••• 

«k w ■ tw 

Or in the factorial notation, 

(8) /(*)=/(«) + (*-a) A/(a) + ^ A/(a)+--- 


(x-a) (n " 

(n- 1 )! 


-) n - 1 

A /(«) 


! / <n) (;)- 




When 6i -> 0 we obtain Taylor’s Theorem, namely, 
J(x) - Ji/lj-U ■ <*)/’(«)■• tJ ^' i ' 1 /"ui! - ... 


where ? lies in the interval (a, jr). 

The formula of this section is often referred to as the Grogory- 
Newton formula, since it was actually discovered by James Gregory 
in 1070.* 


3*11. Newton's Interpolation Formula (Backward 
Differences). Here we consider the table 


a - 3co 

f(a - 3cj) 


J-f(a - 4w) 




J/(a-3eu) 



a - 2w 

/(a - 2<u) 


J 2 /(a-3<u) 




d/(«-2 <») 


J 3 f(ct-3to) 

a - o> 

f(a-io) 


JV(a-2o>) 







a 

/(a) 





* Tho actual MS. letter from Gregory to Collins which gives this formula is 
dated 23 November 1670, and is preserved among other of its contemporary 
documents in the library of tho Royal Society. 
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If in 1-1 (1) we write 

x a = a-(s- l)<o, s — 1, 2, ... , n, 
we have by the theorem of 3 0 

CO -8 

[ x l x 2 X a+l] — s j A'f ( (l ~ ■ 

Thus we have 

f(x) = f(a) + (x- f(a - to) 

+ -~-j-w 2 ,/J 2 /(a-2w)-f... , 

or introducing again the phase p — (x- a) j gj , this becomes 

f(x) =f(a)+pAf(a-a)+ P -~ J 2 /(o-2o) + ... , 
which can be written 

(1) f(x) =f(a)+pAf(a~“>) + ( P 2 l ) zJ 2 /(«--w)+... 

+ ( ? n-l *0^"■' 1 /(°- /l£ * > + co)-+ ( ,/H ” ‘jco"/ 00 ^), 

where £ lies in the interval bounded by the greatest and least of 
x, a, a - (n - 1)«. This result could also be obtained by writing the 
tabular values in the reversed order, differencing, and then apply¬ 
ing the forward formula. 

The differences employed with this formula lie on a line sloping 
upwards from f(a). The corresponding interpolation polynomial 
obtained by omitting the remainder term may be written symboli¬ 
cally in the form 

Jn -.,(*) = [i+pAE-+( P 2 1 )a 2 E^+... 

+( y —] m 

= (i ~AE -“)</. i,/(«). 

where the suffix again indicates the index of the last term of the 
binomial expansion which is to be retained. 

Newton’s backward formula has its practical application to inter¬ 
polation near the end of a table, when central differences are not 
given. 
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3*12. The Remainder Term. The process of interpolation 
applied to the values in a given table cannot of course give an 
accuracy greater than that of the values in the table, which are in 
themselves usually approximations. In attempting to attain the 
utmost accuracy which the table permits, when a given interpolation 
formula is used, it is common practice to omit from the interpolation 
formula the first term which ceases to influence the result obtained. 
The question then arises as to how far the result so obtained repre¬ 
sents the desired approximation. 

The error in the approximation arises from two sources : (i) 
errors of rounding, inherent in the tabular matter and the subse¬ 
quent calculations ; (ii) errors due to neglect of the remainder term. 
With regard to errors of the first category we shall content ourselves 
with the observation that, in so far as they arise from subsequent 
calculations, these errors can be minimised by using one or two extra 
figures which are subsequently discarded. As to the errors arising 
from (ii) we shall make some observations, with particular reference 
to Newton’s forward formula, but which are of general application. 

(a) In numerical work we naturally take x between a and a + w, 
so that the phase p is positive and less than unity. Consequently 

and j) are °f opposite sign. 

( b ) If we can conveniently calculate / (,,) (s) we can generally state 

upper and lower bounds to the value of this derivate in the interval 
(a, a-f-(n-l)w) and thus delimit the error due to neglect of the 
remainder term. * 

(c) If / (n ' (x) have a fixed sign in the interval (a, af(n-l)u) and 
f("+i>(ar) have the same fixed sign in the interval (o.a + iiw), then the 
inclusion of an extra term in the interpolation formula gives 

= (^) J n /(o)-t-J?« + ,(x). 

Since, by (o), (^) and j) have opposite signs, so also have 
R n (x) and R n+l (x) : and consequently 
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that is, R„ (x) is less than the first term omitted from the formula and 
has the same sign. This result is called by Steffensen the Error 
Test.* The test depends essentially on R„{x) and R n +i( x ) having 
opposite signs. 

(d) If nothing be known about the value or sign of f' n) (x), we can 
only regard the results of interpolation as a working hypothesis. 
This in particular would be the case if the tabular matter were 
empirical. In such cases we might be inclined to estimate the value 
of / (n) (z), on the grounds of the last part of section 3-0, by an 
examination of the nth column of differences. That such conjecture 
may be fallacious is seen from the following table : 


We have 


x 

0 


/(*) 

0 

1 

4 

9 


fu\K\ k i -5X-5 -5x-5x 1-5 

/(0-5) = 0 +-5 x 1 - 0 x2+ ) 


= 0-25+ j' a /< 3 >(c). 

The third difference is zero, so that an estimate of the. error term 
would be zero and we would conclude that /(0T>) = 0-25. 

This is correct if/(ar) = x 2 . If, however, 

f(x) — x 2 + sm nx, f (3> (x) — - - 3 cos r.x, 

the maximum value of which is n 3 , and the actual error is 1. 

It might be contended that the instance is extremely artificial. 
To this we answer that a satisfactory mathematical theory must not 
exclude possibilities of such a nature, and, secondly, that if tabular 
matter be collected from observations made at equal intervals (say 
of time), a periodic term might quite well be masked in this manner. 


* J. F. Steffensen, Interpolation, London (1927). 
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Example. From the following values * calculate 
sin 0-1604, cosO-1616. 

x sin x A A 2 cos x A A 2 

0-160 0-15931 82066 i 0-98722 72834 


9871475 

•161 -16030 53541 1604 


1598118 

•98706 74716 9871 


9869871 ; 1607989 

•162 -16129 23412 ! -98690 66727 


Using Newton’s forward formula, we have for the sine 


•0004 

P = -001 


•4. 


The coefficient of the second difference is 1 x ■ lx --6= —-12, 
while, since o> ---00l. the coefficient of tin; remainder term is 

l x -4 x - -6 >■ - 1-6 •- (-001 ) 3 = 6-4 x 10 “. 

Since f (3) (x) — - cos x, the remainder term contributes 

-6-4 x 10 11 x -99, 

that is. 6 in the eleventh decimal place. We have then, treating the 
tabular values as integers, 

sin -1604 = 1593182066 r 3948590 0 f 192-5 - -6 = 0-1597130848. 

For the cosine, using Newton’s backward formula, we have p = - -4 
and the coefficients - -12. - 6*4 x 10 n . 

Here f i3) (s) - sin x. so that the remainder term contributes 

-61 x 10 il x -16 = - 1 x 10-“. 

Thus 

cos-1616 = 9869066727 + 643195-6 + 1184-5- 1 = 0-9869711107. 

In these values the onlv errors which can be present are those due 
to rounding. 


3-2. The Interpolation Formulae of Gauss. These are 
obtained from Newton’s general divided difference formula, 1-1 (1), 
by means of a special distribution of the arguments x v x^, ... , x n . 


* C. E. van Oretrand, .Vat. Academy of Sciences, xiv, (1921), Part 5. 
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It is again convenient to introduce the phase 

( 1 ) p = (x-a)lo>, 

and to write 

f(x) =/(a + jxo) = 


With the central difference notation of 2-01 we then have the 
table 

a u 0 8 2 m 0 8 4 w 0 

( 2 ) 

8 3 Mj 8 s u i 

a + w u ± 

If we put 


(3) x 1 = a, x 2s = a + so>, x 2s+l — a - 

the theorem of 3 0 gives 

[»i*2 - *2»+i] = “isj\ ~ = (Is-)! ** U °’ 

= (£—i)T^ 2,+ V(°~ S6 >>= { t + 1): S2 " +1 

while 

{x-x 1 )(x-x 2 )...(x-x 2t ) 

= {x- x u _j) (x - x 2 ,_ 3 )... {x - x 3 ) (x-xy)(x- x 2 ) (x - .r 4 )... (x - xj 
= (p + s-l)(p + s- 2 )... (p+l)p(p- 1 )( 7 > — 2)... (p-s) w 2 ’ 

= (f + 2 7 1 )(2„)!^. 


Thus 


(x-xjfx-xj ... (X-X 2 ,) [Xfo-.X 
and similarly we can shew that 

(x-x 1 )(x-x 2 )...(x-x 2s , 1 )[x 1 x 2 ... 



If then we make in 1-1 (1) the substitutions given by (3), we 
obtain 


f(x) = u P = u 0 + ( 8 u k + (£) 8 2 u 0 + ( V J 1 ) S 3 u k 

+ (^ 1 )s< «„+•••+ *»(*)• 
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This is Gauss’ forward formula, and is used in conjunction with 
the zig-zag scheme of differences shewn in ( 2 ). 

If n — 2m, we have 

= 


and Gauss’ forward formula becomes 


(i) m - «• - uo<- i; (c\ «*+ - ^'X 1 j 82, «o 


where 4 lies in the interval (a - (m - 1 ) w, a f wco), when x lies in this 
interval. 

If n ~ 2m 4 1, we have 


(5) f(jr) ~ u p - u 0 





where E, lies in the interval (a-mot. a - //«• j). when x lies in this 
interval. 

Gauss' backward formula is used in conjunction with the table 


( 6 ) 


a - ( 1 ) m_j 

S 3 11 | S s u _ 4 


fl u 0 S'- M„ S 4 ll 0 

To obtain the formula we write 


x, = a, x 2 , --- a - .fw, x 2sfl = a + .«&> 

in the formula 11 ( 1 ). We then obtain by the method described 
above 


(X - X t )(x -X.) ... (.I' - X 2 ,) J S= S U 0 . 

(X - Xj)(x - X 2 ) ... (x- Xo, u ) — ( ,^ H-J I 


M.T.C. 


K 
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f(x) = u„ -M 0 + (f) SM -i + ( ?) 2 1 ) S2w o + ( ?, 3 1 ) 83n - 


+ ( 7 ’^ 2 )S 4 w 0 h ... + R n (x), 


which is the required formula. 
If n — 2m, we have 


(7) f(x) = u, = « 0 + ± » + g (^ A )* S ’ t, ° 

+ C'ir) w2m/<2w)( " ) ’ 

where a; lie in the interval (a — who, « + (»«.- I) to). while for 
n = 2m + 1, 

( 8 ) /( 3 r) = « 1 , = u 0 +^(^* 1 )^>«_ 1 t £(* + ')*«. 

p + m 


+ \2m+ l) 0>2m ll f <2m+1> (Z)' 


where £, a: lie in the interval (a - mco, a + mo). 

It should be noted that if in (5) and (8) we omit the remainder 
terms, the corresponding interpolation polynomials terminate at the 
same difference 8 2m w 0 , and therefore both agree with f(ur) at the same 
points, and consequently coincide. Thus Gauss’ forward formula has 
the same remainder term as the backward formula if the last differ¬ 
ence used in each be of the same even order, and both formulae give 
the same result. 

Again, since 

(P+s\_(-p + s~\ \ (p-\ *\_ « \ 

\2»r\ 25 )’ \2s+ lJ " \ 2 .v rl )' 


we see that, if in the forward formula the sign of p be changed, the 
coefficients of the even order differences coincide with the corre¬ 
sponding coefficients in the backward formula, while the coefficients 
of the odd order differences arc equal in magnitude but. opposite, 
in sign to the corresponding coefficients in the backward formula. 
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3*3. Stirling's Interpolation Formula. Stirling’s formula 
is obtained by taking the arithmetic mean of Gauss’ forward and 
backward formulae. 

We have 

/ /H .v \ (p + a) (p + s — 1)... (p +1) p (p - 1)... (p - s) 
\-2s+lJ " (2a- i 1)! 

r= p(p 2 -\ 2 )(p 2 -2‘ i )...(p 2 -s 2 ) 

C2.sH)! 

+ i , (l> + s\'2p(p + s-l)...(p-s+l) 

\ 2a J \-2sJ~~ ' " (2a) ! 


2p 2 (p 2 - 1 2 ) ( p 2 - 2 2 )... (p 2 - s - l 2 ) 
(2a) ! 

Taking the arithmetic mean of 3-2 (5) and (8), we obtain 

. ,, , , v'M?**- 1 *)0 ,s --*)••• O' 2 - 4 *) m.-i 

) /(•'■) - «, - «o + - ~ > . , , - !^ rl w 0 

» ■ o I —' l) ■ 


<“,p 2 (p 2 -i 2 )(p 2 -2 2 )...(p 2 -.v-:i 2 ) 

ri (-’a) ! ' “. 6 M ° 

4. P(l r ~ ■■■ (?'- m ~) 2m+l f(Zm+\)IZ\ 

(2m 1 1)! 7 U; ’ 

where, as before. 

p -- (x - a) / (o, « p - - /(a r pw) =/(*). 

This is Stirling’s formula. The differences employed lie on a 
horizontal line through n 0 thus : 

(2) a u 0 pSu 0 8-u 0 p-8 3 m 0 8 4 u 0 .... 

Stirling’s formula is completely symmetrical about p = 0 and can 
therefore be used for either positive or negative values of p. In the 
form (1), which terminates with a difference of even order, the re¬ 
mainder term is the same as in the formulae of Gauss which termi¬ 
nate at the same difference. Hence from the point of view of 
numerical calculation the formula of Gauss is superior in that there 
is no necessity to form mean differences. 

By taking the mean of 3-2 (4) and (7) we can obtain the remainder 
term of Stirling’s formula when the last difference used is of odd 
order. It will be seen that this is not of a very simple form. 
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Stirling’s formula written in full for m = 2 is 
(3) f(x) = = u 0 +pp8u 0 +^ } S 2 « 0 +—g-,--- (xS 3 m 0 

T 4 , 0 M 0 + — 'jj j 




where £, a; lie in the interval (a- 2<u, a-f 2<o). 

The corresponding interpolation polynomial obtained by omitting 
the remainder term in (3) agrees with 1-9 (4), which may he regarded 
as a generalisation of Stirling’s formula for unequal intervals of the 
argument. 

Example. Calculate exp (-0075) from the following table : * 


x e x 

A 

A 2 

0-006 1-00601 80361 

10065212 


•007 1-00702 45573 

10075282 

10070 

•008 1-00803 20855 



p — -5. 




The coefficient of the second difference is 125, and since co = -001 
the remainder term is - -0625 x (-001 ) 3 <?* = - 6x 30 11 approxi¬ 
mately. 

Thus, using Stirling’s formula, we have 
exp (-0075) = 10070245573 

+ \ (10065212 f 10075282) +| (10070) - -6 
= 1-0075281955. 


3-4. Bessel’s Interpolation Formula. Bessel’s formula is 
obtained by taking the arithmetic mean of Gauss’ forward formula 
with initial argument a and the corresponding backward formula 
with initial argument a+<a. We choose the forms which terminate 
with a difference of odd order, that is to say 3-2 (4) and (7). 


* C. E. van Orstrand, he. cit. p. 03. 
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With p — (x -a) I a, we have 

/(.r) = + 

; ( ?) V ' ,2, ^ <2 "' ,ri) - 

The second of these has been obtained by writing p- 1 for p in 
3-2 (7) since the initial argument is here a i to. The remainder term 
is the same in both since each terminates with the same difference, 
namely S 2 " 1-1 Wj. Taking the arithmetic mean, we obtain 

/(*) =■■ i iM » *- D .f v ’ ■/'' X 

*«»o e * — s ' 

> 2; ( T !*«=■»,, p ■ y/wia, 

where at are in the interval (a - (m - 1) co, a f wmj). 

This is Bessel’s formula. There is symmetry about the argument 
a + |<ij, for writing - p * | for p - |, we liave 

is / \ 2,s / 

no that the coefficients of the differences of even order are unaltered, 
while the other coefficients merely change sign. 

It is convenient to replace puj :-(p-|)S« 4 by « 0 -rp8uj. The 
first summation above is then from s ---- 1 to s — m - 1. Written in 
full for five differences, we have 

/(*) -- u 0 s ,,Su t , 11 u8 2 u> + : M'-MP- 1) 8»„, 

( (p cl)p(p-l)(p-2) ^ 

(p+l)p(p-l)(;>-2) , 5 

■ f . f>! ... 6 M * 

, (p + 2)(/h 1 )p(p - D(y- -*)(/>-3) ^. (S) ^ 
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The differences used with Bessel’s formula are shewn in the 
scheme 

a « 0 

Stq (jl8 2 Mj 8 3 Mj jxS 4 m j S s «j 

a + w Mj 

The formula may be compared with 1-9 (3), which shows the more 
general form for arguments which are not equidistant. 

If the last difference used be of even order the remainder term is 
not so simple. 

Example. From the following table * of the Complete Elliptic 
Integral K, find the value of K when m = 0 032 where m( = k 1 ) is 
the squared modulus. 


m 

K 

A 

zf 

J a 

J 4 

0-01 

1-5747 45562 

3991351 




•02 

1-5787 39913 

4040429 

46078 

999 


•03 

1-5827 80342 

4087506 

47077 

1022 

23 

•04 

1-5868 67848 

4135605 

48099 

1064 

42 

•05 

1-5910 03453 

4184768 

49163 



•06 

1-5951 88221 






Using Bessel’s formula, the required value (/> — -2) is 
1582780342 + -2x 4087506 - -08 x 47588 
+ -008 x 1022 + remainder. 

In the absence of a convenient formula for the. fourth order 
derivate we make the hypothesis that this is approximately 
represented by w 4 J 4 . Since o = -01 we have for the remainder the 
hypothetical value +10 9 x 0144 x 33 = 5 x 10' 10 . Thus we obtain 
K = 1-583594045. 


* L. M. Milne-Thomson, Proc. London Math. Soc., (2), 33 (1932), p. 102. 
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3 *41. Modified Bessel’s Formula. Neglecting the remainder 
term, Bessel’s formula correct to differences of the sixth order can 
he written in the form 

f(x) = u 0 + p8 u k 4 J>(V ~ 1 ] g.8 2 u i + v( ' P ~ ~ I* [8 3 u t - k S 5 Mj] 


(P^)p(p- 1 )( t >- 2 ) 
4! 


where 

A 


= - IHr -*)[*, 2 ' (i (,,i-tHp-2) 


B 


:i! 

... (/' 1 !)/)(/'- !)(/' -’d) 


[[j.8 4 Uj — Z |jl8 6 Mj] + + B, 

S 5 


So (^ + 2 )(;j- 3) uS 6 Mj. 


The mean value of A over the interval p = 0 to 7 ? — | is 


ri o 

r. 


1 * )*J 

.04 <>() >: 128 


8 5 «j, 


and the mean value of B over the interval 0 to 1 is 

r> ' rill 101 




L 50 2520 J 
These mean values vanish if we take 


u 8 r ’ iq. 


A-:_- ^:= 0-108, l — = 0-207. 

Putting 

V M i “ 5 3 «i - uV«t = «i - 02I 

we have the modified form of Bessel’s formula, namely, 

M - «,* f*«, ‘ ,,( e- 11 ^ < '^: | , ! <<, “ 1) v«i 


which includes the effect of sixth order differences. The coefficients of 
the differences in A and B in the interval 0 ^ p ^ 1 are of the orders 
0-00002 and 0-00005 respectively, so that, if 8 s Wj and p. 8 6 iq do not 
exceed 10 , 000 , the maximum errors which would arise from the 
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neglect of A and B would not exceed 0-2, 0-3 units of the last digit 
respectively. Actually we use rounded values so that the error may 
be greater. 

The above method of modified differences can of course be 
extended to differences of higher order and to other interpolation 
formulae. 


Example. Consider the following table* of » s _2 (0|t), where 
(01 t) is the value of the theta function s 3 (x|t), when x — 0, 
arranged according to values of in, the squared modulus. 


m 

V 2 (°|t) 

A 

A 2 

A 3 

A 4 A 5 A 6 

0-70 

0-75687 78205 


1161883 


5889 109 



54346488 


68293 

788 

•71 

•75144 31717 

55576664 

1230176 

74970 

6677 145 

933 

•72 

•74588 55053 


1305146 


7610 166 


Forming the reduced differences 8 0 3 , |x8 0 4 , we have the following 
table for use with Bessel s modified formula. 


m 

V 2 (°! T ) 



0-70 

0-75687 78205 

54346488 1196030 68208 

6257 

•71 

•75144 31717 

55576664 1267661 74869 

7111 

•72 

•74588 55053 



Calculating the function for m - -706, either bv using 

all the 


differences or by using the modified formula, we get 0-75303131)68. 

3-5. Everett’s Interpolation Formula. This formula uses 
even differences only on horizontal lines through u 0 and u, as in 
the scheme 

u 0 8 2 u 0 8 i u 0 8 6 u 0 . . 

Ml S 2 Wj 8 4 Mj 8 a w, 


a 

a+w 


* L. M. Milne-Thomson, foe. cU. p. 70 . 
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Gauss’ forward formula ending with an odd difference can be 
written 

j(x) = «o+j>*« 4 + v; r )^ u o + (lV0^ Ui } 

The term in curled brackets is equal to 

--"X'of'" tp 'I' 1 ”-' '«> 1 S > ss '*'”‘(' 


(2« + l)8**« 0 + (ji = (■2 a i-l)8 2 *tf 0 -rO> + *)(8**« 1 -8*'« 0 ) 

= (p -f s)S 2 ’ Uj - (p - s - 1)S 2 * w 0 . 
Hence we have one form of Everett’s formula, namely, 

/(,) = S„ r . V {(£ ») s=. - (»>♦*- 1 j S’ „.} 

A more symmetrical wuy of writing the formula is obtained by 
observing that 

/p-es-1) /i-p., 

' 2.S -f 1 / V ‘IS : 1 / ’ 

u 0 i-pSi/j = »/ 0 ( 1 -p)-pu v 
Hence introducing the complementary phase p', where 
p' — 1 - p -- (a - g> -./ ) / c>, 
we have the symmetrical form 


/(*) - piq-f- V jS 2 'iq 


ca 2m /< 2m '(=), 


where a: lie in t.lie interval ( a~(m - l)co, a + nuo). 

Everett’s formula is useful when employing tables which provide 
even differences only, a practice which saves space and printing cost 
but which offers little advantage to the user of the tables. 
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For numerical values of the coefficients in Everett’s formula as 
well as the formula of Gauss the reader is referred to E. Chappell, 
A Table to facilitate Interpolation by the Formulae of Gauss, Bessel 
and Everett (1929). (Printed and published by the author, 41 West- 
combe Park Road, London, S.E. 3.) The coefficients arc given at 
interval 0-001 for the phase p and for differences up to the sixth 
order, and are so arranged that the coefficients in Everett’s formula 
for p and the complementary phase p each appear on the same page. 
Another table (of Everett’s coefficients only) is that by A. J- 
Thompson, Tracts for Computers No. ] T , 1921, Cambridge Univer¬ 
sity Press. The latter book gives many numerical examples of 
interpolation. 


3‘6. StefFensen’s Interpolation Formula. Gauss’ forward 
formula ending with an even order difference, 3-2 ('>), can be written 

/(*> = «o+ £ {(^ l ) +( p + l~ l ) s 4 '«o} -*• »(')• 

The term in brackets is equal to 

sC£.V) 

r 2 r‘)=rn. 

so that we have 

f(x) = «,- Vp,;* 

* -1 ' 7 «- i - 7 

which is Steffensen’s formula. The formula employs odd differences 
only according to the scheme 


a - to 







Su_ i 


8 V 

a 

M o 






Su j 

S 3 

s\ 

a 4" to 

W 1 
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3‘7. Interpolation without Differences. The problem of 
interpolation without the use of differences is solved in principle 
by Lagrange’s formula 1-4 (3), which gives 


(1) 


,,,, _ V /<».) «*> . ., r ,/ w <5) 

= (x-yq)(x-... (x-rj. 


From this we can obtain a formula equivalent to Gauss’ formula 
by substituting the proper distribution of arguments. Thus to 
obtain a formula completely equivalent to 3-2 (4), we put 

x 2t .j = a - (s - 1) <■>, r 2 , — <x -.«o), s — 1. 2. 3, ..., m. 


Introducing the phase j> -- (x-«)/<», we have 

<£(x) — (//-t- a; - ] )(p r mj - 2)... (p-m) co 2 ’", 
f (x, 5 ,) - (m - ,<?)! (,„ • S - 1)! (- i)»+.-x ai 2m r, 

(f>'{s 2 i) — ( m ts - I)! (in -«)! {- l) m_ *w 2m_1 . 
so that (1) gives 

/vo _ v(/> + »7 1)...(p-m) _ , .i | _/(« + -«o)) 

,*^1 (mt«- 1)1 (mi--*)! t p-s-1 ;>->• j 

-f remainder. 

This can be written in the simpler form 


1 \ 


f /(a - sco + oj) /(« 1 «.>) j ■'// - mi - 1 

X 1 p+s- 1 p - s I -Mi 


*/ <2ro) (4). 


Other formulae of this nature can be obtained by varying the 
distribution of the arguments. The practical objection to the use of 
the Lagrangian formulae lies in the excessive labour of numerical 
calculation involved, in using interpolation formulae founded on 
differences the order of magnitude of the terms becomes progressively 
less. Moreover, if it be found desirable to include further differences 
it is only necessary to add more terms. In Lagrange's formula every 
term is of equal importance and when another functional value has 
to be included the calculation must be started de now. 

The first attempt to avoid forming differences when interpolat ing 
in a table not provided with them, and at the same time to escape 
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For numerical values of the coefficients in Everett’s formula as 
well as the formula of Gauss the reader is referred to E. Chappell, 
A Table to facilitate Interpolation by the Formulae of Gams, Bessel 
and Everett (1929). (Printed and published by the author, 41 West- 
combe Park Road, London, S.E. 3.) The coefficients are given at 
interval 0-001 for the phase p and for differences up to the sixth 
order, and are so arranged that the coefficients in Everett’s formula 
for p and the complementary phase p' each appear on the same page. 
Another table (of Everett’s coefficients only) is that by A. J. 
Thompson, Tracts for Computers No. V, 1921, Cambridge Univer¬ 
sity Press. The latter book gives many numerical examples of 
interpolation. 


3-6. Steffensen’s Interpolation Formula. Gauss’forward 
formula ending with an even order difference, 3-2 (5), can be written 

The term in brackets is equal to 


a fill 1 ) {<?+*> * - <r - *) 


1 


- 


p-f J - 1 , 

; s " ‘«-i- 


rr'MT)- 


Now 

so that we have 

f(x) = « 0 - H S ) «*-*«_» + V ^ + 


which is Steffensen’s formula. The formula employs odd differences 
only according to the scheme 


a- C 0 

U-l 







8 3 u-_ 1 


a 

u„ 







S 3 */, 

8 5 «, 

a Ci) 

u l 
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3-7. Interpolation without Differences. The problem of 
interpolation without the use of differences is solved in principle 
by Lagrange’s formula 1-4 (3), which gives 


( 1 ) 


<£(*) = (z-a-jMtt-rjj)... (x — x n ). 


From this we can obtain a formula equivalent to Gauss’ formula 
by substituting the proper distribution of arguments. Thus to 
obtain a formula completely equivalent to 3-2 (1), we put 

x 2 > i = a — (s - 1) ojj x 2 , — a u -.so). s = 1, 2, 3, ..., m. 


Introducing the phase p ~ (./; - a) /<.>, we have 

4>[x) — (p + ni - 1) ( p~ vt - 2)... (p - tn) co 2 ™, 
^'(jr 2 ,.j) = (»«-«)! (m-r-s— 1)! ( - l)” ,+ ' _1 a» 2m_1 ) 
</>' ( j 2 j) — (»i + s— 1)! (m - s )! ( - l) m ~'a> 2,l ‘-\ 
so that (1) gives 


f/ r ) - vO' ’ *»■ - 1 ) ••• (P ~ »») , _ n mit _i j /(« --«) _/(« «*>)\ 
1 (>n+s- 1)’ (/a -s)! 1 l p-.v-l p - ,v J 

+ remainder. 

This can be written in the simpler form 


/(*) 


2m 

V 2w ) w - s / 


C/(a-sto + ti>) /(a x sot)) n> - tn - 

^ p + s -1 p - s ) ' 2 in 


to s«yt*«)(5). 


Other formulae of this nature can be obtained by varying the 
distribution of the arguments. The practical objection to the use of 
the Lugrangian formulae lies in the excessive labour of numerical 
calculation involved. In using interpolation formulae founded on 
differences the order of magnitude of the terms becomes progressively 
less. Moreover, if it be found desirable to iuclude further differences 
it is only necessary to add more terms. In Lagrange's formula every 
term is of equal importance and when another functional value has 
to be included the calculation must be started dc now. 

The first attempt to avoid forming differences when interpolating 
in a table not provided with them, and at the same time to escape 
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the labour of Lagrange’s formula, was due to C. Jordan,* who 
formed certain linear interpolates and operated upon these. We 
shall not describe Jordan’s process, since an essential improvement 
thereon has been made by A. C. Aitken.f who realised that the 
practical advantage lay in the process of linear interpolation, and 
devised a method of interpolation by iterating this process. 


3*81. Aitken’s Linear Process of Interpolation by 
Iteration. Let u a , u b , u c , ..., denote the values of a function 
corresponding to the arguments a, b,c, ... . 

We denote as usual the divided differences by [oh], [ nbc \, ... . 
Let f(x ; a, b, c), for example, denote the interpolation polynomial 
which coincides in value with u x at the points o, b, c. Then by 1 -9 (2) 

/(z; a,b) ~ u a + (x~ a)[ab], 
f (x ; a, b, c) — u a + (x - a) [oh] + (x - a) (x - b)[abc], 

/(x; a, b, c, d) = u a + (x-a)[ab] + (x-a)(x-b)[al>c] 

+ (x-a)(x-b)(x-c) [abed ], 
and so on. We have then, for example, 

f(x; a, b, c, d) = f(x ; a, b, c) + (x - a) (x - b) (x ~ c) [alml\. 

Since the order of the arguments is immaterial we have also 
/(x; a, b, c, d) =/(x; a, b, d) + (x-a)(x-b)(x- d)[abcd\. 

Eliminating [abed] we obtain 


( 1 ) 


f{x ; a, b, c, d) = 


(d-x)f {x\ a,b,c) - (c - x) f(x ■ a, b, d) 
(d-x)-(e-x) 

!/(x; a, 6, c) c-x 
\ f(x, «, b, d) d-x | 


Thus /(x; a, b, c, d) is obtained by the ordinary rule of propor¬ 
tional parts from the values of f(x ; a, b, y) for y - c, y = d. This 
argument is clearly general. 


* (i) Atti del Congresso Itilernaz. dei Matematici, Bologna, (1928), vi, p. 157. 
(ii) Metron, vii (1928), p. 47. 

f A. C. Aitken, Proc. Edinburgh Math. Soc. (2), iii (1932), p. 50. 
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Applying this rule we can now write down the following scheme : 


Argument 

Function 

(1) 



(2) 

(3) ... Parte 

a 







a - 

X 

b 

«(, 


; a, 

b) 



b- 

X 

c 

u c 

/(* 

, fl, 

c) 

/(*; 

a, b, c) 

c - 

X 

d 

u a 

/(* 

; 

d) 

fi x > 

a, b, d) 

f(x, a, b, c, d) d - 

X 


Each entry is formed by cross-multiplication and division, with 
the numbers in their actual positions, thus 


/(*; 

II 

«a 

u b 

a~x 

b - x 


(b-a), 

TV; 

a, c) = 

«a 

U c 

a-x 

c - X 

4- 

('’-«)> 

/(*; 

a, d) - 


a- x 

d - x 

— 

(d-a), 

f(x\ a , 

b, r) = 

f{j '; 
JV 

a . /;) 
a, r) 

c 

- X 

-X ; 


and so on. 

The above scheme constitutes Aitken’s process. 

The members of column (!) are linear interpolation polynomials, 
those of column (2) quadratic interpolation polynomials, those of 
column (d) cubic interpolation polynomials, and so on. If a 
numerical value be substituted for x, each member of the rth column 
is the value of an interpolation polynomial which coincides with u x 
at r+ 1 points and gives the value of u x within a degree of approxi¬ 
mation measured by the remainder term at this stage. The process 
is therefore completely equivalent to interpolation with Newton’s 
general divided difference formula. Thus, for example, 

u x = f(x ; a, b, c, d)+(x-a) (x - b) (x - c) (x - d) / 4!, 

where \ lies in the smallest interval containing a. b, c, d, x. If then 
interpolation by Newton’s formula be practicable, the numbers in 
later columns will tend to equality as the work proceeds. This leads 
to a simplification, since in the linear interpolation those figures at 
the beginning which arc common to all the members of a column can 
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be dropped. The process terminates when further interpolation 
would cease to influence the result. With regard to the column 
headed “ Parts,” we may replace the entries by any numbers pro¬ 
portional to them, as is obvious from (1). In particular, if the argu¬ 
ments be equidistant, we may divide each entry in this column by 
the argument interval co. Moreover, when the arguments are equi¬ 
distant, this division by co will make them differ by integers. The 
method is eminently suited to use with an arithmometer and is 
independent of tables of interpolation coefficients. The process can 
also be used at the beginning or end of a table. 


Example. From the given values of the elliptic function sn (x | 0-2), 
find by interpolation the value of sn(0-3 ] 0-2). 


X 

sn (j- | 0-2) 

(1) 

(2) 

CD 

W 

(.')) Parts 

00 

0-00000 





-3 

•1 

•09980 

29940 




_ 2 

■2 

•19841 

29761-5 

29583 



- 1 

•4 

•38752 

29064 

29356 . 

..469-5 


+ 1 

•5 

•47595 

28557 

29248-5 . 

..471-5 . 

.. -167-5 

+ 2 

•6 

•55912 

27956 

29146-4 . 

..473-85 . 

..467-3 

...7-9 4 3 


Here the “ parts ” are - -3, - -2, - -1, -f -1, + -2. + -3, which we 
replace by integers. Wo also treat the tabular numbers as integers 
and carry extra figures as a guard. After column (2) we can drop 
the figures 29. We could likewise treat the entries of column (3) as 
9-5, 11-5, 13-85. The following are examples shewing how the 
numbers are obtained. 


29940 = 

1 0 

9980 

-3 I 

- 2 

|-M, 

29064 = | 

0 -3 

38752 4 1 


469-5 = ! 

583 

356 

-1 ; 

4 1 

4- 2, 

7-9 = : 

™ 2 ! 

7-3 3 1 • 



The result is 0-29108. which is correct * to five places. 

3*82. Aitken’s Quadratic Process. Suppose given an even 
number of symmetrically placed data such as 

w -«> M-c, M a » «(,, Mr- 


* Milne-Thomson, Die elliptischen Fxinlctionen von Jacobi, Berlin (1931). 
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The expression 


( 1 ) 


[y+ x ) u v +iy,/) 

- , y 


U„ 

U__y 


x-y 
x + y 




is an even function of y, since it remains unaltered when -y is 
written for y. This justifies the notation. Alsof(x;x 2 ) = u x . With 
the given data we can form, by means of (1), the values of f(x; a 2 ), 
f(x; b 2 ),f(x ; c 2 ). If we apply the linear process of the last section 
to these new data, taking as variables a 2 , b 2 , c 2 , we thereby obtain an 
interpolated value for f(x] x 2 ) or u x . Thus we can form by 3-81 (I) 


(2) f(x ; a 2 , b 2 ) -- : /{J "’ “'j r : (6 2 - a 2 ), 

; f(x ; 6“) b*-x 2 

f (x ; a 2 , b 2 ) b 2 - x 2 ; 

f(x: «*, 6*,/•*)=; ' „ . , ; k(c 2 -6 2 ), 

| /(-r ; f") C- - x- | 


and so on until the data are exhausted. 
Thus we form from (1) 


x-a 

f[x ; n 2 ) — : t-(2 a), etc., 

V a X-r n 

and form by means of (2) the scheme 

/(*; a 2 ) a 2 — x 2 

f(x\b 2 ) f (x ; a' 1 , Ir) b 2 -x 2 

f{x ; c 2 ) f(x ■ a 2 , r 2 ) f(x ; a 2 , b 2 , e 2 ) e 2 - x 2 


which is essentially the same as that of the last section, but with 
squared variables. 

Since we are in fact using 2, 4, 6, ... values of the function in 
successive columns, we are progressively taking account of the 
first, third, fifth, ... differences in an ordinary interpolation formula. 
If then 2« values be used, the remainder term is 


R*n( x ) — (x 2 ~(t 2 ) (x 2 -b 2 )...(i 2 -k 2 ) 


(2m)! ' 


This process can also be worked at the end or beginning of a table. 

In applying this method to equidistant, data we first subtract 
from each argument the middle argument to about which they are 
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symmetrical. After division by the interval to the arguments 
become : j~ |, -| : 1£, ±21,... and x is replaced by the phase 
p = (x~m)j(x>. The “parts” then become (A) 2 — jo 2 , (14) 2 -p 2 , 
(2^) 2 -p 2 , which are of the form 0, 2+0, 6 + 0, 12 + 0, 20 + 0, 
30+0,..., where 0 = (£) 2 -p 2 . The advantage of this will be 
apparent from the following example. 

Example. From the following values of Jacobi’s Zeta function 
Z(x\ 0-6), calculate by interpolation Z(0-11 | 0-6). 


X 

Z(x | 0-6) 

(«) 

(b) 

0-00 

0-0000 000 

- 2-5 

2-75 

•04 

•0133 469 

-1-5 

1-75 

-08 

•0266 172 

- 0-5 

0-75 

•12 

•0397 350 

+ 0-5 

- 0-25 

•16 

•0526 262 

+ 1-5 

-1-25 

•20 

•0652 186 

+ 2-5 

- 2-25 


Here the middle argument is 0-10, column (a) shows the prepared 
arguments obtained by subtracting 0-10 and dividing by to = 0-04. 
The phase is (0-11 - 010) + 0 01 = 0-25. 

Column ( b ) gives the numbers x~a, x + a, etc. for formula (1). 
Thus we have (treating the tabular values as integers), 

364 555-50 0-1875 

362 598-25 3647 38-99 2-1875 

358 702-30 3047 38-41 ... 9 31 6-1875 


The first column is formed by formula (1) thus, for example, 

I 397 350 - -25 ! 

} 260 172 -75 


364 555-50 = 


+- 1 . 


After this we use (2) thus. 


364 738-41 = 


364 555-50 0-1875 
358 702-30 6-1875 


6 . 


Finally we obtain Z(0-111 0-6) = 0-0364 739, which is correct to 
7 places.* 


* L. M. Milne-Thomaon, Zeta Function of Jacobi, Proc. Roy. Soc., Edinburgh, 
52 (1932), p. 236. 
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If the number of data be odd but symmetrical, Aitken has devised 
several methods founded on iteration, but it is actually simpler to 
retain one method and annex an extra tabular value. For details 
the reader is referred to Aitken’s paper.* 

3'83. Neville’s Process of Iteration. A somewhat different 
technique has been developed by Neville,+ which has the advantage 
of finding a place in the iteration scheme for those derivates of 
the function of which the values may be known. 

The essential point of the process consists in interpolation between 
consecutive entries in the columns, beginning at the centre and 
working outwards, new functional values being adjoined as required. 
The clustering of the interpolates round a central value leads to 
greater equality between the members of a column as the work 
progresses and avoids the. necessity of any preliminary estimate of 
the number of tabular values required. 

With the notation of 3-81 the process is indicated by the following 
scheme : 

Argu- Kune- 

ment Parts turn 


a x-a v,. 


b x-b u,, 


c t-p w. 


<1 x - d u d 


/(•*; 

; a. b) 



/(*; 

a, h, c) 

/(•^ ; 

b , c) 

f(x) a, b, c,d) 


/(*; 

b , c, d) 

/(*; 

c, d) 

f(x ; b. c, d, c) 



c, d. r) 

f{- r \ 

d. r) 



f(x ; «, b, c, d, e ) 


c x-e it. 

Here it is convenient to write 3-81 (1) in the form 


0 ) 


J(x ; a, b. c) 


x-a f(x ; a, 6) | 

r-c /(■*; b ’ <■) j 


(c-a) 


* loc.. rit. p. 7t>. 

f E. H. Neville, in a paper read at. the International Congress of Mathe¬ 
maticians, Zurich, 11)32. This jiu{>er will he published in a commemoration 
volume of the Journal of (he Indian Mathematical Society. Prof. Neville has 
kindly allowed me to use his MS. and upon this the present section is based. 

M.T.C. F 
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in order that the “ parts ” may be identified as lying at the base of a 
triangle of which the interpolate is the vertex. 

The process of course leads to the same interpolation polynomial 
as Aitken’s process when founded on the same arguments. 

In the case of equal intervals the parts may be most conveniently 
treated by division with the tabular interval co. 


Example. 

Find sin 0-25 from the values given below. 

0-1 

1-5 

0-0998 






2481-5 


0-2 

•5 

•1987 


... 73-0 




2471 

...4-1 

0-3 

-•5 

•2955 


... 74-G 




2485-5 


0-4 

-1-5 

■3894 



Here x — 0 

•25, co = 

0-1; the parts are given 

in the second column. 


2471 = 


■5 

-•5 


1987 ! -5 71 

74-6 = i 

2955 ’ | -1-5 85-5 

sin 0-25 = 0-2474. 


In order to introduce derivates into the scheme, we first notice 
that the interpolation polynomial f(x ; a, b) is given bv 

f(x; a, b) = m„ -( (x- a) [ab], 
where [ah] is the divided difference of u a , u b . 

If o = 6, we have [an] = u' a (see 1-8 (2)) , and we can write 

(2) f(x; a, a) = u a +(x-a)u' a — f(x ; a 2 ) say. 

Similarly, if a = b = c, we have 

(3) f[x\ a, a, a) = f{x\ n 2 ) + (x-tt) 2 [aa«] 

= f(x\ a?) + £ (x - a) 2 u' tt ' = f [x ; a 3 ) say. 

These values can be calculated and introduced into Neville’s 
scheme in the appropriate columns. Suppose, for example, that we 
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are given u' a , u' a ', u 6 , u c , u' c . The scheme becomes, by repeating 
the arguments, 


a 

X - 

- a 

U a 








f(x; 

a 2 ) 




a 

x- 

- a 

« 0 

f(x; 

a 3 ) 






f(x; 

a 2 ) 



; a 3 , i) 

a 

x - 

- a 

« 0 

/(*; 

a 2 , h) 


/(x; a 3 , 6, c) 




fi*\ 

a, h) 


ftr 

i a 2 , b, c) /(* 

b 

X - 

-b 


ft*\ 

«, 6, < 

■) 

f(* ; a 2 , 6, c 2 ) 




/(*; 

b, c) 


fi* 

; a, h, c 2 ) 

c 

x- 

- c 

«e 

ft *; 

b, c 2 ) 






f(x; 

c 2 ) 




c 

x- 

- c 

u. 






f(x ; a 3 , b, c 2 ) 


The entries in heavy type arc calculated from (2) and (3) and the 
interpolation proceeds by formula (1). Thus, for example, 

Example. Find sin 0-25 from the following table : 



X 

sin x 

COS X 


0-2 

0-1987 

0-9801 


0-3 

•2955 

0-9553 

We form /(0-25; 0-2 2 ) 

= 2477-05, /(0-25 

; 0-3 2 ) = 24 

02 

•5 

1987 

2477-05 


.0 

mi 

•5 

1987 

2471 

... 4-0 

•3 

-•5 

2955 

2477-35 

...4-2 

■3 

-•5 

2955 

sin 0-25=0-2474. 
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EXAMPLES III 


1. Find approximately the value of antilog 
the table : 


X 

antilog x 

0-95 

8-912 509 

■96 

9-120 108 

•97 

9-332 543 

■98 

9-549 926 

•99 

9-772 372 


0-9763 452 given 


and discuss the limits of error. Calculate also antilog 0-9532 641, and 
antilog 0-9873 25G (a) by Newton’s formula, (b) by Aitkcn’s process. 

2. The logarithms in Tables of n decimal places differ from 
the true values by 5 x 10 _n_1 at most. Hence shew that the 
errors of logarithms of n places obtained from the Tables by 
interpolating to first and second differences cannot exceed 
± 10~ n + e, and di 10 _n x(9/8 ) + c respectively, e and e' being the 
errors due exclusively to interpolation. 

[Smith’s Prize.] 

3. From the table 


X 

V 

X 

530-1 

23-02 

3901 

510-1 

23-24 

0052 

550-1 

23-45 

4211 

560-1 

23-66 

6432 


form a scheme of differences and calculate v '530-67459, N '540-67459, 
v '550-67459, in each case determining the limits of error. 

4. If f(a) = u 0 , f(a + oj) = u v prove the following formula for 
interpolation in the middle, or to “ halves ”, 

1 3 

/(« + £“) = 


5 

1024 


(zS 8 u { -f 


35 

2 15 




Obtain the general form of this result when the last difference used 
is p.8 2n u t . 

* 
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5. Supply the values corresponding to x = 0101, -103, -105 in 
the following table : 

x sin x 

0 100 0 09983 3417 

•102 -10182 3224 

•104 -10381 2624 

•106 10580 1609 

6. The following table gives values of the complete elliptic 
integral * E corresponding to values of m (.— k 2 ): 


m 

E 

000 

1-5707 96327 

■02 

1-5629 12645 

•04 

1-5549 68546 

•06 

1-5469 62456 

•08 

1-5388 92730 


Insert the values corresponding to m — 0 01, -03, -05, -07 and 
construct a corresponding table of E for k — 0 00, -01, -02, ..., -08. 

7. Find expressions for the remainder term in Stirling’s formula 
when terminated with a difference of odd order, and in Bessel’s 
formula when terminated with a difference of even order. 

8. Taking to — 1, prove the central difference interpolation 
formula t 

« \ 

9. Taking to = 1, prove the equivalence of the following opera¬ 
tions : 

n«, = ^(E* + E _i )«„ 

8«xt(E J - 


* L. M. Milne-Thomson, Proe. London Math. Hoc. (2), 33 (1932), p. 163. 
t Steffensen, Interpolation, p. 32. 
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[i 2 U x =: (l 4 J u x, 

E* u * = (h-+2 S ) U *' 

10. Use the result of the last example to prove that the terms 
of the central difference formula of example 8 are obtained by 
expanding in ascending powers of S the expression 

U s +( i+ i s, )T /<0) ' 

11. Find from the following data an approximate value of 
log 212 : 

log 210 = 2-322 2193 log 213 = 2-328 3796 

log 211=2-324 2825 log 214 = 2-330 4138 

and discuss the error term. 

12. From the following table of log r(«), determine approxi¬ 
mately log T (£): 


n 

log T (n) 

n 

log F(n) 

r*i 

0-74556 

l i 

0-18432 

a 

i 'I 

■55938 

1 fi 

•13165 

4 

i a 

•42796 

1 2 

-08828 

12 

•32788 

1 O 

1 

■05261 


13. If n radii vectores (n being an odd integer) be drawn from 
the pole dividing the four right angles into equal parts, shew that 
an approximate value of a radius vector u a , which makes an angle 0 
with the initial line is 

1 „ sin 4w(G - a) 

where a, fi, ..., are the angles which the n radii vectores make with 
the initial line. 



CHAPTER IV 

NUMERICAL APPLICATIONS OF DIFFERENCES 

In this chapter we, consider a few important applications of 
differences and interpolation formulae, mostly of a numerical 
nature. 

4'0. Differences when the Interval is Subdivided. 

Suppose that we have the difference scheme 


Wo 


S 2 « 0 


S J « 0 


8 


8 3 «* 




8 2 ttj 


8 4 Ul 


and that we wish to form the central differences corresponding to 
the table u 0 , u.j, u. 2 , w . 3 , ... , u . 9 , u v where the interval has been 
subdivided into 10 equal parts. The first two lines of the new 
scheme will then read 

u 0 d- u 0 d 4 w 0 

du 05 d : > u , 05 

u.j d 2 u. j 

We have du , 05 = «- u 0 , so that from Bessel’s formula 
(1) du, os — ,'o Smj — „}J 0 p.8" Mj 4-1 opr) + mVoV u i — ... • 

The remaining first differences can be found in the same way. 

To form the second differences we have 

d 2 u 0 = u_. 1 -2u 0 + u. 1 . 
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Using Stirling’s formula, this gives 

(2) 3 2 m 0 = too' w o ~ ioo'ou S 4 m 0 +..- . 

Similarly from 

d 3 u. 0S = u. 2 -3u. } + 3u 0 - u_. v 

we obtain 

05 = io ' oo ^ Wj —., ( ,;; 00 p . 8 4 Wj - ... , 

and in a like manner 

d 4 Uq — i ?> o o o ~~ * * * * 

It will be noticed that division of the interval by 10 has the 
general effect of reducing the order of magnitude of the first, second, 
third, ..., differences in the ratios 10 -1 , lfU 2 , I0~ 3 , .... 

More generally, if we subdivide * the interval into a parts, 
we shall reduce the differences approximately in the ratios 

a -1 , cr 2 , a 3 , ... . 

4-1. The Differences of a Numerical Table. The success 
of interpolation by the formulae of Chapter III in a numerical table 
of a function tabulated for equidistant values of the argument 
depends upon the remainder term becoming insignificant to the order 
of accuracy required. Since the remainder term is proportional to a 
value of the derivate of a certain order of the function, and the 
differences of this order are also proportional to values of this 
derivate, the practical conclusion is that the effect of the differences 
of a certain order shall become negligible. In the case of a poly¬ 
nomial of degree n, the (n + 1 )th order differences are zero ; in the 
case of other functions, or even in the case of a polynomial when the 
values are curtailed to a fewer number of figures than the full value 
for the arguments, the differences never attain the constant value 
zero. In examining a table in which it is proposed to interpolate 
by differences it is therefore first requisite to ascertain at what stage 


* For the application of the differences of the subdivided interval to 
interpolation, see the introductory article by A. J. Thompson in the British 
Association Tables, vol. i, (1931). 
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the effect of the differences become negligible, which can be done 
by actually forming the differences in question. Consider, for 
example, the following table of Jx. 


* 

Jx 

A A 2 A 3 

X 

Jx 

A 

A 2 

A 3 

1000 

31-62 2777 

15807 

1010 

31-78 0497 

15729 

-8 

0 

1001 

31-63 8584 

- 7 

1011 

31-796226 


-8 




15800 -2 



15721 


+ i 

1002 

31-65 438-1 

-9 

1012 31-81 1947 


-7 




15791 +2 



15714 


-l 

1003 

31-67 0175 

-7 

1013 

31-82 7661 


-8 




15784 -1 



15706 


0 

1004 

31-68 5959 

-8 

1014 

31-84 3367 


-8 




15776 0 



15698 


0 

1005 

31-70 1735 

-8 

1015 

31-85 9065 


-8 




15768 0 



15690 


0 

100G 

31-71 7503 

- 8 

1016 

31-87 4755 


-8 




15760 i 1 



15682 


+ 1 

1007 

31-73 3263 

- 7 

1017 

31-89 0437 


- 7 




15753 -2 



15675 


-1 

1008 

31-74 9016 

-9 

1018 

31-90 6112 


-8 




15744 +2 

I 

1 


15667 


+ 1 

1009 

31-76 4760 

- 7 

1019 

31-92 1779 


- 7 




15737 -1 

1 


15660 



1010 

31-78 0497 

- 8 

i 1020 

31-93 7439 





Here we see that the differences j 2 do not vary much, while /j 3 
alternates in sign. Since the third order derivate of v x has a 
positive sign, the fluctuation in sign of /} 3 must be attributed to the 
fact that the values here given are only approximations to Jx. 
This suggests that we should investigate the nature of the fluctua¬ 
tions which will be introduced into the differences by an error in the 
tabulated function. 
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The effect of a single error x in an otherwise correct table is shewn 
in the following scheme : 


Error 

A 

A 2 

A 3 

A ' 

A 5 

A e 

0 





X 

X 

0 



X 

X 

- 5x 

- 6x 

0 

X 

X 

-3z 

- ix 

-f lOx 

+ 15 x 

X 

- X 

-2x 


+ 6x 

- lOx 

- 20x 

0 


X 

- X 

- ix 

+ 5x 

+ 15x 

0 




X 


- Gx 


- x 

0 x 


It will be noticed that the coefficients of the errors in the column 
A n are the coefficients in binomial expansion of (l - as is indeed 
obvious from 2*5 (2). 

If we replace the zeros in the above scheme by x 1; x„, x 3 , z a , z g , z 7 , 
we have for the sixth order difference opposite to x the expression 

S a x = z x - 0x 2 4- 15x 3 - 20x 4-15x 4 - (>x 5 + x c . 

In a table of approximations correct to a given number of figures 
the maximum error in a single tabular value is ±0-5, the tabular 
values being regarded as integers. The corresponding maximum 
error in the sixth difference arises when the errors are alternately 
+ 0-5 and -0-5, the result then being S 6 x = ±32. When the 
differences fluctuate in a way which cannot be accounted for by these 
considerations the presumption is that the tabular values contain 
an error, the probable position of which is indicated approximately 
as that entry which stands on the horizontal line opposite to the 
largest anomalous difference of even order. 

Returning to the above table of Jx, we see that a knowledge of 
all the values in the column 2 , of the first entry in column J and 
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the eight-figure value of v 1000, would enable us to reconstruct 
the table, by first complet ing the column A and then the column Jx. 
Moreover, a knowledge of the last digit in the column Jx enables us 
to infer the values in the column A 2 thus : 

Jx A A 2 


o 

4 -9 
1 

5 

provided that we subtract in the appropriate directions and have 
prior knowledge of the approximate magnitude of the numbers A 2 - 
This fact is often useful in determining whether a printed table 
contains errors other than those in the last digit. For we can rapidly 
form the differences A 2 (or a higher order, if necessary) by differencing 
the end digits in the manner described. We can then build up the 
table again, preferably on an adding machine, and compare the 
result with the original table. 

4*2. Subtabulation. The principle enunciated at the end of 
4-1 can be employed in subtabulation. Suppose a function to have 
been calculated at equal intervals of the argument and let it be 
required to reduce the interval to 1 /10 of the original interval. The 
problem here is to obtain new values of the function for the phases 

•1, ■'!, -3, -4, -5, •«, -7, -8, -9. 

Taking Bessel's formula, in the modified form if necessary (see 
3-41), wc have 

(1) u p - u 0 +p8u t + jp(p-l)2|i.8 2 uj +Jp(p-J)(p-l)S 3 uj 
(p + l)p(p-l)(?--)2nS 4 Uj, 

where the phase p has the above values and the remainder term is 
neglected. The formula has been ■written with the mean differences 
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doubled 

in order to avoid divisions by 

2 . 

The values of the coefli- 

cients of the differences 

arc shewn in the following table : 

P 

ip{p~l) 

hp(P~i)(p- 

1) 

Mp+ 1 )p(p- 1 )(p~ 2 ) 

•1 

- -0225 

+ ■006 


+ •0039 1875 

•2 

- -0400 

+ ■008 


+ •0072 0000 

•3 

- -0525 

+ •007 


+ •0096 6875 

■4 

- -0600 

+ •004 


+ •0112 0000 

•5 

- -0625 

•000 


+ •0117 1875 

•6 

- -0600 

-•004 


+ ■0112 0000 

•7 

- -0525 

-•007 


+ •0096 6875 

•8 

-•0400 

-•008 


+ ■0072 0000 

•9 

- -0225 

-•006 


+ ■0039 1875 


As we only want the last digit of each interpolate we need only 
write down the two relevant figures of the products in (1), keeping 
one decimal as a guard. Those products which are negative can be 
made positive by the addition of 10-0. If we add the resulting 
products for each value of p, keeping only the last two figures in 
the sum and then round off, we get the required end digits of the 
interpolates. The differences can then be formed and the 9 inter¬ 
polates built up by summation as described in 4-1, the initial first 
difference being obtained from 4 0 (1). 

We shall illustrate the method by constructing the table of v x 
given in 4-1 from the following data : 



X 

V* 

zJ 

zl 2 

zJ 3 

u 0 

1000 

31-62 2777 


-792 





157720 

-1570 

+ 14 

«i 

1010 

31-78 0497 


-778 





156942 

-1546 

+ 10 

u 2 

1020 

31-93 7439 


-768 



From (1) we have for the first interpolate, regarded as an integer, 

(2) 3162 277 7 0+1577 2-0 + 3 5-3 + 0-1 

= 3163 858 4-4 = 3163 858 4. 
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Writing down only the figures in large type we have the following 
scheme in which the figures just obtained are in the horizontal line 
opposite the argument 1001. 








BA A 2 







BAA 2 

1000 

a 

b 

c 

d 

s 

7 

7 

1010 

a i 

b. 

c i 

d, 

s 

7 

9 

-8 

1 

7-0 

20 

5-3 

0-1 

4-4 

4 

-7 

1 

7-0 

4-2 

r—< 

o 

OO 

6-1 

6 


-8 








0 








1 


2 

7 0 

4-0 

2-8 0-1 

3-9 

4 

-9 

2 

7-0 

8-4 

1-8 

0-1 

7-3 

7 


-7 








1 








4 


3 

70 

GO 

2-4 

0-1 

5-5 

5 

- 7 

4 

3 

7-0 

2-6 

1-2 

0-1 

0-9 

1 

6 

-8 

4 

7-0 

8-0 

4-2 

01 

9-3 

9 

-8 

4 

7-0 

6-8 

2-8 

0-0 

6-6 

7 


-8 








6 








8 


5 

7-0 

0-0 

8-1 

0-0 

5-1 

5 

-8 

5 

70 

1-0 

6-G 

0-0 

4-G 

5 


-8 








8 








0 


G 

7-0 

2-0 

4-2 

9-9 

31 

3 

-8 

G 

7-0 

5-2 

2-8 0-0 

50 

5 


-8 








0 








2 


7 

7-0 

4 0 

2-4 

9-9 

3-3 

3 

- 7 

7 

7-0 

9-4 

1-2 

9-9 

7-5 

7 


- 7 








3 








5 


8 

70 

6-0 

2-8 

9-9 

5-7 

G 

-9 

4 

- 7 

8 

7-0 

3-6 

1-8 

9-9 

2-3 

2 


-8 

9 

7-0 

8-0 

5-3 

9-9 

0-2 

0 

1 9 

7-0 

7-8 

4-8 

9-9 

9-5 

9 

i 

-7 








7 

j 







0 


1010 






7 

-8 

1020 






9 




In the above scheme the numbers in the columns a, b, c, d repre¬ 
sent the contributions of u 0 , Sm 4 , 2 ;j.$~ w,. to the last figure of 

the interpolate. The numbers under s are the sums of these contri¬ 
butions, two figures only, and the column E represents the rounded 
value of s. The columns a v b y c,, d, refer in the same way to the 
initial value u v We then form the differences as shewn. To form 
the leading first difference we have, from 4-0 (1), 

3m , 06 = 15807-4 = 15807. 

We can therefore complete the, required table in the manner 
described in 4-1. The theoretical value of the second difference 



94 NUMERICAL APPLICATIONS OF DIFFERENCES [4.2 

opposite the argument 1010 is by 4-0 (2) equal to — 7-78 or - 8, which 
agrees with the value in the scheme and serves as a check. It will 
be observed that the above process, if correctly performed, must 
reproduce the exact value of u v 

If we had continually to reproduce calculations of the type (2) 
above, little would be gained by this procedure. It is, however, a 
simple matter to construct, once for all, tables which give the two- 
figure numbers used in this process, for all values of the differences 
which can arise. Such tables, with examples of their use, are to be 
found in the Nautical Almanac, 1931. We may remark that in 
practice it is more convenient to arrange the work so that the 
additions, here shewn horizontally for convenience of exposition, 
are performed vertically.* The decimal points are, of course, un¬ 
necessary, as in similar work of this kind. 

Another method of subtabulation which has been widely used 
consists in calculating by the formulae of 4 0 the theoretical values 
of the differences of the interpolates in that difference column where 
the differences arc small or constant. The practical objection to this 
method is that small errors in a high order difference rapidly accumu¬ 
late large errors in the functional values, so that a large number 
of useless figures have to be carried through the work and subse¬ 
quently discarded. If, however, the contribution of the third order 
difference in the original table be negligible, it is quite practical to 
assume a constant value for the second difference and reject the 
decimal figures of the interpolates, treating the original values as 
integers. 

Thus in the example just considered for Jx, starting with 
x — 1000, we have with the notations of 4-0, neglecting third 
differences entirely, 

(3) a. 05 = 15807-325, 
and if we take the constant value 

(4) d\ = , = 7-850, 

we can build up by summation the values already obtained. The 

* For an example of extensive interpolation in this way, see L. M. Milne- 
Thomson, Standard Table of Square Roots (1929). This table was first formed 
as a ten-figure table and was afterwards reduced to eight figures. 
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value for ^1010 will be reproduced exactly, since the value obtained 
with the above differences is 

M 0 +10(-lSwj --045 (i.8 2 + 45x -0]p.8uj = w 0 + 8uj = u v 

We can then proceed to calculate d 1 . n5 and d 2 ., and start again. 
The work can, however, be made continuous by using a suitable 
second difference opposite u v Consider the scheme 

W ,g 0,] 

d 05 + 9 3-i 

Wj X 

^105 ^ 

u il dll 

which shews the end of the first calculation, «„ to u v and the 

beginning of the next, u y to w 2 . If for x we put d~ t we shall not in 
general produce the correct value of dj. 05 as given by the above 
method, for 

3j.o 5 — -1 8u --015 p.8 2 »- = -1 Si/-.-4-5 9f.j, 
d. 0 5 — -1 - -015 ii8 2 «j — -1 - 4-5 d\. 

But if we put 

* = di-os - d. 05 - 9 a 2 , --- J (d 2 , 4.0 2 ,) ; {8 2 Wl - 100 X I (d\ + dU)}, 

we obtain the correct value of 05 and the work can then proceed 
with the second constant dp, until we reach u 2 , when the second 
difference opposite to is again adjusted. The decimal figures 
introduced in this way are discarded when the tabulation is 
completed. 

4*3. Inverse Interpolation. The problem of interpolation 
briefly stated consists of finding, from a table of the function, the 
value of the function which corresponds to a given argument. The 
problem of inverse interpolation is that of finding from the same 
table the argument corresponding to a given value of the function. 
Thus if y be a function of the argument x, given the table 
Argument Function 

x i Vi 

x 2 ?/a 
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we require the argument x corresponding to a given functional 
value y. A numerical table by its nature determines a single- valued 
function of the argument but the inverse function may very well be 
many-valued. 

Thus, for example, a table of the function y = x 2 - 4x + 3 takes 
the form 

x 0 1 2 3 4 ... 

y 3 0-1 0 3 

and there are two arguments corresponding to y = 0 (and in fact to 
every value of y). This simple example shows that care is needed in 
formulating a problem of the inverse type which may only become 
determinate when the range of variation of the argument is in some 
way restricted. 

A practical way of obtaining such restriction is to form a rough 
estimate of the required result and to confine the arguments of the 
table to values in the neighbourhood of this estimate. Assuming 
then that a determinate problem has been formulated, we proceed to 
consider methods of obtaining the solution. 

4-4. Inverse Interpolation by Divided Differences. The 
given table, by interchanging the roles of the argument x and the 
function y, becomes 


Argument 

F unction 



2/l 

Xj 

I.Vifts] 


2/2 

*2 

[ 2 / 22 / 3 ] 

I?/i2/22/3] 

2/3 

*3 




where we have formed the divided differences 

r VM-i] = ( x i ~ x z) (,2/i - 2 / 2 ). <-tc. 

We then obtain 

x = x x + (y - y x ) [ytf 2 ] 4 - (y - yj (y - y 2 ) [y^^] +... , 
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where, if we stop at the divided difference ... y n ], the remainder 
term is 

(y-yi)(y-y*) ••• (y-y«) \yyiVz ••• y»]- 

This is a complete theoretical solution of the problem provided 
that we have some means of evaluating the remainder term or, in 
other words, of calculating the nth derivate of y with respect to x, 
or an equivalent process. In practice this may present difficulties. 
We can, however, estimate the suitability of the value of x by inter¬ 
polating the original table and seeing how far the result agrees with 
the given value of y. 

Example. Calculate 

r dx 
37- (i 

from the following table * of cn (u | = ). 


cn (u | 'j) 

u 




0-44122 

1-2 

- 1-34048 



•36662 

1-3 

-1-32066 

-■132 

-•18 

•29090 

1-4 

-1-30685 

-•091 

-•16 

■21438 

1-5 

-1 -29836 

-•055 


•13736 

1-6 





The required integral is the inverse function cn' 1 (-37 j f). The 
divided differences regarding the left-hand column as the argument 
are shewn. We have, therefore, the value 

1'2 + -07122 x 1-34048 + -07122 x -00338 x -132 
+ -07122 x -00338 x -07910 x -18 = 1-29550. 

4*6. Inverse Interpolation by Iterated Linear Inter¬ 
polation. The iterative methods described in the last chapter 


* Milne-Thomson, Die elliplUchen Funktionen von Jacobi, Berlin (1931). 
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(3-81, 3-83) are very well adapted to inverse interpolation when 
several orders of differences have to be taken into account. These 
methods do not depend on the argument proceeding by equal 
steps, and hence we may interchange argument and function in 
the same way as before and so arrive at the required result by 
the general (linear) iterative process. 

Neville * has shewn that known derivates, at least of the first 
two orders, can be conveniently employed by means of the formulae 


dx 

dy 


/ d y 

d 2 x _ 

d 2 y 1 

' (dy\* 

j dx' 

dy 2 ~ 

dx ■ / 

\dx) 


We give the following example as worked by Aitken.f 


Example. Find the positive root of the equation 
x 1 + 28x 4 - 480 = 0. 

From a graph of y = x 1 + 28a; 4 - 480 it is easily seen that the root 
is slightly beyond 1-9. We form the table given below and seek the 
value of x corresponding to y = 0. 

y 


-25-7140261 

1-90 




-14-6254167 

1-91 

2 3189586 



-3-3074639 

1-92 

2952228 

2882864 


+ 8-2439435 

1-93 

2716929 

87312 

84138 

+ 20-0329830 

1-94 

2483678 

91702 

17 


Since y — 0 the left-hand column contains the “ parts ” used in 
the process. Thus 


23189586 = 


1-90 

1-91 


-257140261 
- 146254167 


■4- 11088G094, 


and so on. We obtain 

x — 1-922884153, 


which is correct to ten figures. 


* foe. cit. p. 81. 

| foe. cit. p. 76. The equation is due to W. B. Davies, Educational Times, 
1867, p. 108. See also Whittaker and Robinson, Calculus of Observations, 
(1924), p. 61. 



NUMERICAL APPLICATIONS OF DIFFERENCES 


99 


4-0] 

4*6. Inverse Interpolation by Successive Approxima¬ 
tion. This widely employed method proceeds as follows. By 
linear interpolation a few figures of the argument are found, and the 
values of the function for this and one or two adjacent arguments 
are calculated. Using these functional values we find some more 
figures of the argument, and then repeat the process until it ceases 
to yield figures different from those already obtained. 

Example. Find the value of m corresponding to q — 0-01 from 
the following table,* which gives values of the nome q as a function 
of the squared modulus k 2 = m. 


m 

0-12 

7 

0-00798 89058 

A A 2 

A 3 

A i 



71 40944 



■13 

•00870 30002 

82195 





72 23139 

1887 


•14 

•00942 53141 

84082 


68 



73 07221 

1955 


•15 

■01015 60362 

86037 


67 



73 93258 

2022 


•16 

■01089 53620 

88509 



■17 

•01164 34937 

74 81317 



As a first approximation 

m = -14 + * 0 £ - -14787. 

<30/ 



Using Gauss’ formula, we 

find 




m 

•14787 

? 

•00999 96780 




•14788 

•01000 04112 




The interval is now 1 /1000 of the original interval, so that by 


* L. M. Milne-Thomson, Joum . London Math. Soc., 6, (1930), p. 148. 
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4-0 the second difference is negligible and we have, dividing 3220 
by the new first difference 7332, 

m = -14787 4392. 

4-7. Inverse Interpolation by Reversal of Series. The 

relation between the function y and the argument x, which is 
obtained from an interpolation formula by neglect of the remainder 
term, can be written in the form 


y-y 1 = a i p + a 2 p 2 + a s p 3 + ... + a„p n , 
where p = (x - xj j u is the phase. 

This (finite.) power series can be reversed in the form 

P= b \(y-yi) + h{y-y l )‘ 1 + b 3 {y-y l f-> r ..., 


where * 


f 1 , _ a 3 _ - a x a 3 + 2« 2 2 


^ _ -(X, 3 a 4 + 5a]a 2 a|,- 5a 2 3 


Thus we have 


(1 x _ y-y\ _My-yi) 2 ■a,« 3 ) 

' Oj a x 3 a/ 

Taking for example Bessel's formula and neglecting fourth order 
differences, we have 

y ~ 2/i = P tyj + Up 2 - p) p.8 2 ii t + Up 3 - ip 3 + \p) 8 3 2/j, 
and we therefore take 

^(S-J^-f .t.S 3 )*/.,, 

«2 = (IpS 2 - 1$ 3 ) y } , a 3 = J8 3 J/?, 
and we then obtain p from (1). 

The method is of limited application since the convergence is often 
slow. 


* For the first 12 coefficients, see C. E. van Oratrand, Phil. Mag., May 1908. 
A simple determinantal expression for the general coefficient is given by M. 
Ward, Hendiconti di Palertno, liv (1930), p. 42. .See also G. J. Lidstono, J.I.A., 
51 (1918), p. 43. 
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Example. Find an approximate value of eoth 0-6 from the 
following table.* 


X 

coth -1 x 

A 

A 2 

A 3 

1-85 

0-6049 190 

- 40968 



1-86 

•6008 222 

- 40352 

+ 616 

-16 

1-87 

•5967 870 

- 39752 

+ 600 


1-88 

•5928 118 





Taking y x = -6008 222. we have 

y - y 1 = - 8222, a, = - 40657, a 2 = 308, a 3 = - 2-7. 

Substituting in (1), we get p = -20254. 

Since co = -01, we have therefore the approximation 

coth0-G = 1-862025. 

EXAMPLES IV 

1. If AifW =/(•f+ l)-/(-0. J/W = /(*+10)-/(x), shew 
that 

(\ + A 1 y°f(x) = (i+A)f^), 

and by means of this formula express the forward differences'} - of/ (x) 
for unit intervals in terms of the forw ard differences for interval 10. 

2. Obtain corresponding formulae connecting the differences 
for intervals w and nuo, where m is a positive integer. 

3. Obtain the central differences corresponding to one-fifth of 
the tabular interval in terms of the central differences for the whole 
interval. 


* L. M. Milne-Thomaon, Alii del Cong. Internal, d. Matemaliei , Bologna, 
(1928), t. 2. p. 357. 

tThis is essentially the problem of Briggs. See H. W. Turnbull, “James 
Gregory ”, Proc. Edinburgh Math. Boc., (2) 3 (1933), p. 166. 
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4. Obtain the table of Jx in 4-1 from the values of Jx at 
interval 10 by first halving the interval and then interpolating to 
fifths, 

5. Taking logarithms to seven figures at interval 10 in the 
neighbourhood of 350, find the logarithms at unit intervals from 
350 to 370. 

6. Find cosech 3-63 from the table of inverse values : 



X 

cosech -1 x 

zl 2 


0052 

3-6503341 

3704 


•053 

3-6313121 

3566 


•054 

3-6126467 

3435 

7. From 

the following table of inverse secants calculate 

sec 0-17856 : 





X 

sec -1 a: 

A 2 


1-015 

0-1721329 

1962 


1016 

0-1777050 

1782 


1017 

0-1830989 

1629 

8. Calculate cosec 

1-3957 from the following table of inverse 

cosecants : 





X 

cosec -1 a; 

A 2 


1015 

1-3986634 

1962 


1-016 

1-3930913 

1782 


1-017 

1-3876974 

1629 


1-018 

1-3824664 

1497 

9. Check 

the value 

of cosec -1 1-016 in (8) 

from the table : 


X 

cosec x 

Zl 2 


1-393 

1-0160 1666 

109 


1-394 

1-0158 3463 

108 

10. Check 

the value 

of sec -1 1-016 in (7) by means of the table : 


X 

sec x 

Zl 2 


0-177 

1-0158 7162 

108 


0-178 

1-0160 5387 

108 
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11. Calculate cot -1 2-9883 from the table : 


X 

cot X 

0-320 

3-0175980 

•322 

2-9975074 

•323 

2-9875522 

•326 

2-9580402 


12. Prove that if the linear iterative process of 3-81 (p. 76) be 
applied to the divided differences 

«a ~ U b U« - M« Mo - U rf 

a ~b a-c’ a-A ’ ’ 

the multipliers being b,c,d, ... , the sequences obtained tend to the 
derivate u' (a). Investigate the remainder after n steps. 

[Aitken.] 

13. Prove that if the quadratic process of 3-82 (p. 78) be applied 
to the central divided differences 

U,~ u_ c 

2a ’ 2b ’ 2c ’ ’ 

the multipliers being a 2 , b 2 , c 2 , ..., the sequences tend to u'(0), and 
that if u x be a polynomial of degree 2n + 2 the value obtained in 
n steps is exact. [Aitken.] 

14. Prove that if the multipliers used in Example 13 be a 2 -a 2 , 
b 2 - tu 2 , c 2 -w 2 , ..., the .sequences tend to the subtabulated central 
divided difference (it, - u_ J / 2w. 

15. By means of the methods of Examples 12 and 13 above com¬ 

pute the derivates at x = 0-00, 0-10, of the function Z(x j 0-6) from 
the tabular values given on p. 80. [Aitken.] 
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5*0. The interpolation methods hitherto considered are founded 
on the approximate representation of the function to be interpolated 
by a polynomial and the use of divided differences or the equivalent 
formula of Lagrange. Reciprocal differences, introduced by Thiele,* 
lead to the approximate representation of a function by a rational 
function and consequently to a more general method of interpolation. 
In this chapter we shall consider a few of the most important pro¬ 
perties of Thiele’s reciprocal differences. 

5-1. Definition of Reciprocal Differences. Let the values 
of a function f(x) be given for the values x 0 , x lt x 2 , ..., x„ of the 
argument x. We shall for the present suppose that no two of 
these arguments are equal. The reciprocal difference of f(x), of 
arguments x g , x v is defined by f 


(1) 




*o-*i 

7( r o)-f(*iY 


which is the reciprocal of the divided difference [x^,]. The re¬ 
ciprocal difference of three arguments x 0 , aq, x 2 is defined by 


( 2 ) 


PzK^z) = 


x 0 x 2 _ 

P (XqXj) — P (XjX 2 ) 


+/(*l)- 


* T. N. Thiele, Inlerpolationsrechnung, Leipzig, 1909. See also N. E. Nfir- 
lund, Differenzenrechnung, Berlin, 1924. 

t The order of the arguments within the brackets is immaterial, for it will 
be shewn in 5-4 that reciprocal differences, like divided differences, are 
symmetrical in all their arguments. 
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51 ] 


We have here denoted the order by a suffix, since ^ 2 ( x <i x i x 2 ) i® n °4 
formed by a repetition of the operation denoted by p. The operator 
p does not obey the index law, neither is the operator distributive, 
that is to say, the reciprocal difference of f(x)+g (x) is not equal to 
the sum of the reciprocal differences of f(x) and g(x). 

Proceeding to reciprocal differences of four arguments we 
define 


( 3 ) 


?3( X 0 X 1 X 2 X 3) ~ 


?2 ( X 0 X X X 2) P2 i X X X 2 X z) 


+ ?{Xl X 2), 


and generally when we have defined reciprocal differences of n argu¬ 
ments we define reciprocal differences of n +1 arguments by the 
relation 


(4) p„(x ( p 1 x 2 ...x n ) 




pn-ll-t-O^l -^n-l) pn-l( a 'l' r 2 ••• *^*n) 


Pn—2 i X l X 2 X n~l)- 


Comparing this with (1), we see that 

(3) Pn( a '0 a T C 2 ••• X n) = P pn 1 (Vl ’'' 3 'n-l) ^ Pn-ai^A ■' • ^n-l)' 

Reciprocal differences may be exhibited in a difference scheme as 
follows : 


*0 

f( X 0 ) 

P (^O^l) 



x l 

f{*l) 

P(*i*s) 

?2( X 0 X \ X 2) 

P 3 ( X 0 X 1 X 2 X 3) 

X 2 

f( X i) 


p 8 (XlX 2 X 3 ) 

P 4 { X 0 X l X 2 X 3 X i) 



P ( X 2 X 3) 


?3 i X \ X 2 X 3 T *) 
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As an example, the following table shews reciprocal differences 
of 1/(1 + X 2 ): 


X 

1 + x 2 

p 

Pa 

P3 

P4 

0 

1 

-2 




1 

1_ 

— i 0 

3 

-1 

0 


2 

1 

A 

-10 

_ 1 

1 0 

40 

0 

3 

TO 

— 1 1 0 

_ 1 

25 

140 

0 

4 

1 

1 T 


— 1 

4 <T 




_ 4 I '2 


This table exemplifies the fact that the reciprocal differences of a 
certain order of any rational function are constant. In this case the 
differences of the fourth order have the constant value zero. 


5'2. Thiele’s Interpolation Formula. If in the formulae 

of the last section we write x for x 0 , we have successively, 

f{x) =f(x l ) + 




x-x 9 




X *C«j 


P3 (xXiXttXnS — P3f X. X9X3X,) 4 " 1 “ ' ' . / . 

12 3 / e 3 V 1 2-3 4/ p^xx^X^xJ-ptix^Xz) 


X-X* 


p 5 (xXj^XjjXgX^Xj) p 3 [x J X2X 3 X i ) 


Pl(xx 1 x 2 x 3 x 4 ) _ p 4 (x 1 x 2 x 3 x 4 x 6 ) + 
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in 

of 

"3 

g 

r3 

c; 

d 

.3 


1 : 
B 

1 
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B 
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o d 
» t _. M 

'g *> 

d 

-p 

.3 

<2 

’-p 

0 




>»P3 

■e a 
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d 

0) 
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d 

<D 

o 

O 

be 

£> 

3 


o 

H 

O g 
m d 

Ph 

a> 

£ 

P 

# 0> 

*9 

.3 
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S 3 
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*3 
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1 

6 
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.2 -p 3 .2 
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S.^g 

d +* d 
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^ ,2 
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d 3 d 

_ d 

•2 > ^ 

,"S « a> 
. d jd 
£ O 33 

o +S d 

& 3 ' 9 


« .2 
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43 d 
0Q Ph 

li 

o> 5 

OD .T* 
o3 -P 

° 3 

O O 

d o 
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.2 3 


__ V _— y 

p^i'XXjX^X^) - p 3 (ZjZ t Z3 X i) 

, r.e/ire von den Kettenbriichen, J^eipzig, 1929, § 42. 
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we obtain a rational function, expressed in the form of a partial 
fraction, which agrees in value with f(x) at the points 

X v X 2 , Xj, x 4 , x 5 . 

It follows that Thiele’s formula gives us a method of obtaining a 
rational function which agrees in value with a given function at any 
finite number of prescribed points. 

Example. Determine tan 1 -5685 from the following table * : 


X 

tan x p x 

Pa 

1-566 

208-49128 

0-000018208313 


1-567 

263-41125 

10615733 

- 0-00382 

1-568 

357-61106 

05023108 

•00276 

1-569 

556-69098 

01430462 

•00178 

1-570 

1255-76559 


required value is 

357-61106 +-- 



•000005023108 + 
= 357-61100 + 


- -0005 


357-61106- 
•0005 

•000006421268 


•00178 


= 435-47730. 


According to Hayashi’s table the last figure should be 2. 

The principal part of tan x near being 

1 

Thiele’s formula is suitable for interpolation, while the ordinary 
difference formulae are not. 


5*3. The Matrix Notation for Continued Fractions. A 
convenient notation for defining continued fractions of any 
number of dimensions and for developing their properties has been 


* K. Hayashi, Sieben u. mehrstellige Ta/eln, Berlin (1926). 
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described by Milne-Thomson,* and is well adapted for ordinary 
two dimensional continued fractions of the form 


( 1 ) 



V 

o 3 + 


A. 

a 4 + 


It depends upon the rule for matrix multiplication, f namely, 


( 2 ) pi x “.i r u i w i“j = r x i u i+ ^ ^ +x 2 v 2 ~i 
Vyi y-A L«2 v 2 J L2/i u i+ya u 2 yph+y&Y 

which is essentially the row by column rule for multiplying 
determinants. We also recall that equality of two matrices 
implies equality of their corresponding elements. Thus if 


[: M: a 


then a = p, b — q, c = r, d — s. 

If p n /q„ denote the nth convergent of (1), we have the known 
recurrence relations 

(3) p n = OnPn-l+KPn-t, 

t/n ?n-l b n 7n-2 ’ 

and hence from (2) 

rj>» p-iipn-i Pn-iiror, n 

L?n q n lJ Un-X ?»- 2 J L*>n OJ 

If we write = 1, q 0 = 0, we have by repetition of the above 
operation 

[Pn ?«-ii r«i nr«, nr«3 n p-i nr«» n 

Un Li oJU oJU oj'"U.- 1 oJL b n oj 


Thus we are led to define a continued fraction as the continued 
matrix product 

» [;■ :k hr iic a- - 

and this definition leads at once to the recurrence relations (3) and 
is fully equivalent to (I). 


* L. M. Milne-Thomson, in a paper at tile International Congress of Mathe¬ 
maticians, Zurich, 1932. I’roc. Edinburgh Math. Soc. (2), 3 (1933), p. 189. 
t Turnbull and Aitken, Theory oj Canonical Matrices (1932), p. 3. 
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In particular the components p ni q n of the nth convergent are 
given by 


( 5 ) 


rpni = K nro, n ra B1 nM 

Ud Li oj lb t oj • K-i oJL&J’ 


5*4. Reciprocal Differences expressed by Determinants. 

If we write for brevity 

( 1 ) y =/(*), y,=f(x s ), p,= p —z.n), 

the components of the nth convergent of Thiele’s continued fraction 
are given, in the notation of the last section, by 

rpn(*)i p/i nrpi nrp 2 -?/i n pa-pi n 

L?n(z)J Ll 0J \_x - x x OJ [_x-x 2 0 J \_x - x 3 oj 

x rp n -i-p»- 3 nrp»-Pn- 2 -| 

L X - X n _ 1 0 J \jx-x n J 

Consideration of this product shews at once that 

?2n+l (*). Pi«(*) 

are polynomials in x of degree n while q 2n (x) is a polynomial of degree 
n-1, and that these polynomials are of the following forms : 

( 2 ) Pi n ( x ) = a 0 + a 1 x + a 2 x 2 +...+a n _ 1 x n ~ 1 + x n , 

(3) <lin(x) — b 0 -i b) x+ b„_ 2 x n 2 + X n 1 p 2n l , 

(4) ?2n+l ( X ) = C 0 + C 1 X + C 2 X S + ... + C„_ 1 X n ~ l + X n p 2 „, 

(5) ? 2 n+i ( x ) = d 0 + d 1 x+d 2 x z +... + d n _ 1 x n -'-i-x n . 

If we take the nth convergent of Thiele’s continued fraction as 
an approximation to y, we have 


_Pn(£) + 7-, / v 

y -q n {x)^ n{) ’ 

where R„ (x) is the error of the approximation. 

Now R n {x) vanishes when x = x x , x 2 ,..., x n , so that 


„l -PM s 


1, 2, ..., n, 


( 6 ) 

and hence 

(7) p n (x,)-y,q n (x,) = 0, s = 1, 2, ..., n. 
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Thus from (2) and (3), writing 2w for n in (7), we have 

(8) « 0 + a i x «+---+a n i x 5 " l + x a n -b 0 y a -b 1 x a y,~... 

~ K -2 X 3 n - i y,-X"- 1 y, p 2 n—l = °- 
If in this relation we give s its values in turn, namely 1,2,3, ..., 2n, 
we have a set of 2n linear equations, which suffice to determine 
«o> a i< • • • > a n~\ > h 0 i • • •, ^n -2 »nd p 2 n -i ar 'd subsequently the value 
of ( x ) I 'hn ( x )- The chief interest, however, lies in the determina¬ 
tion of p 2n j, which we obtain by direct solution as the quotient of 
two determinants. Rearranging (8), we have the equations 

a o ~ ^0 Vi + a i x s ~ x K y s + a, x 2 - b 2 x 2 y, +... 

+ a n-i x,"' 1 + x” - x”- 1 y, p 2n _ 1 = 0, 

from which we obtain 


( 9 ) p2n-l( X l X 2 ••• X 2n) 


_ I 1. y.>x s ,x,y„ X 2 , X fy,, x a n - 2 ,x, n - 2 y a , x, n ~\ x," ] 

\l, y s , x a , x a y„ , x, n ~ 2 , x,’'~ 2 y a , x, n ~\ x a n ~ l y, j 


where the determinants are contracted by writing only the sth row 
in each, s = 1, 2, 3, ... , 2 n. These determinants differ only the 
last column. 


The above expression gives the important result that 

P2n-1 ( X l> X 2> • • • ’ X 2n) 


is a symmetric function of the arguments : for an interchange of any 
two arguments merely interchanges two corresponding rows in the 
determinants and leaves the value of their ratio unaltered. 

To obtain the value of p,„, we have similarly from equations (4), 

(5), (7), 

- rfo y»+ c i - <l i * s y s +■•■+<v i x,"- 1 

- <f «-1 x s n_1 y s - x, n y s + x a n p 2n = 0, 

which gives in the same way 


(!0) p2„( X l x 2 ••• X 2n+l) 

_ 1 1, y„ *», x,y„ xf, xf »/, , ... , x*~\ x, n ~ l y t , a?,»y,| 

| 1, y a , x s . x s y s , ... , x,- 1 y„ x„« | 

whence we infer in the same way that p SM (xjX 2 ... x 2ll+1 ) is a 
symmetric function of the arguments. , 
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Thus we have proved that the reciprocal differences of any order 
are symmetric functions of their arguments. 

It follows from this result that the arguments can be taken in any 
order which may happen to be convenient. In particular, we could 
write down interpolation continued fractions in which the reciprocal 
differences proceed across the difference scheme along a zig-zag line 
in complete analogy with the backward and forward formulae of 
Gauss. We shall not develop this here, but it is worthy of mention 
from the standpoint of practical interpolation. 

5*5. The Reciprocal Differences of a Quotient. The 

determinantal forms for p 2n ,, p 2n furnish a means of obtaining ex¬ 
pressions for reciprocal differences of a function which is expressed 
in the form of the quotient of one function divided by another, say 
f(x) I g (x). If for brevity we write 

y = /(*)> z = g (x), y,=f( x,), z, = g(x,), 
we have from 5-4 (9), after multiplying top and bottom by 

h. Z 2 • • • Z 2n-1 > 


( 1 ) 



I » y$ > ’f' s z s , x s y % , ... 
I z„y s ,x,z s , x,y s , ..., 


w - 2 ijr fi — 2 ij/ n—1 2 w <♦ J 

t 8 ** 8 * 8 ,/ 5 ^ 5 81 8 8 I 

x, n - 2 z„ z.,x”-\y, I ■ 


Similarly from 5-4 (10) we obtain 


( 2 ) 



= I 2 «-. ST.. , x z„ x s n - 1 y„ x, n y s \ 

! z „ y„ x s z„ x s y s , ... , x"-'z„ x, nX y„x,*z, | ' 

Thus we have the following particular relations for n — 1,2: 



! 2 i 

Z 2 

X 1 2 1 

X 2 z 2 

4- 

h 

2 2 

Vi 

V2 

i 



2 1 

Vi 

x i Vi 



Vi 

XjZj 

P2 (z) = 

Z 2 

Vz 

X 2 2/2 

4- 

2 2 

V2 

X t z 2 


2 3 

ys 



2 3 

Vs 

z 3 
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P3 




2 1 

2/l 

*1 2 1 

X?Zj 


2 1 

2/1 

Ah 

*i2/i 

2 2 

y 2 

X 2 z 2 

xiz 2 


2 2 

2/2 

x 2 h 

*2 2/2 

Z 3 

2/3 

*323 

x ‘2 z 3 


23 

y 3 

A h 

*3 2/3 

Z 4 

2f 4 

X 4 Z 4 

A ZJ 


24 

y 4 

x 4 z 4 

*4 2/4 


h Vi Ah avi Ay x 
z i 2/2 * 2*2 *2 Hi A y2 
23 2/3 s : 3 2 3 Ay2 av s 


Z\ y x A Z 1 AV1 ®i z i 

2 2 2/2 A Z 2 X 2 2/2 A Z 2 






A 2/4 *4 ~4 ^2/4 ^ 2/4 h y 4 *4 Z 4 *4 2/4 Ah 
h y& Ah Ays x h/s I 25 2 Is Ah AVs x \h 


We can use these relations to prove that at a certain order the 
reciprocal differences of a rational function are constant. 

To illustrate the reasoning, we take the function 

a + hs 4 - cs 2 _ y 
a + Sx + yx 2 z 

and shew that the fourth order differences are constant. 

The determinant in the numerator of p 4 is 

N i = ( a + fix, 4- yx., 2 , a f bx, + cx /, ax, - jix, 2 + yx, 3 , 

ax, + 2>x, 2 + cx 3 , ax, 2 4 - 6x, 3 + cx* | . 

If we denote the columns of a determinant by c v c 2 , c 3 , r 4 , c 5 and 
the columns of the new determinant, derived by manipulation, by 
Cj', etc., we can form successively the following determinants each 
equivalent to N 4 : 

I r A x s + Y 1 A 2 , a + lx, + cx 2 , ocx, + fix, 2 + yx, 3 , 

ax, i- bx s - + cx, 3 , ax 2 + bx, 3 + cx, 4 j 

OL 

by the operation c,' — c 4 - - c 2 ; 


| (ijX, + yjX, 2 , a + CjX, 2 , (i 2 x, 2 + yx, 3 ,6jX, 2 + cx, 3 , ax, 2 + bx 3 + cx, 4 1 

, , . , b , a , a 

by the operation c 2 = c 2 - - c 4 , c 3 = c 3 - ^ c 4 , c 4 = c 4 - — c 4 ; 

|^x,+ yiX, 2 , a + CjX, 2 , P 2 x, 2 + yx, 3 , c 2 x, 3 , 6 2 x, 3 + cx, 4 | 

by the operation c 4 ' = c 4 - ^ c 3 , c 5 ' = c 5 - — c 3 ; 

r 2 r2 

IPjX.+ yjX, 2 , a + qx, 2 , p 2 x, 2 , c 2 x, 3 , cx, 4 j 


M.T.C* 




114 


RECIPROCAL DIFFERENCES 


, „ Y „ 

; ^2 

3 _ C 3 C 4 , 

c 2 

c 5 =<fl--c 4 ; 
c 2 

1 PA) a , 

c 2 x g 3 , cx g 4 1 

, „ Yi „ 

' „ C 1„ 


C 2 =c 2 - P2 C 3 , 

= $ia$2<--2 c 1 

i, j-, 2 , * s a , *. 4 I 


so that 

1, * s 3 , *. 4 I- 

Similarly for the denominator we obtain 

(VlVaY i h *■,*, ®, 3 , */l- 

Thus Pi (5) = y’ which is constant. 

We have assumed in the above construction that none of 

a , Pi, P 2 , c 2 , Y 

vanish. These cases present no special difficulty, but we may note 
that if y = 0, p 4 is infinite, so that p 3 must be constant. 

5*6. Some Properties of Reciprocal Differences. If in 

5-5 (2) we put y = 1, we have 

/ 1 \_ \t„ 1 , X„ ... , I*' 1 , T* | 


p2fl \ ry ) I tr 1 rp ry rp .p fl - X /y <V fl 1 nr Jlr 

' I '*'SJ J **'s ? ’*'* 


f» p-0 = Av 


by 5-4 (10). Thus the reciprocal differences of even order of a given 
function are equal to the reciprocals of the reciprocal differences of 
the same order of the reciprocal of the function. 

Again, from 5-4 (10), 

/ , c v 1 1> y»+c, x„ x s y, + cx„ ..., x „ n l J,+xf_ 1 c, x ”y, 4_x s n cJ 
P2,, y ' i h y a + c, x„ x, y„ + cx„ ..., x* 1 , + z," j 

_ 11, y „ a .y„ ••• ?/.,+*, n c | 

|1, ..., z,"| 


,(2) P*»(y + C) = P2n(y) + C. 

Similarly, from 5-4 (9), 

(3) p2n-i(.V+c) = p to _i(y). 
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Again, from 5-4 (10), 

t cv ) _ I !, x„ y,,... , x,"- 1 , cx ”~ l y„ cx, n y ,\ 

2n y I 1, cy„ x„ cx,yx, n \ cx t n ~ x y„ x”\ 

( 4 ) = C ? 2 n(y)> 

since the numerator contains the factor c in one more column than 
the denominator. 

Similarly, from 5-4 (9), 

( 5 ) ? 2 n-l( c y) — ■■ p 2 n-l(y)- 

is 

Also, since 

a + by _b ( a-bejd) 
c + dy d^~ c + dy ’ 

we have 



fa- f by 
P2n c+ dy) 

from(2) ’ 



67 be\ ( 1 \ 

v d) Pin \c + dy)’ 

from (4), 



b f bc\ 1 

' d)p 2n (c + dy)’ 

from (1), 

from (2) and (4), 

so that 

b f bc\ 1 

~d + V a d)c. + dp 2n (y)’ 


(6) 

P , n ( a + b /) 
r ' r. + dy/ 

- a + l '?2n(y) 
r + d p 2 „ (y) ‘ 



This formula expresses the differences of even order, of a linear 
fraction of y, in terms of the differences of even order of y itself. 
If we take advantage of the symmetry in the arguments of the 
reciprocal differences we can also form the differences of odd 
order in Thiele’s continued fraction by means of 5-1 (5). 

Thus, for example, 

Ps( ;, 'l :r 2- r 3 :r 4‘ r 5 :r «) — 93( X 1 X 2 X 3 X a) ~ ?5 (• r 5 ,l W C 3 :r 4 a '6) ~ ?3(XjXjXgX^) 

= P p4( J W r 2 a ¥ r 4), 

so that from a knowledge of the even order reciprocal differences of y 
we can expand 

a + by 
c-f dy 

in a continued fraction. 
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[5-7 


5-7. The Remainder in Thiele’s Formula. If we take n 
interpolation points x v x 2 , ... , x„ and form Thiele’s continued 
fraction for a function f(x), we can write 


(D /(*) = $I+K(*), 

where p„(x), q n (x) are the components of the nth convergent. 
R n (x) then measures the error committed if we replace f{x) by the 
nth convergent. Let (a, b) be the smallest interval containing 
the real numbers x, x lt x 2> ... , x„. Let us suppose that in the 
interval (a, b) of the real variable x the function f(x) has poles 
at <x. v a 2 ,..., a F of orders r x , r 2 , ... , r„, where r 1 + r 2 + ... + r„= m. 

We shall suppose that none of these poles coincides with an 
interpolation point and that at all points of (a, b) except the 
poles f(x) has a finite derivate of order n. If we write 

(2) j>(x) = {x-ctJ'ix-x.J 2 -... (x - a r ) r ", 

the function f(x) <j>(x) is finite at every point of (a, b). 

We shall suppose n to be so large that the degree of q„ (i) is greater 
than or equal to m. 

Now let a polynomial fy(x) be chosen such that, if 

(3) Q(ar) = *(*)*(*). 


Q{x) and q n {x) have the same degree. Thus from 5-4, 
if n = 2k, Q(x) is of degree h- 1, 
if n—2h+1, Q(x) is of degree h. 

Write 


(4) 


Rn(x) = X(X) 


(x-x 1 )(x~x 2 ) ... (:r-s n ) 
qn(x) Q(X) 


and consider the function 


f (t) .VAt) _ ) ...(( 

J{) q n (t) 7 - () q n (t)Q(t) 


which vanishes when t = x v x s , ... , x n and also when t = x by 

(4) and (1). 

Then the function 


(5) <A (t) = /(<) q n (t) Q(l)-p„ ( t ) Q(l)-x (x) (t-x ,)... (t - x n ) 
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also vanishes when t = x, x v x 2 ,..., x„, all of which lie in the interval 
(a, b). Thus by Rolle’s Theorem o>' (t) has at least n zeros in {a, b), 
o/'(() has (n- 1) zeros in (a, b), and so on, until finally we conclude 
that <o (n) ( t ) has at least one zero, say t — £, in (a, b). Now p n (t) 
is a polynomial of degree h, when n = 2h or 2h + l, and we have 
chosen Q(t) so that the degree is h- 1 or h, according as n — 2k 
or 2A+1. Thus p„(t)Q(t) is a polynomial of degree n-1 and 
hence the nth derivate vanishes identically. Hence from (5), 

whence we have the error term 


( 6 ) 


*•<*> - $ 1 m >• 


It should be observed that the above formula is only valid if n be 
sufficiently large. 

If / (x) have no infinities in the interval (a, b) we can take 


Q (-'■) = ?«(*), 

and the error term is then given by 


(7) 


_ (x- xj (x- s 2 ) ... (x-x n ) d* 




5-8. Reciprocal Derivates ; the Confluent Case. In the 
definition of reciprocal differences we supposed the arguments to 
be distinct. Just as in the corresponding case of divided differ¬ 
ences, we can here suppose two or more arguments to coincide and 
so obtain confluent reciprocal differences. The simplest way to 
proceed is to consider the limiting forms assumed by the deter¬ 
minants (9) and (10) of 5-4. Thus, for example, we define 

p 2 {xxy) = lim p 2 (x, x + h, y) 

*-►0 


1 f(x) xf(x) 


1 f(x) X 

1 f(x + h) (x + h)f(x + h) 

-r 

1 / (x+h) x + h 

i f(y) yf(y) 


1 f(y) y 
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Subtracting the first row from the second and dividing by h, we 
have 



1 /(*) 

xf(x) 


1 f{x) X 

Pi i^xy) = 

0 /'(*) 

*/' (*)+/(*) 

~ 

0 /'(x) 1 


i m 

yf(y) 


i f(y) y 


If now we write x+k for y, subtract the sum of the first row and 
k times the second row from the third row, divide by k 2 and then 
let k -> 0, we obtain 



1 f(x) xf(x) 

L 

1 f(x) X 

(1) p 2 (xxx) = 

o fix) xf(x)+f(x) 


0 /'(*) 1 


0 \xf"{x)+f(x) 

I 

0 U"(x) 0 


It is clear that in this way we can obtain confluent reciprocal 
differences of any order, since indeterminate forms can always be 
avoided by taking advantage of the symmetry of the differences 
with respect to their arguments. Particular interest attaches to 
the case in which all the arguments have a common value. This 
particular form of confluent reciprocal difference is called a 
reciprocal derivate and we write 


2) r n f(x) = lim p n (x 1 x 2 ...x n+1 ) 

X u Xt, ... , Xfj-fl ~ 


In particular, 

(3) rj (x) = 


p„(xxx... x). 

V _ 3 __ 1 


so that the reciprocal derivate of the first order is the reciprocal of 
the ordinary derivate. 

The successive reciprocal derivates can be calculated from a re¬ 
currence relation which may be obtained as follows: 
from 51 (4), we have 


Pi (xxx) - p 2 (xxy) _ 1 

x-y p 3 [xxxy)~ p(xx)’ 

Pi (xxy) - p 2 ( xyy) _1_ 

x-y p 3 {xxyy) - p (xy) ’ 

Pi (wy) - ?i (yyy) _ 1 _. 

p 8 {*yyy)-p{yyY 


x-y 
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6 - 8 ] 

adding, we have 

Pa (xxx) - p 2 (yyy) _ _ 1_ 1 

x - y p 3 (xxxy) - p (xx) p 3 (xxyy) - p (xy) 

_1 

+ p 3 i x, jyy) - p iyy)' 

If we now let y -> x, we obtain 


Thus 


1 _ 3 

rrj\x ) - r 3 f(x)-rf(x)' 

r sli x ) = r/(x) + 3rr 2 /(x). 


This is a particular case of the general recurrence relation whose 
form is easily seen to be 


(4) 

In particular, 


T n f (*) = r„_ 2 / (x) + nr r n _ 3 / (x). 
»*/(*) =/(x) + 2r(y, 1 -^)) 


= /(*)- 


2[/'WP 

" /" (x) 


which agrees with (I). 

Since the reciprocal differences of some order of a rational function 
are constant, the same must hold for reciprocal derivates. 

For example, 

1 


TX~ — 


XX 


, x 2 = - 3x 2 , r 3 x 2 — 0. 


(ax -t- b 
\cx + dJ 


(cx + d) 2 


/ax + b , 2 


a 
c ’ 


be-ad ’ 2 Vex + dJ 

This last result cau be obtained also from 5-6 (6) as follows : 

+ ~. 1 =: 


fax + b , ar 2 x + 6 


smee 


1 Vex + dJ cr 2 x + d c 1 
r, x = qo . 


5’9. Thiele's Theorem. We have seen that Taylor’s Theorem, 
which gives the expansion of a function in a power series whose 
coefficients are proportional to the successive derivates at a point, 
can be obtained from Newton’s general interpolation formula with 
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divided differences. In a similar way Thiele’s interpolation formula 
gives rise to a remarkable development of a function as a con¬ 
tinued fraction in which the reciprocal derivates at a point are 
employed. 

In fact, when Xj, x 2> ... , x n+1 -»-x, we have 

lim { p n (XjX 2 ... x nil ) - p„_ 2 (x 1 x i ... x„_j)} = r„/(x) - r„_ 2 /(x) 

= nr r„-iJ{x) 


by 5-8 (4). Thus Thiele’s interpolation formula of 5-2 yields Thiele’s 
Theorem, namely, 


( 1 ) 


f{x + h) =/(*) + 


•’/(*) + ■ 




in which, if we stop at the nth partial divisor, this will be 
lim p 0 (x+h, x v x 2 , ... , x n ) - r n _ 2 f (x). 

X\, .. ,x u -*x 


The error term is given by 5-7 (G), where % lies in the interval 
(x, x + h). 

Just as Taylor’s series terminates when the function is a poly¬ 
nomial, so Thiele’s Continued Fraction terminates when the function 
is rational. 

Thus, for example, 


{x + h) 2 


x 3 + 


- T 

H- 

- 4x 2 + ■ 


2x 


1 

2 x ’ 


a (x + h) + b _ ax + b _ h _ 

c(x + h) + d cx + d + (cx + d) 2 h 

ad-be ad-be 
c(cx + d)’ 

ax+b _ b _x_ 

c x + d — a d 2 x 

ad - bc + (ad - be) j (cd) * 
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Example. By means of Thiele’s Theorem, find a continued frac¬ 
tion for e x . 

We have 


re* = e~ x . 

N 

1 

II 

H 

H 

1 

1 

fl 

H 

r 4 e x = e x , 

r b c x = 3e~ x , 

r 6 e x = - e x . 

These suggest the results 


r 2 n e x = (-l) n e x , r 2n+J e 3 

r = ( - l) n (w 

Assuming these for n, we have by 

5-8 (4), 





2n + 2 \ 

(-T)"(nT i)) e 


(- ] ) n + 1 e x , 


»W 3 eZ = ((-!)"(»+1 ) + = (- 1 ) n+1 (» + 2 )e-* > 

so that the results are established by induction. 

Then 

(2n +1) r r 2 „ e z = r 2n+1 e 1 -r 2n _, e* = (- 1)" (2n+1) e~*, 

(2 n + 2) r r 2n+1 e x = r 2n+2 e 1 - r 2n c 1 = 2 (- 1 )" +1 e*. 

In Thiele’s Theorem, writing 0 for x, and x for h, we have 


e 1 = 1 +- 

1 + 


-2 + 


-3 + —*— 

2 + -? 


5 + 


• 2 + ... 


We can write this so that the integers all have positive signs, and 
we then obtain * 



x 

2 + 


X X 

3 ^ 2 + 


XXX 

5- 2+ 7^ 


* 0. Perron, foe. cit. p. 107 (353, (20)). 
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EXAMPLES V 


[ex. v 


1. Form the reciprocal differences of x 3 , x~ 3 , x+x _1 . 

2. Form reciprocal differences for the following table : 

x 0-010 -Oil -012 -013 -014 

cothx 100-00 90-91 83-34 76-93 71-43 

and calculate coth 0-01257. 

3. Form reciprocal differences of a* and hence develop a z in a 
continued fraction. 


4. Prove that p 2 , p 4 can be expressed in terms of divided differ¬ 
ences as follows: 


p2 ( X 1 X 2 X 3) 


| /(* 2 ) [z^] 

I [*8*3! [XjXjXj] 


l x i x 2 x a]> 


P 4 [ X V X 2 X 3 X i x &) 

f( X 3) [Vzl t*l%] 

— [* 3 * 4 ] [ x 2 x 3 x il 

[213X4X5] [X3X3X4X5] [X4X2X3X4X5] 


[X 2 X 3 X 4 ] [XjX 2 X 3 X 4 ] 
[X 2 X 3 X 4 X 5 ] [XjX 2 X 3 X 4 X 5 | 


Obtain corresponding expressions for p 3 , p 5 , p g . 

5. Obtain determinants for p 3 (x), </ 3 (x), j^ 4 (x), ? 4 (x), the com¬ 
ponents of the third and fourth convergents of Thiele’s interpolation 
formula. 


6. Obtain Thiele’s interpolation formula for five arguments 
in forms which utilise reciprocal differences in the same relative 
positions in the difference scheme as those employed in the forward 
and backward formulae of Gauss. 

7. Prove that 

PP 2 „(y) = ~ (?2 n y) 2 ? ?2nV, 

„ a ) __~ P P2n +1 

*" +1 V (P2ny)(P2n+2 V)' 

8. Given the reciprocal differences of y for the arguments 
*i> x 2 > x 3 , ■■■, develop ~ in a continued fraction as far as reciprocal 
differences of order 6. 
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9. If we denote ^ by y', by y", and so on, prove that 


*sif = , 


_ y ^ 


3! 


dx 2 

y > y'L 
y 2! 

y"_ y'Z 

2! 3! 


y 

y' 

y" 

2! 


y" 

y’" 

y 

y" 

y'" 


2! 

3! 

2! 

3! 


y"' 

y* 

y" 

y"' 

yXV 


3! 

4! j 

2! 

3! 

4! 



] 


uy 


and obtain analogous expressions for r 5 y, r B y. 


10. Determine the order of constant reciprocal differences in the 
case of the rational function f m (x)lf n (x) where f m (x),f n (x) are 
polynomials of degrees m and n respectively. 

11. Shew that in the case of a rational function Thiele’s inter¬ 
polation formula terminates and yields a continued fraction which is 
identically equal to the given function. 



CHAPTER VI 

THE POLYNOMIALS OF BERNOULLI AND EULER 

In this chapter we develop some properties of two classes of poly¬ 
nomials, which play an important part in the finite calculus, namely 
the polynomials of Bernoulli and the polynomials of Euler. These 
have been the object of much research and have been generalised in a 
very elegant manner by Norlund.* 

We shall here approach these polynomials by a symbolic method 
described by Milne-Thomson f by which they arise as generalisa¬ 
tions of the simplest polynomials, namely, the powers of x. The 
method is applicable to whole classes of polynomials, including 
those of Hermite. Considerations of space must limit us to the 
discussion of only a few of the most interesting relations to which 
these polynomials give rise. 

6-0. The <p Polynomials. We define <f> polynomials 
of degree v and order n by the relation J 

( 1 ) = 

y- o v ■ 

where /„(<) and g (t) are such that for a certain range of x the 
expansion on the right exists as a uniformly convergent series in t. 
Putting x = 0, we have 

(2) /.We'“> = SS# n) » 

V = o v: 

where ft"’ = cf>[ n) (0) is called a <f> number of order n. 

* N. E. Norlund, ^4c<a Math., 43 (1920), pp. 121-196. 
t L. M. Milne-Thomson, Proc. London Math. Soc., (2), 35 (1933). 

X Observe that the notation <//"*(.r) does not here denote the nth derivate 

Of <£„(*)' 
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If in (1) we write x + y for x, we obtain 

V -'^(r t + y) = e*t'£ f, ^(y). 

p —0 v ■ r=0 ' 

Equating the coefficients of t v , we have 

ti n) (x+y) 

= \y) + * (]) ^>t-i (2/) + z 2 (2) ^1-2(y) + •••+**’ ( V J <^ , o n) (3/)- 


Putting y = 0, we obtain 

- ^ n) +* (j)^, + xa(2)^"J 2 +... + *-Q^» > 

which shews, unless ^J, n) = 0, that <f>[ n) (x) is actually of degree v. 

Thus we have the symbolic equality 

(3) 4<?>(x)^W> + xy, 

where, after expansion, each index of <£ (n) is to be replaced by the 
corresponding suffix. 

The <f> polynomials are thus completely characterised by (3), and 
by the <f> numbers defined by (2). 

From (3), we have 

(4) g *'."’( 1 ) = »(«" + *)- = v *“,(*). 

<») = 

Thus differentiation depresses the degree by one unit, integration 
raises the degree by one unit, but neither operation affects the order. 
Operating on (1) with A> we have 

(6) V l \ A^ n) (*) = {«*- 
►"ufi v - 

Operating on (1) with V, we have 

(7) £ r, v </>l n, W = - £-/.W 

-0 " I 
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6'0t. The p Polynomials. Formula 6-0 (6) suggests that a 
particularly simple class of (f> polynomials should arise if we take 
in 6-0 (1) 

f„(t) = f(e'-l)-, 

where n is any integer positive, negative, or zero. 

The polynomials which arise in this way we shall call (i poly¬ 
nomials, and we write 


( 1 ) 


t n 


(e‘-l) n 


00 

xt+s(t) = V _ n(") 


“0 V! 


Pl n ’(*h 


so that from 6-0 (6), 


y L 

►To v! 


a & n) (x) = v ( r'\x), 

v=0 v - 


whence we obtain 


(2) Ap<- , (*) = vp<V, 1> (x). 

Thus the operator A depresses both the order and the degree by 
one unit. 

With the aid of 6 0 (3), (2) can be written in the form 


( 3 ) (p<"> + x+l)‘’-(P <n) + z) v = v (pf»-«+ 

Writing x — 0, we have the symbolic equation 

( 4 ) (f 3 <n) + l) v - { 3 ( , n) = v p ( “_~ 1 1) , 

which gives a recurrence relation between the (3 numbers of orders 
ft and ft -1. 


6*1. Definition of Bernoulli’s Polynomials. The (3 poly¬ 
nomials of order zero have the generating function e I,+f(<) . The 
simplest polynomials of this type are obtained by putting g (l) — 0. 
The generating function then becomes e xt , and the corresponding 
P polynomials of zero order are simply the successive powers of x. 
It is convenient to regard these simplest [5 polynomials as Bernoulli’s 
polynomials of order zero. We therefore make the following 
definition: 

Bernoulli’s polynomial of order zero and degree v is given by the 
relation 

x) = x\ 
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Thus we have 

(1) e*‘ = £ 

V -o v ' 

Then, in accordance with 6-01 (1), we have the further definition : 
Bernoulli's polynomials of order n are given by the identity 


( 2 ) 



If we put x = 0, we have for Bernoulli’s numbers of order n 


( 3 ) 


t n 

(c'-T)" 


_ v* i 


From this we obtain 


Bi n) = 1, Bf = ~hi, £<">= ,',«(3tt-l), B< 3 n) = - >n*(n- 1), 
B[ n) = ,’ fl w(15» 3 -30n 2 + 5n + 2), 

= - B ’ rt n 2 (n- l)(3n 2 -7m-2), 

B ( 0 n) = 2 w (63« 5 - 315n 4 + 315n 3 + 91n 2 - 42n - 16). 


6*11. Fundamental Properties of Bernoulli’s Poly¬ 
nomials. Bernoulli’s polynomials are [3 polynomials and there¬ 
fore also <f> polynomials. Hence we have 

(1) Jj‘">(jr) = (£<«> + *)’. 

(2) j*. Bffx) = vBflfx). 

(3) JV.'ty)* = J j [B*> ,(*)-«<".> !<«)]. 

(4) AB? , W=vBJ‘: 1 1| (x). 

(5) (£<"> +1 Y - B[ n) = v 

The first three properties are shared by all <f> polynomials, the last 
two by all (3 polynomials. 

By repeated application of (4), we have, if v ^ n, 

&Bl n) (x) = v(v — 1)(v —2) ... (v —n-rl)x''-", 


( 6 ) 
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since B 1 0> = x". If v < n, the right-hand member vanishes. Rela¬ 
tions (4) and (5) form the point of departure of Norlund’s theory of 
these polynomials. 

We also note the useful relations derived from (4), 

(7) B^(x+ 1) = B i :\x)+ v B\ T^x), 

(8) R:(l) = R ( ( B) + vB < "_- 1 1) . 

From (3) and (4), we have 

( 9 ) £ ' 1 B[”\t) dt = A Bl *>, (X) = Rl n - l) (x), 


and in particular 



6*2. The Complementary Argument Theorem. The argu¬ 
ments x and n-x are called complementary. We shall now 
prove that 

(1) B[ n) (n-x) = (-\yB[ n) (x). 

We have, from 6T (2), 



(n-x) 


fn^(n-x)t fng-xt 

(<>• - 1 ) n ~ (1 -e~ t ) n 


(-<)"«-" = V 


(-<r 

v! 


r ( :V), 


whence by equating coefficients of V we have the required result. 
This is the complementary argument theorem. The theorem is true 
for any fi polynomial in whose generating function, (hOl (1), g(t) is 
an even function. 


If in (1) we put x = 0, v = 2p., we have 
(2) B$(n) = B™. 

Thus B$(x) - B ( ^J has zeros at x — n, x = 0. 
Again with x = \n, v = 2 [i+l, we have 

B£\ 1 (ln) = -B%, 1 (tn). 

Thus 


( 3 ) 


Bg +l Qn) = 0 . 
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6-3. The Relation between Polynomials of Successive 
Orders. We have 

If we differentiate both sides with respect to t and then multiply 
by l, we have 

V r - R (n) { nren H< n+ 1 e (x+1)l 

^ (v- 1)1 1 (X > = (e‘ - 1)" + (e r - i)» ~ (e 4 — l) n+1 

= » £ v ^t B[ n) (x) - n £ ~&y '\x+ 1). 

Equate coetlieicnts of f. Then 
(1) vB';’( 2 ) - n B < ; ) (x)-\-xvB ( ”l l (x)-nB\' u (a: + l). 

From 6-11 (7), 

B[" ■ "(x+\) = S? : ”(*) 4-v5!"4(z). 

Thus we have 


(2) B\ n u (x) - (1 - ■ 


which is the required relation between Bernoulli's polynomials of 
orders n and n -t-1. 

Putting x — 0, we have 

(3) 

Again from (1), putting x — 0, we obtain 

\ Hz 

or, writing n i v for n, 

: l)/,\_ n non >■> 


« + V 


6-4. Relation of Bernoulli's Polynomials to Factorials. 

In 6-3 (2) put v = n. Then 

5‘ n+1) W = (x-v)B^(x) - (a--«)(x-n + l)BM, 1> (x) = ... 

= (x- n) (x- n -1 1)... (x-2) ( x - 1) B^ } (x). 


M.T.C. 
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Thus 

(1) B ( : +1) (x) = (X- 1) (x-2)... (x-n) = (x- l)<->, 

(2) jB ( „ n+ 1 ) (a; + l) = x(x- 1) (x-2) ... (x-n + 1) = *<»>. 
Integrating these expressions from 0 to 1, we have from 6-11 (10), 

(3) (x-l)(x-2)...(x-n)dx = B ( ”\ 

(4) £ x(x - 1) (*-2)... (x-n+ 1) dx = B«\\) = - J-j 
from 6-3 (4), putting n = - 1. 

If we differentiate (1) n- v times (n > v), we have, using 6-11 (2), 
w(w-l)... (»-n + v + l)B ( " + 1 ) (x) = 
which gives an explicit expression for B ( „ n+1> (£), namely, 

(5) B1" +1) (X) = 1; [(X- 1) (x - 2)... (X - n)]. 

The following coefficients appear in Stirling’s and Bessel’s inter¬ 
polation formulae (3-3, 3-4), 



From (1), we have 

« 2 ,+i(P) = (25 1 1 )i 5 a+i 8> (P + A ' + ] )> a 2 ,(p) = , B^-i(p + s), 

= (2?^) ! 5 2 2 / +U (P + s)> M?>) = (2 !)! ■ B 2»' +1> (? , + *)- 

If we differentiate each of these m times with respect to p and then 
put p — 0 in the first two and p = \ in the second two, we have 

(6) D m a it+1 (0) = { i s -_ l +T )1 B ( £,-m+i (s + l). 

( 7 ) ■ ^.(0 
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(8) D m & 2 , +1 (i) - (2s +1) (2s -m+ 1)! + 

(9) Z)«6 2> (|) = (2s L y! fi<^>(s4|). 

From these we have, with the aid of 6-2 (3), 

(10) D 2m a 2s+1 ( 0) = 0, D 2m+1 a 2 ,(0) = 0. 

(11) £ 2m W4) = 0, 

6-401. The Integral of the Factorial. A function which 
is of importance in the theory of numerical integration is 

(1) x( x ) ~ f (y- 1 )(y- 2 )-(y- 2 w+i)dy 

Jl-* 

2n 

where k is zero or unity. From the complementary argument 
theorem of 6-2 we have at once 

(2) X (2n + fc-l) = x (l-*) = 0. 

From (2) we have, integrating by parts, 

rsn+i-l C2n+k—\ 

(3) I 1 . x (*)<fc = - j *(*-1)... (aj-2n + l)da: 

2n+ 1 

because B^n+i^fin + k) = - -k) from the complementary 

argvunent theorem. 

Again, i n = f (y- 1) (y-2)... (y-2n + l)dy, 

Jo 

and it is clear that the integrand is negative when 0 < y < 1. 

Thus B ( 2 n-\ ] is negative. Similarly 

Bfn- l“(1) = {y- 1) (y - 2)... (y- 2n+1) dy, 

and we have B'in-i^ (1) positive. Proceeding in this way we see that 
if v be an integer, 0 ^ v ^ 2n, 

(4) (-l)^B^_- 1 1, (v)>0. 
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We now prove that 

(5) (-IJ'jBS^v-I) > (-l)'+ i sg!r 1 1, (v), 

We have, from 0-11(9), 

(6) l)=f (y-l)(y-2)...(y-2n+l)dy, 

Jv-l 

Bf n Z\ (v) = J {y - 1)... (y - 2n +1) dy 

= | y(y- i) ••• (y-2n+'2)dy. 

(7) = -[ y (y-])(y-2)... (y-2n+\)dy. 

Now yj(2n - y - 1) is positive and less than unity provided that 
y<n-\, which is satisfied since v-l<y<v, and v^«-l. 
Comparing then the integrands of (6) and (7). we see that the 
integrand of (7) is less in absolute value than the absolute value 
of the integrand of (6). The result (5) therefore follows. 

We can now prove that yjx), defined by (1), has a fixed sign for 
1 - k < x < 2n -f k - 1. 

Let x lie between the integers v - ], v. 

For v- 1 < y < v the integrand of (1) does not change sign and 
hence y (x) lies between the following pair of integrals : 

f (y~ ] ) ••• (y-2n + ])dy, f (y- 1) ... (y- 2« + ))dy. 

Ji-* Ji-t- 

If we divide the ranges of integration into intervals 

(1-fc, 2 -k), (2- k, 3- *).... , 

we see that y (x) lies between the sums 

Bg \\ l) (1 - k) + B'gs ?(2 + B<J?- />(v - 2), 

- k) + Bg n : l l \2-k) + ... + - 1). 

Here we can suppose that v < n, for by the complementary argu¬ 
ment theorem such terms as exist when v > n cancel out. By 
(5) the terms in these sums are in descending order of absolute 
magnitude and alternate in sign. 
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Hence each sum has the sign of the first term, namely, the sign 
of 

Thus we have proved, in particular, that B^ix) - has no 
zeros in the interval 0 < x < 2 m, and that 

(8) ! '(1 -1) 1 > j -k)\, k = Oorl. 


6-41. Expansion of x< n) in Powers of x. Differentiating 

G-4 (2) p times, we have 


Putting x 0, we have 


' d" 
Jx" 



0 


«! 

(« -P)' 


zrj’i 1 ) - 


V ]><n) 

(n ~p)\ n "' p ' 


from (5-3 (1). 

Thus, developing x <vl by Maclaurin’s Theorem, we have 


n 



P 0 


»'■ _P jh*) _ 
p\ (n -p)'. n »- 


V ( n ~ l ) 
p~u \p-lJ 


x v B 


(B) 

n-p • 


6-42. Expansion of x v in Factorials. We have by Newton’s 
Interpolation formula 31 (4). since B\ n) (x + k) is a polynomial of 
degree v, 

v <•*»($) 8 

(1) n\ n) (x ■ h) - B { : i \i>) r ^ a 5 ( ;Vi) 

* i s - 

= ^ C ) x^ B["P/ ] (h), 

e 0 ' s ' 

using 6-11 (4). Putting h — 0, we have a factorial series for B[ n) (x), 
namely, 

(2) Bi n) (x) = v; 

Putting m — 0, wc have B ( ?\x) — x y , so that 


(3) 


x‘ ----- 


V 


a: to 5 


(-«> 


which is the required expansion. 
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If we operate on (3) with (n^v) and then put x = 0, we 
obtain the differences of zero (see 2-53), namely, 


Ifin(l)weput n— v+1, and A+l for h, we have, using 6-4 (2), 

(x + h)^ ~ V 

,„o \s/ 

which is Vandermonde’s theorem in factorials analogous to the 
Binomial Theorem 


(x-f-A) 1 ' 

From (1) we have also, interchanging x and h, 

If we let A -» 0, the left-hand side becomes the derivate of B[ n) (x), 
that is, vThus 

In particular, for x — 0, 

= X 0(-ir 1 (*-l)!BS , -V ) . 

«=1 vs/ 

6-43. Generating Functions of Bernoulli’s Numbers. 

We have, by the Binomial Theorem, 

(i+o-=£ = 2 ‘i s'.' +,, (*!- 

v -»0 ” ♦ v “0 v • 

Differentiate n times with respect to x and we obtain 

V 


(1-M)*- 1 [log (! + <)]-= D 


« (v —«)! 
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Putting x — 1 and dividing by t n , we have 


135 


( 1 ) 


po g (i+t)T 


]"=£ 

J v=0 


r,(H + r+l ) 


v! 


5 


using 6-3 (4). 

In particular, for n = 1, 


aO x u 

_ v ^ t yi 

,4o ^ + v 


a) 

g(n + y) 


( 2 ) 


log (1 H-t) 
t 


~ V 1 RO' + U 

,4i(v+i)! y ‘ 


Again, integrating (1 + t) I_1 with respect to x from x to *4-1, 
n times in succession, we have from 6-11 (9), 


(14- t)*~ l t n _ y 

llog (14-0]" ~ ,“fj v! 


(3) 


Putting * = 0, we have 
t n 


(y -n + 1) 


— V {v 

(l+Ollog (! + <)']• 


(*). 


and in particular, for w = 1, 

(4) 


_- V 


B^ 
U ” ’ 


(1 + 0 l°g (1+0 "o v! 

which is the generating function of the numbers B[ r \ 
Again putting * = 1, we have 

/r.\ f" f_T— V -- R ( -- B + 1 ) M) 

() Llog(l + oJ v ! { h 

which shews that (1) also holds when n is negative. 
In particular, for n = 1, 


( 6 ) 


log (1+0 


_ V' 


b ( ;>(i), 


which is the generating function of the numbers 
Using 6-3 (4), w r e have from (6), 

_ L __ i + i(_ v £ _ 

log(l + 0 _ * ^ v! v — 1 ’ 


(7) 
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We give a list of ten of the numbers B[^: 


II 

~h 

to 

11 

1 1) 0 H 7 

BP = 

d > 

B ( J> - 

_ a « 7 i> i* 

il 4 

Bi{ !) = 

it 

4 > 

= 

1 0 7 0 0 1 T 
0 0 

B</> = 

£ •' 1 
:u> f 

5f = 

2 0 

Bf = 

_ 4 T .i 

1 £ > 


1 a 4 £ 1 1 £ 
i a 


6-5. Bernoulli’s Polynomials of the First Order. We 

shall write B t (x) instead of B[ n (x), the order unity being understood. 
Thus from 61 (2), we have 


( 1 ) 


/#•'» _ <*' 
■ “ o 




as the generating function of the polynomials and 


(2) 

i *- 

il 

c 

& 

T 

as the generating function of Bernoulli’s numbers, 

order. 

From 611, 

we have the following properties : 

(3) 

S,(*) : (if i a-)'. 

(4) 

(B+l)'-fl, 0 0, v-=2, 3, 1. 

(5) 

d dx BM ^ vB._ ,(*). 

(6) 

| 5,(0 tif.tiM - if.+i («)]• 

(7) 

A iiv(a T ) — v a:"" 1 . 

(8) 

B„(l-x) = (- 1)" B, (x), from 6-2. 


The first seven polynomials are given in the following list: 
B 0 (x) = 1, 

B^x) = x-\, 

B 2 (x) = x 2 -x+ 
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B 3 (x) = x(x- l)(x- 1) = x 3 - lx 2 + \x, 

£ 4 (x) = x ' - lx? + x l - „V,, 

B b (x) - x(x- l)(x- l)(x 2 -x- ;,) = x 5 - :}xt+ Ijx 3 - J-x, 
£ fi (x) = a^-Sa^s- iix 4 -|x 2 + • 

We have also for the values of the first seven numbers: 

B o Si B., B 3 B x B s B, 

1 -i o o - 4 v 

n 

6-501. A Summation Problem. To evaluate V, s“. 

s i 

We have by (5-5 (fi) and (7), 

|" , 71 1 ,(.r),fx= l)-fl, Tl (*)] 

Thus 

£ *' - I" 1 B x . (•'■) </x = 1 (» + 1) - J5 r+1 ]. 

« 1 JO V T I 

For example, if v -= 3, 

:i> 3 = i[^(«fi)~B 4 i 

2 (»+!)» +(» + !)*] 

= U»(«+1)] 2 . 

The method can dearly be applied if the sth term of a finite series 
be a polynomial in s. 


6-51. Bernoulli’s Numbers of the First Order. 


from 0-5 (2), 

( 1 ) 


t 

•) 




t 

o 


d+1 
? -1 ■ 


We have 


The function on the right is even, since the change of -t for t 
leaves the function unaltered. It follows that the expansion con¬ 
tains no odd powers of t, and hence 

£>4-1 = 0 , [l > 0 , 

B> = -b 
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If in (1) we write 2 1 for t, we obtain 

, , 2 2 * a 2*t • 

tcotht = 1 + ^| + + 

and writing it for t, we get 


( 2 ) 


02 /2 04 #4 

<cot<=l-- 2T £ 2 +^ 5,-.... 


Expansions for cosec t and tan t are easily obtained by use of the 
identities 

cosec t = cot ]t - cot t, 
tan t = cot t - 2 cot 2t 




(3) 


.m (2v)! 

Again we have the expansion in partial fractions,* 

1 


Kl cot nt =1 + 2 1 2 ^ - 2 -_ y2 . 


This series may be rearranged and thus, comparing coefficients of 
t iv in (3) and the series for nt cot nt derived from (2), we have 


(4) 


(2n)^B 2p _ A 1 
1 1 2(2 p)< „„ 1 n 2p ' 


The sum of the series on the right lies between 1 and 2. Thus 
we see that B iv increases rapidly as p increases and that Bernoulli’s 
numbers alternate in sign. Moreover, we have 

( - l) p-1 B 2p > 0. 

To express Bernoulli’s numbers by determinants we have from 
6-5 (4), 

-L+^i = o 
2 ! 1 ! ’ 


1 + 1 ?i+L B t = o 
3! 2!111! 2! ’ 


1 1 B l 1 B t _ _ 

(»+i)! + «! Tl + (n-l)l 2! + '" + 2! (n-l)! + n! ~ 


1 . Bn-l B n _ 


* K. Knopp, Theory of Infinite Series, (London, 1928), § 117, 135. 
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whence, solving these equations, we have for (-1 ) n B n fn\ the 
determinant 


A 

2! 

1 

0 

i 

1 

1 

3! 

2! 

1 

1 

1 

4! 

3! 

2! 

1 

1 

1 


0 

0 

1 

1 


I (n + 1)! n\ (n-l)i (n- ‘2)1 
Since B 2ft 11 = 0, p. > 0, we have 

B„ ( x ) + ^vx ,_1 4-' (x+B) y +%v x y - 1 

= *-+Q*-*b 2 +Q 


0 

0 

0 

1 

2 ! 


-*B.+ ..., 


so that B y (x) -f \ v x "~ 1 

is an even function when v is even and an odd function when v is odd. 


6-611. The Euler-Maclaurin Theorem for Polynomials. 

Let P(x) be a polynomial of degree n. 

From G-5 (7), (3), we have 

v X*- 1 -f (x + B + l) v - (x+ B)\ 

It follows from this result that 

(1) P’(x)±P(x+B+l)-P(x+B), 

and consequently that 

(2) P’(x+y) = P(x+y + B + l)-P(x + y + B) 

= P(x + \ + B{y))-P(x+B(y)). 

Now by Taylor’s Theorem 

P (x + B ( y )) = P (x) + B, (y) P' (x) + ^ B 2 (y) P" (x) +... 

+ ^B n (y)PW(x). 
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Thus substituting in (2), we have 

(3) P' (X+ y) = A P (*) + B , (y) A P' (X) + 2 \ B a (y) A P" (*) + 

+ ^B n (y)APl’ 

This is the Eulcr-Maclaurin Theorem for a polynomial. 

In particular, putting y — 0, 

(4) P' (x) = AP(r) + B l A F (x) + J, B., A (*) 

+ .J 1 , #1 A P^'Hj-) + A / >(v0 (x) +. 

since Z? 3 , Z? 5 , B 7 . ... all vanish. 

If we now write 

P(.T) rrr f <)>(!) dl, 

J a 

we have 

(5) <f>(x) - £%(*)* + *, AM + .j i B., A <£'(•') 

i ^4 A 4> " { jr ) + • 

Since B 1 = - 1, wc can also write 

(6) £ 1 <£(/) di =■■ U4>(x-i ]) + I - J, /4 A f (x) 

A f"W-. 

where <f> (x) is any polynomial. The series on the right of 
terminates after a finite number of terms. 

Again, (1) shews that the difference equation 
A u (x) = /" (x) 
has the polynomial solution 

u (x) = P(x+ B) 4 P(B (x)). 

Thus, for example, 


[0-511 


)(x). 


course 


A u (x) —7?- 3x 2 + 1 
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has the solution 

w (t) = (x) - B 3 (x) + B 1 ( x ) + c, 

where c is an arbitrary constant. To obtain the general solution, we 
replace c by an arbitrary periodic function m(x), such that 

w(x+ 1) = zn(x). 


6-52. The Multiplication Theorem. If m be a positive 

integer, we have from G-5 (1) 

V ■ r, ml '/a O 1 ' 


8 0 


8 0 


c* - 1 


t mx ■ 

i xti t w m ’ " e 

i~ ~ 


t 


(e‘ - 1) (e m - 1) 


e m -1 


= >: W1 . 


t" 


, By (>»*)■ 


Thus 


m - 1 , „ . 

B h (MX) ~ m*~ l ^ Ujx+M. 

v n s 


s -- 0 


This result is known as the multiplication theorem for Bernoulli’s 
polynomials of order unity. 

Putting x = 0. we have 


m - i 

\ 


] B r ( S )^-(l- -^-i)B r . 
J l > m / V m‘ V 


Hence, if m = 2. 

B F (l)--(l-^)B„ v= 1,2,.... 


6-63. Bernoulli’s Polynomials in the Interval (0,1). 
From <5-5 (8), we have 

(1) ^(1- 3 ) = B 2f (x). 

(2) B 2y+1 (l-x) = -B. 2r+1 (x.). 

Thus B ir (x)-B, it has the zeros 0 and 1. We shall prove that 
these are the only zeros in the interval 0 < x ^ 1. 
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Again, B 2t+1 (J) = -B ar+1 (J), so that B 2r+1 (£) = 0. B 2y+1 (x) is 
symmetrical about x = \ (from (2)), so that Z? a „ +1 ( x ), for v < 0, 
has the zeros 0, 1. We shall prove that these are the only 

zeros in the interval 0 x ^ 1. 

For suppose that both these statements are true up to and in¬ 
cluding v = (x > 0. Since 

(3) D [5 2m + 2 ( 3 ) - B 2fi +2 ] — (2(z + 2) Bo ;(1 ( 1 (x) 

Bo^ + o(x) - jB 2 m 4 2 > which vanishes at x = 0, x = 1, has its only 
maximum or minimum for 0 < x < 1 at x = i, and consequently 
cannot vanish in this interval. 

Again, 

DBo^ + 3 (x) = ( 2(4 + 3) [B 2 m * 2 ( x ) ~ + 2 ] + (2(4 + 3) t 2 > 

and this expression can vanish at most once for 0 < x < \. 

Hence B^j, 3 (x) cannot vanish in 0 < x < | and therefore by 
(2) cannot vanish in £ < x < 1. 

By induction the properties therefore follow. 

From 6-51 we have (- 1)' +1 B 2y > 0. If x be sufficiently small 
and positive ( - 1) K+1 B 2y41 (x) has the same sign as the derivate, that 
is, the same sign as (-1) , ' +1 B iv (x), which for x small and positive 
has the same sign as ( - 1 )‘" ¥l B 2y which is positive. Thus 

(-1)" +1 B 2y+l (x) > 0, 0 < x < | . 

Hence, from (3), (- 1)" f i _ -^ 2 /x 1 2 ) increases from the 
value 0 as x increases from 0 to l and is therefore positive. Hence 

(-l)e (J5 2 m (x)-H 2 J > 0, 0 < x < 1, 

since the expression only vanishes at 0 and 1. 


6-6. The 7 ) Polynomials. A second method of generalising 
polynomials is suggested by 6-0 (7). If we write f„ (t) = 2" (e ( +1)~" 
we have a class of polynomials, which we call 7 ) polynomials, given by 


( 1 ) 

so that 


On^UHrtl) « 

tniF-Sa^W- 


v 0 v"0 
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whence we obtain 

(2) V = t] < J l ~ 1 ^(x). 

Thus the operator \7 depresses the order by one unit but leaves 
the degree unchanged. 

Using 6-0 (3), we have 

(3) (■>] <n) + a:+l)‘' + (-/ ! <") + a:)-' = 2(7j (B - 1 > + a;)% ■ 

so that the 7j numbers satisfy the recurrence relation 

(4) 


6-7. Definition of Euler’s Polynomials. The simplest 

7 ) polynomials, obtained by putting g(t) = 0 . n = 0 in the gener¬ 
ating function, are the powers of x , whose generating function 
is e xi . We shall now regard these simplest 73 polynomials as Euler’s 
polynomials of order zero. Thus 

E[ 0> (x) = x*, e*‘ = V ^ £<<»(*), 

v —0 


where E^(x) denotes Euler’s polynomial of order zero and degree v. 
Then in accordance with G -6 (1) we define Euler’s polynomials of 
order n by the relation 


( 1 ) 


2 n c zt 

(e«+i) n 


s 


r 

v! 


e ( ;\x). 


In accordance with our general theory we should call Euler’s 
numbers the values of E[ n) (0). This would, however, run counter to 
the notation of Norlund, who discovered these generalised poly¬ 
nomials. In order therefore to avoid confusion with the accepted 
notation we shall follow Norlund and write 


( 2 ) Et n) ( 0 ) = 2 - r Ci, n> . 

The generating function for the C numbers is therefore 


(3) 


v L 


1 


c 


(n) 


(c‘+l)» „*To v! 2*' 

The values of 2 "E^ix) for x - \n are called Euler’s numbers 
E^\ of order n. Thus 


(4) E[ n) = 2"E i ” ) (\n). 

We shall prove in 6-72 that Euler’s numbers with an odd suffix all 
vanish. 
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6*71. Fundamental Properties of Euler’s Polynomials. 

Euler’s polynomials are polynomials and therefore also <f> poly¬ 
nomials. Hence we have 

(1) E[ n) (x) t (|6' (n) -i xy. 

( 2 ) rf ^<*>(x) = v^-2 j( ;r). 


£ K n) m = i (*> - E™ i(«)- 


(4) VEl n \x) = El n v (x), 

(ic^ + \y f £c'< n> = £cl n - 1) > 

from 6-6 (4) and 6-7 (2). Thus 

(5) (0 + 2)’’ + C[ n) 4 2C ( ;~ u 

By repeated application of (4), we have 

(6) V 

since Ef'(x) = x". 

We have also from (4), 

(7) E[ n) (x + 1) = 2 E { * ~ v (x) - E[ n> (x). 


Since Ei n) = 2'E{ n, (") rl 
we have 

£'<”> 7 

Hence we have 

(8) £ ( ,"VK 


. 2” from(l), 




Thus we have, by putting in turn a; = 1, x = - 1, and adding 


(£<">+1)”+ (£<">-!)* 


= 2"Ei n) ( n l ] ) + 2'El n) (\-\ 

=F 2” +1 V E^ (”2 £ 

7 ^ 2*' 41 E { J'~ l) ( n j from (4) 


= 2£ l( "' 1 


( 9 ) 
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6*72. The Complementary Argument Theorem. The 

arguments x and n-x are called complementary. We shall now 
prove that 

( 1 ) E™(n-x) = (-iyEi n) (x). 

We have from 6-7 (1), 

® Jy <)n p(n-x) t On p—xt 

v! E '"’ ( ““*’ = W+ 1)* = 


= £; '-/'ii-’M. 

v - o v • 


whence by equating coefficients of t r we have the required result. 
This is the complementary argument theorem. The theorem is true 
for any t; polynomial in whose generating function g(t) is an even 
function. 

If in (1) we put x 0, we have, for v = 2p, 

£§?(») = E${ 0) = 2-VC^. 

Thus (x)-2~ 2 " C ( ”J has zeros at x — Q, r — n. 

Again, putting x = \n, v — 2p +1, in (1), we have 

J?(n) _ l?(») 

& 2m i l ~ 2 m -i 1 ■ 

Thus E i j = 0, that is, Euler’s numbers with an odd suffix are 
all zero. 

6*73. Euler’s Polynomials of Successive Orders. We 

have 

to /v On 

v! L ' W (e* + 1 ) n ’ 


Differentiate both sides with respect to t and then multiply by t. 
We then have 

to /f 2 n xU’ Tl ■>«]? i(>(x U) ( 

v —- eU»>m — _*_ 

^ (v-1)!*’ ' ' (e‘ + l)» (e‘ + 1) n+1 

= x i { v - i )! £< "- i<*>-i (Tziy. £ < ,’ , - + i 1, (*+ !)• 

Equate coefficients of Then 


M.T.C. 


K 
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Now by 6-71 (7), 

M" +1 W 1) = 2 (x)-£ ( „ n+1> (x). 

Therefore we have the recurrence relation 

£ (n + i)( x ) = ^£ ( "|j(a:) + ~ (n-!)£<») (i). 

Writing a: = 0 , we obtain 

f; (n + i) = 1 C („) J + 2C (, 1) _ 


6-8. Euler’s Polynomials of the First Order. We 

shall write E v {x) for E[ n (x), the order unity being understood. 
We have then from (3-7, 6-71 


( 1 ) 


( 2 ) 


9pXt <o /» 9 ® I. l 

4~ , = V , £. (r), - r i = V , 4- c„ 

e‘4-1 ^ 0 v! " e‘+l „*-^ 0 v! 2" 

2e“ 4 , r E y 
«*+ 1 ” v! 2 “' * 


(3) E r (x)±(iC+x)\ (C + 2)' + C t ±0, v > 0. 

(4) V^(*) = £#.(*) = v^.,(x). 

(5) E v (\-x) = (-l)'£,(*). from 6-72. 

The first seven polynomials are given in the following list: 
E 0 (x) = 1, 

#i (*) = x-l, 

E 2 (x) - x(x-1), 

E 3 (x) = {x- l)(x-~x- \), 

E 4 (x) — x(x- l)(x 2 -x- I), 


E 3 (x) = (z- l ) (x 4 - - z 2 + 2x + 1), 

i? 6 (x) = x(x- l)(x 4 -2z 3 -2x 2 + 3x + 3), 


E 0 E t E, E t E s E 10 E„ 

1 -1 5 -61 1385 -50521 2702765 




6-8] THE POLYNOMIALS OF BERNOULLI AND EULER 147 

n 

Example. Evaluate 

«=i 

We have by (4), 


£(-i)* s «= £(-i)*v^W 

»=i «=i 

=K-i)-^(»+i)-i£ r (i). 

6-81. Euler’s Numbers of the First Order. From 

6-8 (2), writing 2 1 for t, we have 


e* + e 


o co / v 

z = V -- Ii 

t Zj v ! 


k-0 


Thus 


sech t = V 1 )E, = l + *y- E 2 + ~E i + ..., 


P-0 


and writing ft for t, 
(1) sec«= 


Again, by rearranging the expansion,* 


TC 


4 cos 


■jzx 

2 



<-l)'(2v+l) 
(2v +!)*-** ’ 


and equating the coefficient of x 2v to the coefficient of r 2p in the 

7X% 

series for sec obtained from (1), we have 


( _ n» __ tp TZ Sp+1 =1_— + —-__ 4- 

' 1 2 2p + 2 (2p)! 32 p+i^ 52 j>+i 72 p+i^---> 

which shews how Euler’s numbers increase and that they alternate 
in sign. 


* See K. Knopp, loc. cit. p. 138. 
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By the method used in 6-51 we obtain from the recurrence relation 
a determinant for (- 1)” E Zn / (2m)!, namely, 


Jk 

2! 

1 

1 

1 

4! 

2! 

1 

1 

6! 

4! 


0 

0 

] 


0 

0 

0 


111] ] 
(2m) ! (2n-2)! (2« — 4)! (2)7-(5)’! ' ' ' 2! 


With regard to the numbers C y , we have from G-8 (l) 


CO 

V 


► =o 


r C„ 

v! 2- 


-1 = 


e'-l 
e*+ 1 


- tanh it. 


which is an odd function, so that all the numbers C 2(i , jjl > 0, 
vanish. Writing 'It for t, we have 

)3 /5 

tanh/ = <-j ! c 8 - 5 ! r 5 - 7 ! r 7 --. 


whence with it for t, we get 

1 3 f 

tan t = t + 8 , C 3 - . | C # + 7! C,- ... . 


If we equate corresponding coefficients in this series and the series 
for tan t in 6-51, we have 



Since the numbers C■>„, p > 0, all vanish, we note that 


E, ( x) - x y 


(z+1 cy -x” 


/V\ x v-1 

’li 2 



p f — 3 
03 


C a +... 


so that E y (x) - x v is an odd function when v is even, and an even 
function when v is odd. 
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6*82. Boole’s Theorem for Polynomials. From 6-71 (8), 
when n — 1, we have 

Ey( x ) z F (x + \E - |)\ 

Hence 


2» v = 2 VF„ (*) = (* + l +\E-\Y + {x+\E-\y, 
and if P(x) be a polynomial, 

(1) 2P(x)±P(x+]+lE-t) + P(x+$E-1z). 

Writing x + y for x, 

2P(x + y) -7 P(x + y + 1 + \ E-\) + P(x + y + \E - \) 

-= P(x + 1 + E(y) )-\ P(x + E{y )). 

Now, by Taylor’s Theorem, 

P(x + E(y)) = P(x) + E 1 (y) P’ (x) + ^ E t (y) P" (x) +... , 
Thus we have 

(2) P(x+y) = S]P (x) + E x (y) V P' (x) f E 2 (y) ^P"(x) + ... , 


which is Boole’s Theorem. If we put x = 0, we have the expansion 
of P(y) in terms of Euler’s polynomials. 

From G-72, we have 


£,<(!) = E u (0) = 2~ 2s C 2s = 0, 

^2.i+l) = ~^'28+l(^)~ ~ 1 C 2s+l . 

Hence putting y — 1 in (2), we have 

(3) p{x+\)-P(x)= -c 1 vF(x)-, ! l 22 e 3 vr'(x) 

- 5 y 2 4^V^ (v> (^)-- 


Again from (1), we see that the difference equation 
Vu(x) = P(x) 

has the solution 


u(x) A P(x + IE- I) = P{E (x )). 
Thus, for example, the equation 

V « (x) — X 3 + 2X 2 + 1 
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has the solution 

u(x) = E 3 (x) + 2E 2 (x) + 1. 

The general solution may be obtained by adding to this an 
arbitrary periodic function n(x) of period 2, and such that 

7z(x+l) — - 7l(x). 


EXAMPLES VI 

1. Prove that 

(i) B[ m+n) (x+y) = [B {m) (x} + B (n) (y)Y ; 


(«) 

Bi n) (x + y)=tC p )Bp } ^)y'" P > 

(iii) 

Bi n) (x) = V (x) . 

t-o r' 

2. Obtain the formulae 

(i) 

(x+yY = x O B^(x) B[Z?p (y) ; 

p-o V' 

(ii) 

(*+y)'= £ Q Ef(x)Ei~J > J{y)-, 

p =o r' 

(iii) 

SQbW = o. v >0- 

J>-0 

3. Prove that 


,11 1 (- 1)" _1 Df»+1> 

1 + 2 + 3 + "' + n ~ (n — 1)! Bn l ' 


4. Prove that 


5. Prove that 

E ( ^ n) (x + y) = [E (m \x) + E w {y)] r 

6. If P ( x) be a polynomial, prove that 

P(-B<"> (x) + 1) - P(5<"> (x)) = P'(S("-U ( X )), 
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and hence shew that the difference equation 

£«(*) = j x „ ?(*) 

is satisfied by 

u(x) A P(B (n> (z)). 

7. Prove that 

(x) = a; - 1, BP (z) = z 2 - 2z + |. 

8. Draw graphs showing the forms in the interval 0 z^C 1 of 
(-l)^-i(*)> (-1 Y(B 2 Jx)-B 2r ), (-1 )'£„_,(*), (-1 )'B a Jz). 

9. Prove that 

n _ A 0*" +1 A0 2n+1 “a o 2 "+' 

^ 2 ”~ ]2 2 2 + "’ + (2n+l) 2 ' 

10. If n be an odd integer, prove that, taking l{n- 1) terms, 

i = nB 2 +( n z )B i + (l)B i + .... 

11. Shew that 

(-I)"' 1 B ta = (i-JA + iA-...)l*"- 1 . 

12. Prove the relation 

92n-l 02n-3 ( _ 1 \n—1 „ 

*_ n _ r 4. ,v v__ _ n 

(4«)! 2! 4n (4n-4)!«! 4n_4 (4n + 2)! 

13. Obtain B 2ri as a definite integral from the identity 


c*+l 2 
e x - 1 z 


f c sin xi 

Jo e-” 1 ~ 1 


dt. 


14. Prove that the coefficient of 0 2 ’ 1 in the expansion of (0 cosec 0) 2 
is 2*"(2n- 1)( - l) n ~ l B 2 J (2n)\. 


15. Shew that the coefficient of z n /«! in 



c~ ( ) di-z log z 


is numerically equal to 


■ 8.-1 

n- 1 


16. By means of Bernoulli’s numbers or otherwise, prove that 

1* 2 2 3 2 2tt 

1* +1 ’ 2 3 +1 ' 3 2 + 1 e" - e~* 
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17. Prove that 


1- B 4 -...= 0. 


2 ! 


4! 


18. Express the sums of the powers of numbers less than n and 
prime to it in series involving Bernoulli’s numbers. 

19. Shew that 

1 1 _ _ 7T 3 

1 [I* + 5 3 -82' 

1 1 _ _ 5u 5 

1 8 3 + 5 3 - 1596 ' 


20. If = 1"-t-2 n -I-3" + ...-fcr", shew that 

s* = xs*~ l - *r l . 

r — I 

21. If A(x) = l" + 2" + 3* + ... + (x- l)’ 1 , shew that F(x) is a poly¬ 
nomial in (x~l) and cannot contain both odd and even powers of 
the same. 

1 f 

22. Prove that , & {0+ (n - r)} Mr expresses the sum of all the 

homogeneous products of s dimensions which can be formed of the 
r+1 consecutive numbers n, n-1, ... , n-r. 


23. Express x •r< n) in factorials. 

24. If A“ denote the number of combinations of m things r 
together with repetitions, and if C'“ denote, the number of com¬ 
binations of m things r together without repetitions, then 


1 ™ 

AT - 

m\ 

and C” is obtained by writing - (in + 1) for in in the expanded 
expression for A”. 


25. Prove that 

B';h+( n ~ l ) +( w ~ 1 ) b ™ 3 +... = o, 

( ' n ' 1 )B 2 B<:l 2 + ( n ~ l )B 4 B ( „ n l< +... - ( ‘^"' 1)! 


n - I 
n+ 1 ' 


26. Expand ( x — 1)U") in powers of x l . 
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27. Expand x~ n in factorials of the form (x - 1)< 

28. Prove that 

ty | /»tt 

B!n +1) (x+ 1 ) = ——' I 2 (cos (lz)) x cos (\xz) cos mzdz. 
rr J 0 


29. If D, ~ x , shew that 
ax 


w +l /(x) - *r {x) +**/" (x) + x?r (x)+..., 

f(x) being a polynomial. 

n ( _ ]\m m 

30. Prove that B n = V' ' AO”. 

»ri> 1 


31. Prove Staudt’s Theorem, namely, that every Bernoulli 
number B. ln is equal to an integer diminished by the sum of the 
reciprocals of all and only those prime numbers which, when 
diminished by unity, arc divisors of 2n. 

32. Prove that ^ ( - * = 1. 

, o n - s + 1 s ! 

33. Prove that 


M Brr * 2> ( 1) - £ ( v lBl n _; 1, (i)B^ +1) (i). 

n ^ 6 / 



CHAPTER VII 

NUMERICAL DIFFERENTIATION AND INTEGRATION 

The problem of numerical differentiation consists in finding an 
approximate value of the derivate of a given order from the values 
of the function at given isolated arguments. The problem of 
numerical integration consists in finding approximately, from the 
same data, the integral of the given function between definite limits. 
In this chapter we shall investigate a few of the many formulae 
which have been proposed for this purpose. It will be found that 
the generalised numbers of Bernoulli enable us to obtain general 
expressions for the coefficients of most of the formulae. It may be 
observed that some of the methods of numerical integration (often 
called mechanical quadrature) lead to corresponding methods of 
summation when the integral is known. 

7*0. The First Order Derivate. We have from Newton’s 
formula 3-1 (4), 

f(x + y) = J(x)+pA f(x) + ... + ( n P _ j A n l f(x) + ( P ) / (n) (£) <A 

where o> denotes the tabular interval and p — y / w. 

Thus 

_ j/ ( , )+ ir-i) 4a/w+ 0 

n! 

154 
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If we let then p->0, and 
(1) oj f'(x) =Af(x)-lA 2 f(x)+lA 3 f(x)-~- 

+ ( ~ 1)n r 2 A "- 1 m +/ (n) &)<»*, 

Ti X 7i v 

which expresses f'{x) in terms of the differences of f(x). 

To use the formula we have therefore to form a difference table 
in which x figures as one of the arguments. 

The above method can of course be applied to any of the inter¬ 
polation formulae of Chapter III. Thus, from Newton’s backward 
formula, 

«/'(z) = J/(s-<a)-f },A 2 f(x-2io)+lA z f(x~^) + ... 

+ n [ i + 

Again, if we use Stirling’s formula we note that the coefficients of 
the even differences vanish when p->0, so that from 3-3 (3), for 
example, we have 

w/'(x) = p8u 0 - ^p8 3 u 0 + / (5) (£). 

the differences p.8 u 0 , p8 3 u 0 lying on a horizontal line through the 
tabular value/(x). 

These formulae have been obtained by a special artifice which 
gives the remainder term in a simple manner. We now proceed to 
a more general method. 

7-01. Derivates of Higher Order. Let 

M x ) = (z-XiKx-Xj)... (x~x a ). 

Then Newton’s formula for interpolation with divided differences 
can be written 

n—1 

f{x) = f(Xj) + v <f>, (x) [XiXjX, ... x, +1 ] + cf> n {x) [xzfr ... *J. 
Differentiate m times with respect to x. Then 

(1) / (m) (*)= V ^i m, (x)[x 1 x 2 ...x J+1 ] + fi 0 (x), 

• —m 

(2) where R„(x) = {<f>„(x) [xx^ ... x„]}, 

which expresses the wth derivate in terms of divided differences. 
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To deal with the remainder term, let us first suppose that x is 
not interior to the smallest interval I which contains x v x 2 , ... , x„. 

Since <i> n (x) has n zeros all in I, by repeated application of Rolle’s 
Theorem we see that <f> ( ™ } (x), if m n, has exactly n-m zeros all 
in I. Hence, if y be a point exterior to /, 4> ( ,T\y) 0. 

Now consider the function 


(3) 4>(z) = <j> n (x) [xx } x 2 ... x n ] -<f> n (x) R n (y)l4> ( ™\y). 

This function vanishes for x = x v x 2 , ... , x n . 

Let J be the smallest interval which contains y , x 2 , ... , x„. 

Then, by repeated application of Rolle’s Theorem, has at 

least n-m zeros in J, and also the zero y which is not in 1. Thus 
has at least n-m+1 zeros in J. In particular, if m — n, 
then i|d n) (x) has at least one zero, say r ( , in J. Thus 


d" 

dr™ 

Now, from (1), 
Thus 

(4) Hence 


j^ n {ft) ft x jX 2 ... x„J} ^ /<">( 

R,Ay) = /^.ft) 

4>\?Ay) n\ 


o. 

r,)- 


R n (x) rr 


/ in) ( r w j ,(m) 




where t) is some point of the interval bounded by the greatest and 
least of x, x v x 2 , ..., x„ ; and x is not interior to the interval bounded 
by the greatest and least of x,, x 2 , ... , x n . Of course x may be an 
end-point of the latter interval. 

If in the second place we suppose x to be interior to the least 
interval I which contains x v x 2 , ... , x n , we can proceed as follows. 

By Leibniz’ Theorem, 

£ dx^ n{x) ( T t)dx^ [XX ^--- X ”^ 

Now by 1 -8, 

^.-r [“A = [ xx XX \X 2 ... x„](m- v)!, 
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where the argument x occurs m-v+1 times and 


[xx...xx 1 x 2 ...x n ] = 


1 


(m + n - v)! 
where \ v is some point of 1. Thus 


(5) 


It n (x) = \ 


\ d : 

dx' 


Ki*) 


v! (m + n - v)! 


/(- + -- r, (5r). 


Comparing (4) and (5), we see that, when x is not interior to the 
interval I, the form of the remainder term in (1) is obtained by 
differentiating m times the remainder term ^ n (z)/ (n) (^)/»i! as if \ 
were a constant, although the value r, finally used may not coincide 
with the original value -. If a- be interior to the interval I we obtain 
the more complicated form (5). 


7*02. Markoff's Formula, Ifp = y/o>, we have by 6-4 (2) 

(?) = 

o / 


Thus Newton's interpolation formula can be written 

n - 1 


f(r+y) -■= 


v 


l 


n(»- 1) 




n: 


where ’ is some point of the least interval containing 


(x + y, x, x~(n - l)u>). 

If y = 0, r-f;/ becomes an end-point of this interval. Thus we can 
determine the remainder term of the ?nth derivate when y — 0 by 
the formula (4) of the preceding section. 

Differentiating m times with respect to y and then putting y — 0, 
we have 




/<">(*) = 2L W , (*-»*+ 1) (1) d* fit) 

i m *' 

" n ~ m n (« - 1)... (n - m +1) i?<” m u (1 )/<»> (ij). 




This is Markoff's formula. Since, by 6-3 (4), 
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the formula can be written 


»-i 


(1) co»/<«>(*)= X 

|ea|n (5-W)!S 


m co" 


+ S5s ) H« s -^ , W- 


When w = 1 we have, by 04 ( 1 ), B ( t 'l, = ( - I)* -1 !® -1)!, so that 
the formula agrees with 7-0 ( 1 ), which is a special case. The 
coefficients can be calculated with the aid of the table in 64. 

If we write n = m +1, we obtain 

co m /<™>(sc) = B™A */(x) + W Wm ' 1 fi{ m+,) /<«+» (7]). 

W2- -f 1 

From 64 (3), = 1, 5 1 <m41) = -$(m+1). 

Thus 

(2) w "/("■)(!) = /j m /(x)~ l7WCO m+1 / (m+ 1 , (7i)» 


or 

(3) 


/ <m >(x) = A/(^)-Trnco/( m+I >(Y)), 


which measures the error committed in replacing a derivate by a 
difference quotient. 

For the case m = 2, n = 6 , (1) gives 

(4) co A 2 f(x)-A 3 fM 

+1 i zl 4 /(*) - S zf /(x) + 1 j 5 <o* /(•) (,). 


Example. To find/'(460),/"(460) when/(x) = cosx. 

Using the 10 figure tables in the example of 342, we have 

(■001)/' (460) = - -0001598118 + -00000049355 + } (-001) 3 /'" (5). 
In this range/'"( 4 ) = sin \ = 0-16 approximately. 

Hence 

/'(-160) = - -1598118+ -0004936 
= -•1593182, 

which agrees with -sin -160 to the last digit. The last digit is in 
general unreliable since the first difference in a correct table may 
be in error by one unit. For the second derivate we have 

to 2 /" (460) = - -0000009871 -u> 3 /'"(£), 
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whence /"(-160) = -0-9873, which disagrees by a unit in the last 
place with the correct value to four places, namely 

-cos-160 = -0-9872. 


Since the last digit of the second difference may be in error by 
two units, we cannot in any case rely upon the last digit of the 
calculated second derivate. 

We also observe that although a 10 figure table has been used we 
have only determined/' (x) to seven figures and/" (x) to four. In any 
case we cannot obtain more figures of a derivate than there are 
digits in the difference of the corresponding order. 

To obtain Markoff’s formula for ascending differences we begin 
with Newton’s backward formula, 

f(x + y) ~ ^ ( P ^ S 1 ) z\’f(z-so>) + ( p ‘ ” to”/<">(£). 

Now by 6-4 (1), 


Proceeding as before, we get 
(2) <u”>/<"»(*) = ^ mA’f(x- SU) 


{ l) mi " »JU>" g (n) , ( „w , 

+ (n -m)\n ' }n ~ mJ 


The coefficients have the same absolute values as the coefficients 
in (1). 

The simplicity of the remainder term in Markoff’s formulae makes 
them often preferable to the central difference formulae which will 
now be obtained. 


7-03. Derivates from Stirling’s Formula. Writing 

p = y j to, Stirling’s formula 3-3 (1) can be written 


f(x + y) = « 0 + 


i 02 s +i(?)M-S 2 ‘ +1 «0+ <hs{p)^ U 0 

> t <= 1 


+ «2n+l (p)f< 2n+1) (Z)to inn > 
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where u p =/(x + pw) and 

^w-o. =£(';:-/)• 

Differentiate 2m times with respect to y and then put y = 0. 
Then by 6-4 (7), (10), we have 


(1) 6 ,2m/(2m)(a-) = V} 

9 — m 

where from 7-01 (5), 

(2) ^2u-n( x ) 


m 


s(2s-2m)\ 


B™ Zm ( s )8*>u 0 + R 

2n+l (*), 


_ , <\ w 2 m - ) an-2v + 2(2, w )!/(2m + 2n-2M2)(^) „ (n + ] ) 

_ (^n + 1 ). ^ (2v - 1)! (2 m +'2» - 2v + 2)! (2n-2v + 2‘jT' ' 

Similarly, if we differentiate ( 2 w + l) times, we obtain 
( 3 ) w *™+i/(*m+i ) (*) 

= S (2,1 2m)! - 1 > l “o + +1 (*), 


W ■^Sn+ll®) 

<V to*»+ 2 «-** +1 (2m + 1)!/<*»+a»-aH-«(^) B%?j£!(n + I) 
+ - “ ( . 2v + ^ ( 2 ,„ t 2«-2v + T)! (2n-2v)! 

The following list gives the coefficients of the first few terms, 


BS* , (i») = i. Brd«) = -j.j. = 


)(n) 


(n) / 


«(5n-i 2) 


240 


(|«) = 


- n(35n*+42n + 16) 
2 6 x 3 2 x 7 ’ 


B ( 8 n) (H 


n(175n 3 + 420« 2 + 404k + 144) 
2 H x 3 3 x 5 


from which we easily obtain, taking 7 interpolation points, 
“/' (*) = (aS u 0 - l nS 3 u 0 + ;! ’o [xS 5 u 0 - ~ , 

<a 2 /" (x) = 8 2 u 0 - /, 8 4 « 0 + ^ S« u 0 - ^ /W (ft, 

7, » 7 / 

«7"'(*) = ,x8 3 Mo -i |itf «„ + j^/ (7> (5,)- I 6 8t) / W (^). 
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<»7 <v, (z) - ^ 5 « 0 -y/< 7) (y+^/ (9) (y- 9 |^/ (ll, (y, 

-V (v V) = S« « 0 - j / <8) &) + 7 7 /< l °> / (l2) (U ■ 


7-04. Derivates from Bessel’s Formula. With y / o> = p, 
Bessel’s formula, 3-4, can be written 

f(x+y) = Ug+p^u^ V) h 2a+ . J (jt))S 2# + 1 « i + V) 6 2s (y)fj.S 2, M i 

9 1 * — 1 

where u v = /(r + pw) and 

vw-rr')- 

Differentiate 2m times with respect to y and then put y — \o>. 
Then by 6-4 (9), (11), we have 

***/“">(*+**>)= V 1 B%\"(s + ±) ^u i + R 2n (x), 


(2s -2m)! 

where by 7-01 (5), 

If V <'> 2m+2n ~ 2 ' (2w) (;,) gg,7 8 V(n+j) 

2n ' “ ,r“o (2v)!(2m + 2«-2v)! (2>i-2v)! 

Similarly, 

oj 2m+1 /< 2 " i + 1 )(x+ ^o>) 


« - i 
V 


2m +1 


«(s+l)S 2j+1 « ■* + «*.(*), 


(2s +1) (2s - 2m)! 

0 2 m + 2 »- 2 ,+l (2m + 1 ) !/fta+2--*r+l) (rj B&Jjl 
„ = o (2v)! (2m t-2w -2v +-1)! (2n - 2v)! 

The formulae for m = 0 , m — 1 , give respectively 


fW 

= ( 2 »)! 2 


1 ‘3, ,5 

»/' {* + i*>) = S W| - i S 3 «»+ ^ /< 5 > (?), 


640- 


6 n .,8 
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It will be seen that the complicated form of the remainder term 
may often render the use of Markoff’s formulae preferable to those 
with central differences. 


7*05. Differences in Terms of Derivates. By Maclaurin’s 
theorem 

/(*) = 

8 ^ 0 S ' • 
where \ is in the interval (0, x ). 

Now x* — 2^ 0> (a-), so that by 6-11 (4), 




We have therefore 

A /(*) = *£ B<:zV) + Rn(x), 

where, by the method of 7-01, we can prove that 

This formula is due to Markoff. See also 2-54. 


7*1. Numerical Integration. The problem of numerical 
integration or mechanical quadrature is that of evaluating 

(1) £ f(x)dx 

in terms of the values of f(x) for a finite number of arguments 
x 0 , Xj, x 2 ,..., x„. The methods of approaching this problem fall 
into two main groups : 

(i) Methods depending explicitly on the values 

(ii) Methods depending on differences or on differential co¬ 

efficients. 

We shall deal with each of these groups in turn, but before doing 
so we make the general remark that the substitution 

(6 - o) t + a(3 - 6a 
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leads to 




so that the original limits of integration may be replaced by any 
others which may happen to be more convenient. In particular, 

[ f(x)dx~(b-a) f f[(b-a)t + a]dt, 

J a J fl 


r/[' 


(b-a)t + k(b + a) 

... ~— 


dt. 


It follows that a formula established for apparently special cases 
such as 

[ <f>(x)dx, [ <f>(x)dx, f <}>(x)dx, 

Jo Jo J - i 


can be immediately applied to the general case (1) by a suitable 
linear change of variable. 


7-101. The Mean Value Theorem. We shall make fre¬ 
quent use of the following theorem. 

Let f(x), <j>(x) be integrable functions in the interval {a, b) and let 
<f>(x) have a fixed sign in this interval. Then, if f(x) be continuous for 
a ^ x ^ 6, we can find a point t, in this interval such that 

f f{*)<i>{x)dx=f{fi,) [ <f>(x)dx. 

J a J a 

Let M, m be the greatest and least values of /(x) in the interval 
a ^ x ^ 6, and suppose that <f>(x) is positive. Then we have 

( [M-f(x)]<f>(x)dx^z 0, [ l/(x) - m] <£ (x) dx > 0. 

J a J a 


Thus 

and hence 


m\ <f> (x) dx > j" f(x) (f> (x) dx f cj> (x) dx, 

J a J a J a 

f f{x)<f>(x)dx — L f <f>(x)dx, 

Jo J a 




164 NUMERICAL DIFFERENTIATION AND INTEGRATION [7101 

where M > L^. m. Since/(x) is continuous,/(sc) attains the value 
L for some point {; of the interval (a, b ) and therefore L = /(£), which 
proves the theorem when <f>(x) is positive. If <f>(x) be negative we 
reverse the above signs of inequality and obtain the same result. 

7'11. Integration by Lagrange’s Interpolation Formula. 

We have, from 1-4, 


( 1 ) 

( 2 ) 


f {x] ~ i i-i, Pm +< t>{x) |zX) * 2 ■" Xn] ’ 

<f>(x) = (x-Xi)(x-x 2 )... <x-x n ). 


Thus, integrating from a to b , 


(3) f/(5r)i*= + 

Ja «-l 


where 

( 4 ) 


= 


<f> (x) dx 





.. x n ] dx. 


Thus the coefficients A/* 1 depend upon the interpolation points 
Xj, x 2 ,..., x„, but are independent of the particular form of /(x). 
Formula (3), like the identity (1) from which the formula arises, is a 
pure identity and therefore of general application. The utility is, 
however, limited unless an adequate estimate can be made of the 
remainder term R n . 

Denote by 7 the interval bounded by the greatest and least of the 
numbers o, b, x 1 , x 2 ,..., x„. When x lies in I we have, by T2 (2), 

[xXjXj,.— x„] = /<">(>)), 


where tj also lies in I. Thus if <£(x) have a fixed sign when x is 
in (a, b), we have by the mean value theorem, 7-101, 

(5) R n = ' £ 4> ( x ) dx, 

where \ lies in 7. 

If the sign of <f> (x) be not fixed we can proceed as follows. The 
zeros of the polynomial <f>(x) are x lr x 2 ,..., x„, which we suppose 



7-11] NUMERICAL DIFFERENTIATION AND INTEGRATION 165 

arranged in order of ascending magnitude. In the interval (x sl , x s ), 
<l>(x) has a constant sign and we have 



f (n) (Q 

n\ 



dx. 


Hence if x, be the first interpolation point such that a ^ x„ and 
x h the last such that x.^ b, we have 


( 6 ) 


R n = S (n){ y r 4> (x) dx + i'i [*” + ' 4>{x) dx+... 

% • J a J Zy 






n\ 


f <f> (x ) dx, 

Jin 


where £, +1 ,... , £„ +1 , ail lie in 1. 


7*12. Equidistant Arguments. If in the formulae of the 
last section we take 

x, — a+sto, s = 1, 2, 3,..., n, 

we obtain 


(1) [ f(x) dx — V A7»>/(« + sw) 

-f f (jT- a-<o)... a-[#, a-rco, ..., a + 
J a 

r- (B) _ ( - l )": 5 f > (g-«- cj). ..(Jg-a-«c a) , 

3 to"- 1 ' J a (x-«-sto)(s-!)!(«-«)! 

Now put 

(2) a = oi+(l ~A)co, 6 = oc+(h + A)o», x = a + yw 
and write F (y) — f(x + yu). We then have 

(3) 


b-a 

CO — f j 

n + '2k- 1 


[x, a + u,..., a + nw] = = \ / (rl >(cx + wiq) 


F (n) (^) = w n [y, 1, , »]. 


( 4 ) 
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Thus 

(5) co r* F{y)dy = o£ l J ( ” ) k F(s)+^R n , 

J l-t «-i 

(6) -R n =f" (y-l) — (y-n)[y, 1, 2,..., n]dy. 

Ji -t 

The formula ( 1 ) is completely equivalent to (5), but we note that 
the remainder term of ( 1 ) is oiR n . 

If in (5) we take Jc = 0 , we have 

(7) £ F(y)dy = J^ 0 F(\) + J o F(2) + ... + J^ 0 F(n) + remainder, 
while if k = 1 , we have 

( 8 ) f n+1 F(y)dy = J[ n \ F(l) + Ji"\ F(2) + ... + J ( „ n \ /?(«.) +remainder. 

Jo 

The essential distinction here is that in (7) the values F( 1), F(n) 
correspond to the end-points of the interval of integration, while in 
( 8 ) the values F( 1), F(n) correspond to points within the interval of 
integration. Steffensen has given the convenient epithets “ closed ” 
and “ open ” to the first and second of these types of formulae. 

Formulae of the open type are useful in the numerical solution of 
differential equations where it is necessary to extend the range of 
integration beyond the values already calculated. In order to obtain 
practical formulae from (5), we must proceed to a discussion of the 
remainder term. 

7* 13. The Remainder Term, n odd. In 7-12 we suppose 
that n = 2m - 1. Then 

R im -i = f (y- l)(y-2) [y-^m + \)[y, 1,2, ...,2m-l]dy. 

Jl-k 

Put x(®) ~ f {y-l)..-{y-2m+l)dy. 

Jj -i 

By 6-401 ( 2 ), ^( 2 m + k- 1 ) = -k) = 0 . Hence, integrating 

by parts, we have 

|*2 m (t -1 

= - X (y)[y,y. 1.2. 2m-l]dy, 

Jl-k 

~[y,l,2,...,2m-]] = \y,y,l,2,...,2m-'l]. 


since 
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Since ^(y) has a fixed sign (see 6-401), we have, by use of the 
mean value theorem. 


j*2 m 

R 2m-1 ~ ~ [i'll! ^l) 1 > ••• > 2m ~ 1] J 


k 


i(y) d y 

=--<=rL 

= - (4 - i)+ «2Y(1-t)}, 

by use of 6-401 (.'J). Thus we have 


0 ) «.m-l 

where 0 < r, < 2m; and using 6-11 (7), 


( 2 ) 


(3) 


9D^2m4-l) on(2») 7i(2m —1) 

p _ 2 m+l e >IJ Qgn . 2m—1 

3m -i* n “ (2m - 1)! (2m)! (2m-1)!’ 

k )p(2m+l) t>(2m) 

p _ ^2w-H , 2w 

2m “ 1 ' 1 ~ ( 2 m+l)! ( 2 i»)!* 


7-14. The Remainder Term, n even. In 7-12 we now 
take n = 2m. Then 


C~m i-i 

R 2 m = (y- !) {y~->n)ly> 1. 2,... ,2m] dy = 

J\-k 
rim t A— l 

&1 = (y - 1) (y - 2) • • • (y - 2m) [y, 1 , ..., 2m] dy, 

J 1-fc 

f 2 m + 

<s 2 = (y - l){y -2)... (y — 2 m) [y, 1.2m] dy. 

JZm+k -1 


By the definition of divided differences, we have 

(y - 2 m) [y, 1 . 2 m] = [y, 1 . 2 m - 1 ] - [ 1 , 2 , ..., 2 m]. 

S 1 can therefore be expressed as the sum of two integrals of 
which, by 6-401 (2), the second vanishes. Thus 

• f2m + t—1 

S x ~ (y- 1 )... (y- 2 m+l)[y, 1,2 . 2 rn-l] = 12 2m _ 1 

J l-i 


F^Hrh) ( 

(2m +1)! 1 


R ( 2 m + 1 > 
»2m+i 


( 2 -^ + 5^1° 


(!-*)}• 
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Again by the mean value theorem, 


f‘2m + k 

s 2 = h 2 > 1> — > 2m] (y-l)(y -2)... (y-2m)dy 

J2m+k~l 

F( Sm > (v) 2 ) f J.\ d(2b»+1)/i 

— 7%j4T])! (*-*■)-■& 2m-H 

since flST+i 1> (2m + i) = - -B-im+V'O - £) by the complementary 
argument theorem. Now, by 6-401 (8), the coefficients of the 
derivates in S x and S 2 have the same sign. Hence in the sum 
S} -f S 2 we can replace the derivates by a mean value and we 
obtain 



Ii„„ = - 

2F< t m) W B 


2 m 

(2 m +1 )! 

(1) 

^ l 2m ~ ~ 

V amtk F^ 

where 0 < t\ < 

2 m -f 1 and 



2#£"V ) 

(2) 

^2m, 0 

(2 m +1)! 

(3) 

1 

2 Bgr+v’ 

(2m + 1)! ’ 


<2m+l) 

2m i 1 


(1 - A), 


2 B<£> 


7*2. Cotes’ Formulae. If in 7-12 we put k = 0, we have 


b-a 

>i- 1 : 


and consequently 

f f(x) dx - (b~a) V n[”\f[a t (v - 1) to] t /?„, 

Jn ,1 


where 


(1) Hi n, = (-])"- (" Jjf"- 1 (' 1 ) At. 


The remainder term is obtained from the formulae of the last 
two sections. 

We have, with the previous notation, 

F^(y) -- oo'/ ( -)(r). 
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Thus _ w 2 m+ i f^(l)C 2m . l0 , 

X*m = - < 0*«+V ( * W> (5)C 2mi 0 . 

If, for brevity, we put 

( 2 ) y, =/[o + (v- I)to], 

we have Cotes’ formulae, namely, 

(3) 

b 2m—I 

f(x) dx — (b- a) V // ? m ~ u y r ~ 

a ,1 

fb 2 m / J, __ n x 2m + l 

(4) j^ f(x) dx = (b-a) V H™y r - -"-J /< 2 ”» (l) C 2m , 0 . 

Expressions for C' 2m . li0 , C 2mi0 in terms of generalised Bernoulli’s 
numbers are given in sections 7-13, 714. Numerical values can 
be obtained from the table of 6-43. 

Cotes’ formulae are of the closed type, the functional values for 
the end-points of the range being used in the formulae. 

The coefficients H[ n> have the property 

//i"> = //‘ri r41 . 


/<->«><^.0, 


which expresses that coefficients equidistant from the ends of the 
interval are equal. To prove this we have 


H 


(») 

n — v-t 1 



l 



l 

t - n + v - 1 



it. 


Put t ~ 1 + then 


H 


(n) 


= (-l)- 1 ", 

' ' n -1 

(“-) 

) f 1 

1 i 

fn-z'' 

)dz 

\ V — 1/ 

J n 

z — v 

\ n / 


n 

(n- 1 

\ f" 

1 

fz-1' 


= (-1 -r 

' n -1 



-i 


)dz 

V v - 1. 

' h 

z - V 

\ n / 



That the coefficients are rational numbers is evident from the 
definition. 

The values of the coefficients were calculated by Cotes for 


n 


2 , 3 . 


11 . 
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The values in the following table are taken from Pascal’s Refer- 
torium. The last column gives the remainder term with the 
coefficient abbreviated to two significant figures. 


\. v ! 
n \ | 

1 

2 

3 

4 

Remainder 

^ i 

1 

1 

j 

; 

I 

! 

| 


3 

& 

4 

1 

A 

-:i-5(b-a) B f< 4 >(£) x 10- 4 

4 | 

. . 

•g- 

,'f 

8 

.*1 

8 

8 

-1*6 (b-affW^xlO-* 

5 

Vxr 

i jr j 

1 >* 

■ 

6 

-5-2{b-a) 7 fW(Z)x\Q-‘ } 

6 

0 » 

« H H 

li C H | 

>o. ! 

ins 

:.o 

1 S M 

! - 3-0(h - a)’/ (#) (5) x 10-- 7 

7 

4 1 

* 4 a 

i !M 

1 m 6 

i 

h 4 0 

! H i S 

! -6-4(6-a)V (B) (5)xlO- 10 

8 

7 ' 1 

irsnir ; 

| i'VV*V 

1 :i “2 

1 7 m k 0 

i 2 h i* 

O 

i 

! - 4-0(6 -a)«/w(5)xio-» 


The remaining values for n = D, 0, 7, 8 are obtained by using the 
relation II[ n) = H$L r+1 . 

Comparison of the remainder terms shews that there is little to 
be gained by taking 2m ordinates instead of 2m - 1 . 

7*21. The Trapezoidal Rule. Cotes’ formula for n — 2 
gives 

To apply this rule to a given interval (a, b) we may suppose (a, b) 
divided into n equal parts, so that b-a — nh, say. To each point of 
division, including the end-points, there will correspond a value y 
of j(x). If to each separate part we apply the rule we obtain with 
an obvious notation 

\[yix=± (*{y,+y, +1 )-^/"(U) 
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= lL ~„ a [ly i +y 2 +---+yn+y n+l ]-~ a r&)-h*, 

which is the trapezoidal rule. 


7'22. Simpson’s Rule. This well-known and useful formula 
of mechanical quadrature is the special case m = 3 of Cotes’ formula. 
We have then 



b - a 

ir 


/(a) + 4/(~j+/(6) 


(6 - a ) 5 

Y8B(T 


f w (ZY 


The remainder term is zero and the formula exact when / (x) is a 
polynomial of the third or lower degree. If we divide the interval 
(a, b) into 2 n equal parts, so that 2 nh = b~a, we have, applying 
Simpson’s rule to each successive pair, 

\j jdX = b ~ln ^ + Uji + ' 2lh + i Vi+- + ' 2 9* n-1 + 4 ^2n + y 2 n +1 ] 

-f R(2n. h), 

where 


7*23. Formulae of G. F. Hardy and Weddle. Cotes’ 
formula for « = 7 gives 

( 1 ) 

J n 

= ^41 J/i + 21% 2 + 2~y 3 + 27% 4 4- 27y 5 + 2l6y t + 41y 7 } 

- 6-4(6 -aJV^^JxlO* 10 . 

Now we have the central difference 
(2) §« 2/4 = 2/i - + 1 % 3 ~ 20y t + 15 j/ 5 - 6 y t + y v 

Between (1) and (2) we can eliminate any pair of functional 
values which are equidistant from the central value y t . If, from (1), 
we subtract 

S 6 


27 (b-a) 
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and thus eliminate y 3 , y 5 , we obtain G. F. Hardy’s formula, namely, 

(3) £/(*)&;= 5(6-fl){0*14(y 1 + y 7 ) + 0-81(y t + y e )+M0y 4 } 

+ 4-6(6- a) 7 /( 6 )(^) x lO- 8 - 6-4(6 - a)®/ (8) (£) x 10- 10 , 

since, from 3-0, 

S 6 2/4 = (~ a ) # / (6, (^)- 

The coefficients of the remainder term are given to two significant 
figures. 

If, instead of eliminating one of the values, we add 
(6 - a) S e y 4 / 840 

to (1) we obtain Weddle’s Formula, namely, 

| f(x) dx = ,V, (6 - a) {(y 1 + y-,) + 5 (y 2 + y 6 ) + (y 3 + y s ) + 6y t } 

- 2-6(6 - o) 7 /< 8 >(£,) x 1(H» - 6-4 (6 - a) 9 /W(=) x 10 -' 10 . 

The merit of this formula is the simplicity of the coefficients, the 
disadvantage is the complicated form of the remainder term. 

The principle here exemplified could be used to obtain an endless 
variety of quadrature formulae. 


7’3. Quadrature Formulae of the Open Type. If in 7-12 
we put k = 1, we have 

6 - a 

co =-. . 

n+ 1 

and consequently 


where 


f /(*) dx = (6 - a) V) K[ n) f(a + v co) + 

J a p J 

^- 1 r ’ ?+i C:!) r; - i • 


This leads to the two sets of formulae, 

Cb 2m —1 /h — n 2w+l 

]J(x)dx = (b-a) £ A 't 2m_U ^-( 2m J 

ft 2m f h — n \2m + l 

£/(*)!**= 
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The expressions for C 2m _ liV C Znit y are given in sections 7 - 13 , 
7 - 14 . In the formulae the functional values f{a),f(b) correspond 
to v = 0, v = n+ 1, and these values are not used in the formulae. 
The coefficients satisfy the relation 

r r (n) _ t'(n) 
n ► — n-n-r+ 1 > 

which can be proved in the same way as for Cotes’ coefficients. 

The following table gives the coefficients and remainder terms of 
some of these formulae : 


V 

n 

! 

i ! 

i 

2 

3 

1 

i 

Remainder 

2 

i 

s i 

2-8(6-o)»/ (2> (S)x 10- 2 

3 

r» 

l 

1 

i - 

3-1 (b-a) 5 / (4) (;)x 10- 4 

4 

11 

i 

*- 4 

i 

i 

; - 4 

2-2(6-a) 5 / (4> (^) x 10 -4 

5 

11 

•j 0 

_ 1 t 

•J i> 

i ft 

' u o 

1 

T1 (b - a) 7 f< 6> (c,) x 10 -6 

6 

IS 1 1 

14 4 0 

4 :> m 

14 4 T) 

1 

l 

I ft " 

| 

7-4(t-a)V (6) (5)xlO- 7 


7*31. The Method of Gauss. From 711, we have 

where (f> (z) = (a: - x-y) (x - x z ) ... (z - x„). 

If in the above formula we neglect the remainder term, the 
approximation obtained is equivalent to the approximation obtained 
by replacing /( x) by an interpolation polynomial of degree n - I, 
which coincides with f(x) at the points x v x 2 ,..., x n . Gauss has 
shewn that by a proper choice of the interpolation points 

3h, ^2* — y 

we can obtain an approximation to the given integral equivalent to 
the approximation obtained by replacing /(x) by a polynomial of 
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degree 2n-l. This means that if the n interpolation points be 
properly chosen, the remainder in (1) will vanish when f(x) is a 
polynomial of degree 2 n - 1 at most. 

Let P(x) denote the polynomial of degree 2n~ 1 which coincides 
with f(x) at the points x v x 2 , ..., x n +„ x„.,_„ , x 9 „, and let 


,J 2n> 




Q(x) is thus a polynomial of degree n- 1 which coincides with f(x) 
at x v x 2 , ..., x„. 

Let c be a constant. Then P(x)-Q(x) and c<j>(x) both vanish 
when x = x 1 , x 2 , ..., x„, and therefore we have 

(2) P(x)-Q(x) = c<f>(x)N(x), 

where N (x) is a polynomial of degree rt— 1. Then, as in 7-11, we 
have 


where 

(3) 


f f(x)dx= f P(x)dx+ R, 

J a J a 

R = f (x - X,) (X - X?) ... (x - x Sn ) [xx 2 x 2 ... x 2 J 

J a 


dx. 


Using (2) we therefore have 


(4) f f(x)dx= f Q(x)dx+[ c<f>(x) N (x)dx + R. 

J a J a J a 

We now prove that by proper choice of x 1 , x 2 , , x„ the second 

integral on the right will vanish. 

Let the polynomial resulting from k successive indefinite integra¬ 
tions of <f>(x) be denoted by <f> k {x). 

Then, by repeated integration by parts, we have 

j" c<f>{x)N(x)dx 

~ c [& (x) N (x) - <f> 2 (x) N' (x) + ... +(-l) n ~ 1 <£ n (x)2V< n ~ 1 >(x) j , 

since N^(x) = 0. The integrated expression will vanish if we take 
for c <f> (x) a polynomial such that 

^*(°) = = t = 1, 2, 3, ..., n. 
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This result is therefore attained if we take 


c 4>( x ) = dx n ^ (*-«)"(*~ 6 ) n ]- 

Since <f>(x) = (x- x^lx-z 2 ) ... (x-x n ), we have 

(5) (x-x,)(x-x 2 )... (x-x n ) = ~y, [ (x - a)"(x-&)»], 

so that the required interpolation points are determined as the roots 
of the equation 

( 6 ) fe„ [ - a)” (* - 6)"] = 0. 


That the roots are all real and lie between a and b is seen at once 
by successive applications of Rolle’s Theorem beginning with 
(x - a) n (x - b) n , which has n zeros at a and n at b. 

The divided difference in the remainder term (3) is zero if f(x) be 
a polynomial of degree 2 n- 1 at most, and we have therefore proved 
Gauss’ result. It should be noted that when x v x 2 ,..., x„ have been 
determined by (5) the remaining interpolation points x n+1 , ..., x 2n 
remain arbitrary. If we take x„ + , = x„ s = 1, 2, ..., n, the re¬ 
mainder term becomes 


It — f (x-x 1 ) 2 (x-x 2 ) 2 ... (x-x n ) 2 [xx 1 x 1 x 2 z 2 ... x n x n ]dx 
J a 

(2n(£\ (b 

= J-in) ! ) ^ _ ~ x z ) 2 ■ ■ ■ “ • r -) 2 dx 

by use of the mean value theorem. 

Since (x-x 1 ) a (x-x 2 ) 2 ... (x-x„) 2 = (<f>(x) ) 2 , the integral in the 
remainder term after n integrations by parts becomes 

fb ( I \n ! ft I fb 

{ - 1)" J 4>n (®) <f> {n) dx = ~ ‘ J o (* ~ °) B ( X “ b ) n dx ' 

Integrating by parts n more times this becomes 

(- l) 2n (w!) s P (x- a) 2 " , _ (n!) 4 (6-a) 2n+1 

(2m!) J a (n + l)(n+2)... 2 m X [ (2n)!J*(2n+1)' 

Thus finally we have the formula of Gauss, namely, 


[ b f(x)<ix= £ 9 i ; ) j(x s )+ 

J a # •“ 1 


(n!) 4 (£>-a) 2n+1 
[(2n)!f(2n + l) 
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where £ lies in the interval (a, b) and x v x 3 , ..., x n are the zeros 
of (6), while, by 7-11 (4), 

(») _ P H x X A x ~ 

9 ‘ Ja <f>’(x,) x-x,' 

The advantage of this formula lies in the fact that by the use of 
n points only we are attaining the accuracy which would ordinarily 
result from the use of 2 n points. The. disadvantages lie in the fact 
that the interpolation points in general correspond to irrational 
numbers and their use leads to excessive labour in numerical calcu¬ 
lation. 

If we make the change of variable 

x = $(b-a)t + h(b + a), 

the new interpolation points l v /.>. ..., l n are given by 

*>-!)- 

= 075".;.(2w"-l) Pn(,) ’ 


where P n (t) is Legendre’s polynomial * of degree n , and we have 

(n) i // \ f fl f n U) dt /» _wt(n) 

where the coefficients G ( , n) are independent of the particular interval 


(a, b). 

The zeros of P n (l) can be arranged in the order t v f 2 , ..., t n in such 
a way that 

U + *«-*+! = 0|* 


and if n be odd the middle member of the sequence is zero. With the 
aid of this property it is easy to prove that 

n(n) __ /"»<«) 

\J g — " * « - # -f -1 • 


The following list gives the first six Legendre polynomials ; 

P 0 (X) = 1, />!(*) = *, P t (x) = i(3x*-l), P,(x) = J*( 5x*-3), 

Pi (*) = i (35Z 4 - 30a; 2 + 3), P b (x) = \x (63x« - 70x 2 +15). 


* E. W. Hobson, Theory of Spherical and Ellipsoidal Harmonics, (1931), 
p. 18. See also pp. 76-81, for a discussion of Gauss’ formula and for numerical 

data. 
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With the aid of these expressions the zeros and the coefficients 
can be calculated. For the numerical values of the zeros and 
coefficients to 16 decimal places for n = 1,2, ..., 7, the reader is 
. referred to Hobson (loc. cit.). 

7*33. The Method of TschebyschefF.* Let F (x) be a given 
function, and <f> ( x ) an arbitrary function which is assumed to have 
differential coefficients up to and including the (n + l)th. We seek 
to determine points x v x 2 , ..., x„ such that 

(1) J F(x)<f>(x)dx = k[<f>{x 1 ) + <f>(x 2 )^ ... + <f>(x n )] + R„, 

where k and the points x v x 2 , ..., x„ are independent of the particu¬ 
lar function <j)(x ) and where the remainder term R n depends upon 
^>< n+1) (a:) only. 

We have, by Maclaurin’s Theorem, 

<f> (*) = 4> (0) + x 4>' (0) + - <f>" (0) +...+£| f-> (0) + ( -^~ ) - ! *<-«> (5), 

where 0 ^ \ < x. Consider 

K - J F(x)<f>(x)ds-k[<i>{x l ) + ... + <f>(x n )]. 

If we put 

T a = j Jimdx, 

we have 


Rn = «A(0)+f (0)+... + <p>(0) 

/*+l jw+1 

+ ]_! (T+T)! F ( T )^ n ^ ) &dx- n k<f,{0) 

- £ <A'(0) K + * 2 +... + r„] - k (0) [X* + x •+...+ *„*] - ... 


■ ~“f- 0) W + *5 + — + a?»] 
k 


n + l 


where is a number in the interval (0, x s ). 


V n+ 1 ) (U), 

s = 1, 2, ..., n. 


* P. Tschobyscheff, Journal de Math. (2), 19 (1874). 

M 


M.T.C. 
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The terms containing <f>'( 0), ..., <£<">(0) will therefore dis¬ 

appear if we take 


( 2 ) 


nk »= 


f+i 

J F(x)dx, 
r+i 

x s +... + x„] = J xF(x)dx, 


&[x? + x£+... + x||] = J x n F(x)dx. 


The n+1 numbers i. x it x 2 , ..., x„ having been determined in 
this way, (1) constitutes Tsckcbyscheff’s formula, the remainder 
term being 

(3) R n = ^^^FW^Mdx-- A ); ± 

which vanishes when </>(x) is a polynomial of degree n at most. In 
this case Tschebyscheff’s formula is exact, that is to say, there is 
no remainder term. 

To determine x v x 2 , ..., x„. we proceed as follows : 

Put /(z) = (z-Xj)(z-x 2 ) ... (z-x n ), so that x„ x,. r„ are 

the roots of the equation 

(4) f(z) --- 0. 

Taking <f>(x) — (z-x) -1 , we have 


»>(x) = (« + J)! (z-x)-" 11 

so that 

(®) ~ -fl+2 '* ri ^ 3 ' > 


where Cj, c 2 , ... are independent of z. 

Also, by taking the logarithmic derivate of/(z), we have 

A _/'<*) 


i i 

-1— 

Z - X, z-x. 


+ ... + - 


z- x„ 




and thus from (1) and (5), we have 

r *<*>*=*#} 

J^z-Z f(z) 


M- - 1 J—„ JL 4- 

2*i-b2 
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Integrating with respect to z, this gives 

/(*) c \ c z _ 


f+i 

J F ( x ) log (z-x)dx = k log 


C (n+l)z n+1 (n + 2)z n + 2 
where C is a constant. Taking the exponential of both sides, we have 

/(„) exp £ + j j z n+i + 2 ) z «+2 ‘ ‘' J 

= C exp Q | F ( x) log (z - x) dzj . 

Since the expansion of exp [ - ( — ...] 

differs from unity by powers of 2 lower than z~ n , and since/(z) is, 
by definition, of degree », it follows that the polynomial part of 
the first member is equal to f(z), and therefore 


( 6 ) 


f(z) = P jcexp Q. | ^ F{x) log(z- x) dx j |, 


where P denotes the polynomial part of the expression in curled 
brackets when expanded in descending powers of z. 

Since the coefficient of z n in f(z) is unity, the constant C is deter¬ 
mined so that the coefficient of z n in the right-hand member of (6) 
shall be unity. 

By giving particular values to F(x) we can obtain a variety of 
quadrature formulae. The most important case is F(x) — 1, which 
2 

gives, from (2), k = . Also, integrating by parts, 


| Iog(z-x)£te = (z + l)Iog (z+l)-(z-l)log (z- 1)- 2 
— 2 logz+ (z +1) log (l + * j + (l -z) log(^l - 

= - log 2 - .) 3,2 “ 4.5-4 ~ q ;? 2 « 
using the. logarithmic series. Thus, from ( 6 ), 

/<-) = p {c exp [» log a - J—3 - :i -“ ? j 

where we have taken C = 1 in order to make the coefficient of z" unity. 
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Taking n = 2, 3, 4, 5, we obtain the polynomials 

Z 2 -S, z(z 2 -i)> Z(z<- &Z 2 + A)- 

The polynomials are evidently even and odd alternately. 

Solving the. corresponding equations, we obtain the positions of 
the ordinates as follows : 


n = 2, 

-Xj = x 2 = 0-57735027, 

II 

s 

-Xj = x 3 = 0-70710678, 

n = 4, 

— x, = x 4 = 0-79165447, 


-x 2 = x 3 = 0-18759247. 

n = 5, 

-x x = x 5 = 0-83249749, 


-x 2 = x 4 = 0-37454143, 


Tschebyscheff’s formulae, like those of Gauss, have the dis¬ 
advantage that the positions of the ordinates correspond to irra¬ 
tional numbers. They have the practical advantage of simplicity. 
Moreover, when the ordinates arc obtained from observation or 
measurement and are therefore subject to error, the method has the 
advantage that all the errors are equally weighted. 

7-4. Quadrature Formulae Involving Differences. 
From the interpolation formula with divided differences, wc have 

(1) /(*) =/(*i)+ ^ (x-x 1 )(x-x 2 )...(x-xJ[x,x 2 ...x 5+1 J 

t 1 

-i ( 2 --.r, )(,/•- r 2 )... (x-xJjxXjXj ... x„]. 
Let a and a + wbc numbers such that in the interval 


a ■ < x < a + o) 


the product (x- x,)(x- x 2 )... (x- x„) has no zeros. In this interval 
the product has a constant sign, and hence by the mean value theorem 



(x-xjfxx,... x „]dx 

= ^ ^ £ (x - Xj)... (x - x„) dx. 
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where lieu in the interval bounded by the greatest and least of 
a, a + co, x v x 2 ,..., x„. Thus we have, from (1), 


l Ca+- 

(2) f(*)dx=f(x 1 ) + A l [x 1 x t ] + A t [xyx 2 x 3 ] 

w Jo 

+... + A [x x x 2 + A„ /» (^) / n!, 

where 


(3) 



fa f » 

(x-x t )(x 

J a 


-x 2 )... (x-x,)dx. 


From this result a variety * of quadrature formulae can be 
deduced by assigning suitable values to x„ x 2 , ..., x n . 


7*41. Laplace's Formula. In (2) of the last section put 

Xj = a, x a — a + (s - 1) to. 

Then 

1 pH- 

A s = - ] (x- a) (x- a- to)... (x - a - »<o + co) e£x 

W Jo 

= W*f ...(t-s hl)dt. 

J 0 

Thus, by (i-4 (1), we have 

1). 

Also by 3-0, 

lx* ... x, +1 l = to- A s /(«)/ S !. 

Thus, since B ( i \l) = I, we have 


(1) \ f f(x)dx= H/(«) + /(« + w)} + 0 \ ^ 2> (1) J 2 /(o)+... 
+ (M- 1 1)! J '" 1 f{a) + n\ ““ 

Now 

f - 1 

V; J s /(o+ va>) = J - 1 /(a + roj) - /(a), 

v —0 


v 

►--a 


/<">(U = *■/<">(«• 


* H. P. Nielsen, Arkiv. for Mai. Ast. och Fys. 4 (1908), No. 21. 
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Hence, if in (1) we replace a in succession by 
a I - w, a 4- 2(o, ..., a 4- (r — 1) co 

and then add the results, we obtain Laplace’s formula, namely, 

1 fa+r« 

( 2 ) - f{x)dx 
co 3 a 

= [£ /( a )+/( a + co)+/(o + 2<o) +... + /(« + (t- l)(o) 4 f (a + rw)] 

I sc 2 « « 71 1 

This formula gives the definite integral of a given function in 
terms of differences. Alternatively, the formula gives the sum 

/( a ) + /{° + co) + ... + /(a + rco) 

if the integral can be evaluated. The differences employed arc the 
forward differences of /(a), /(a + no). 

To calculate these we require the functional values /(o-f vto) 
from v = 0 to v = w-fr-2, and therefore £ lies in the interval 
(a, a+(n + r~ 2)co). 

To find the coefficients we have, from 6-43, 

V ^!).,._ ... . 

v! log(l + 1)' 

Thus we have 


V 2 3 4 

5 

j 

0 

7 

J9«/*(l)/vt j - 1 ,V | - 7 VV, 

1 

vivo 1 

_ hh:i 

ft ft 4 h ft 

i , 7 5 

} a 4 i » i 


That the signs alternate follows from 6-4 (4). 

A corresponding formula for backward differences is easily 
obtained by taking x, =■ a -(s- 1) co. We then obtain 


’j 

A, = - ■ I (x-a)... (x-a + (s-l)o)dx 
(0 J a 

= (0* f (< + s-l)...«<ft = C0*5 ( / ) (s). 

j 0 

By the complementary argument theorem, B ^(s) = (-!)■£<'>. 
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Thus 7-4 (2) gives 

~ j“ + '“/(*) dx = f(a) - B[ l) Af{a - to) + *, B ( t ‘> J*/(« " 2a.) - - 

+ (-l )"- 1 (W ^ 1} T Bt\" A n -V(« - (n - 1) <o) + mto" a), 

which is an integration formula with ascending differences. 

In particular, for n — 4, we have 

(3) “ f fix) dx = f(a) + \ A fifl - £*>) + v 'V A 2 f {a- 2co) 

CO Ja 

+ *JV(«-3to)+mco‘/W(5). 

Formulae of this type can of course be obtained by direct inte¬ 
gration of the appropriate interpolation formula. 

7*42. Formula of Laplace Applied to Differential Equa¬ 
tions. Laplace’s formula with ascending differences is the basis 
of the Adams-Bashforth method of integrating numerically a given 
system of ordinary differential equations. Such a system can 
always be reduced to the first order by introduction of new variables. 
Consider the single equation 

y' = dx = F{x ’ y ] - 

From this equation by successive differentiation we can obtain 
y", y'", ..., in terms of x, y. Let it be required to find the solution 
with the initial conditions y = y 0 , x — x g . 

We first calculate yj, y 0 ", yf", ..., and then, by Taylor’s Theorem, 

y = y 0 +(x-x 0 ) Vo' + ; 2 > (x - x 0 ) 2 y 0 " + .... 

Taking an interval to for x, we calculate from this series y v y 2 , y 3 
corresponding to x 0 + co, x Q + 2co, x a + 3co, and from the given differ¬ 
ential equation the corresponding derivates 

3/i = B [x^ s y l ), y 2 = F(x 2 , y 2 ), y 3 = F(i 3 , y 3 ), 

where 

Xj = x a + to, x 2 = x 0 + 2co, x s = x 0 -j- 3co. 
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We can now form the table : 


*0 

2/o/f> 

2/o' 

Jj/o' 


:r 0 -f <0 

2/i/ w 

2// 


<d 2 2/o' 




/12// 

/l 3 2/o' 

x 0 + 2(o 

2/•/<*» 

2 / 2 ' 

Jy.' 

^2/r' 

:c 0 + 3w 

2/s/“ 

2 / 3 ' 




a; 0 + 4a> 

If we can find y 4 / w. the table can be extended another line. Now 
by (3) of the last section, if we put f(x) = y\ a — a^+Jko, we have 

2/4 ~ Jr 2/a = Vz + ’ A \h + i', A * 2/i' + 2 A 3 2/o' + f S 4 *) (lv) > 

CO CO 


where r/ lv> is a value of d 4 y j dr*. If <o be sufficiently small to allow 
the error term to be neglected, we have the value of y t / w, and hence 
we can find y\ = F (x 4 , y } ) — F(x 0 +4<a, y 4 ). We can then write in 
a new line of differences and proceed to the value of y 5 /o> by the 
same method. This is the Adams-Bashforth process. The extension 
to systems of equations leads to greater complexity in the calcula¬ 
tions, but the principle is the same. For an account of the present 
state of this subject the reader is referred to a lecture by H. Levy * 
on the numerical study of differential equations. 


7-43. Central Difference Formulae In 7-4, take 
n=2m, x 2s = a + si», z 2 , +1 = a - sco. 

Then, writing x — a + Zw, 

A 2s = co 2 * f (/ + * - 1) (/ + s - 2)... (t - s) dl = w 2 ' B 2 0 (s), 

A 2)+I = a> 2 ‘ +1 f (l + s)... (I- s)dl = w 2,+1 £^* + + i 1) ( s + 1). 

J o 


H. Levy, Journal London Math. Soc. 7 (1932), p. 305. 
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From f>-3 (1), putting x = s, n+ 1 = v — 2s +1, we have 

«SSVi 1) (*+i) = *(2*+i)Bg ,, W. 

Also 

... x 2t ] = ( ^ 1 y ! A*- 1 f(a-(s-l)<*), 

r*i®s **.«! = f As y. a 2 ' /(“-“O- 

Thus 

1 f<* + " m - 1 d(2*)/..x ( 1 

-J a mdx = ^ |/i 2 v(«-«»)+1zi 2,+i /(«-*>) J 

Now 

zl 2 ' /(« - s«) + i A 2,41 /(« - «w) 

= | zP /(a - *«) + i zl 2 ' /(a - (s - 1) to) 

= i ZP~ J /( a - (s - 2) to) - i A 2 - 1 /(« - sw) 

= pS 2 * 1 /(a + co) - (xS 2s_1 /(a), 

in the notation of central differences. 

Thus we have 

l | n /(a - ) d-r = •! | /(«) 4 /(« -»• <»)} 

IK - 1 n(2«) /„\ r -v 

+ w -(&)! /(« + «*>)-f^- l /(«)} 

t *2tn 

If we write in turn for a the values a-*-w, a+ 2 to,, o + (r- l)to 
and then add the results, we get the central difference formula 

^ J f(x)dx = {if(a) +f(a +w)+...+/(o+(f- l)co)+*/(o + rw)) 
+ i:' {n8^-Vfa + rto) - ,**-»/(«)} 

+ (5l 2,Sr>(, " ,/P " ,(5) - 
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The differences actually used with this formula arc shewn 
schematically as follows : 

8 S 3 8 5 


Vo =/(«) 


Vr =/(o + m) 

• • • 

Thus, for m = 3, we have 

b [ a J f(x)dx = + .••+yr-i + iyrl 

- J2 { i (&2/rJ + %r I j) - i ($2/-J + Si/i) } 

+ 720 { I i + S 3 */r+ *) - l (S 3 y- J -I S 3 i/ t ) } 


191 

60480 


lo T (rv'f fW{l) - 


e 104 

Example. Calculate I sin x dx, 
J-ioo 

using the table 


X 

sin x 

A 

zl 2 

A 3 



9873068 


- 10 

0160 

015931 82066 

9871475 

-1593 

- 11 

•161 

•16030 53541 

9869871 

- 1604 

-8 

•162 

•16129 23412 

9868259 

- 1612 

-11 

•163 

•16227 91671 

9866636 

-1623 

-10 

•164 

•16326 58307 

9866003 

-1633 

-9 
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Thus, since r — 4, b-a = 0-004, we have 

r-104 

1000 sin x dx = 0-64516888105 + 0-00000005377 

J-160 

+ -0032 x 4 x (-001)® x -16. 

The remainder term affects only the 21st decimal place on the 
right. We therefore obtain 
riet 

I sin x dx = 0-00064 51689 (348), 

J -100 

the figures in brackets being actually given by the above numbers. 
The correct value to 15 places, namely, 

cos-160-cos-164 is 0-00064 51689 34801, 

so that the above result is correct to 13 places. The precision of 
this result may be contrasted with the loss of accuracy in differ¬ 
entiating a table, as in the example of 7-02. 

7-5. The Euler-Maclaurin Formula. Denote by P y {x) 
the periodic function of period unity which coincides with B,(x) 
in the interval 0 ^ x < 1, so that 

P y {x) = B y (x), 0<x<l, 

F,(z+1) = P,{x). 

Since B y {\) ~ B y (Q) if v > 1, we have 

P y (l) = P r (0) = B y (0) = 5,(1), 

so that P,.(x) is a continuous function at x — 1 and therefore at 
x = 0, 1, 2 ,..., provided that v > 1. P 1 (x) is, however, discon¬ 
tinuous at these points, for B^x) — x-1 , and hence 

P l {x) = x-\, 0 sg:x<l, 

^( + 0) = -*, A(-o)=+£. 

Again, from 6-5 (5), 

DB y (x) = vB,.,(i). 

Thus D P y (x) = vi 3 ,.; (x) 

and therefore D P„ (x) is continuous at 0,1,2,..., when v = 3, 4, 5,..., 
but D P 2 {x) — l 2Pj(x) is discontinuous at these points. 
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Now consider the expression 

(1) = Pm(y-t)f (m) (x + ut)dt, 0<y^l. 

m. Jq 

Integrating by parts, we get 

R m = - r [P n (y - + .o']; 

- “p| m P m _, (y - 0/ <m " 1) (* + w£ ) dl - 
Since P,„(y- 1) = P m (y) = B m (y), wc have 

m v T71 

*m-l = l(y) A 


B* = -p B 2 (y) A /'(*) + Bj. 

Now 

B^-cuf Pi^J-Of'ix + utjdt 
Jo 

— — co j* ~ ^ ^(x-f co£) dt — co f (z/ — f ^) y (x -+■ cof) dt 

= fi x + yw) - B t (y) O) A /(*)- 1 f f(t) dt, 

* w j x 

the last line being obtained by integration by parts and then writing 
t for x + o)t in the integral. 

Thus, by addition of all the above equations, we have 

(2) ^ £ f( l ) dl = /(x+yoi)~ B x (y) « A /(*) - B t {y) A /' (x) 

- “j B a (y) A B m (y) A /‘- 1 ><*) - R m . 

This is the general Euler-Maclaurin formula, of which 6-511 (3), (6) 
are particular cases when f{x) is a polynomial. 
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If we put y — 0 and write 2m for m, we have, since 

-®2s+l = 0, s > 0, 

(3) * p /(o dt = i {/(x) +/(*+«)} - £ p b 2 , a f*- i m 

since 

= P, w ( 1-0 = = 5 2m (0 = P 2m (t). 

If in (3) we write in turn x + to, x + 2(o,..., x+ (n- l)o> for x 
and add the results we obtain 

1 fX ftl. 

( 4 ) ~ £ f(t)dt = {l f(j) + /(■£ + «) + f(x 4 2<o) -f... 

+ /(x + (n-l)u>) + i/(a;-f nto)} 

m - l f .2»-l 

- ^ *2, { / (23 ' 1) (^+ «Ce) -r-’~V(x) } + S 2m , 

where 

-S 2m - -“£)! fi 2 m {/ (2m - ,) (^+ ^)-/ (2 ’ n - 1> W} 

Now P, K (l+s) = P im {t), and therefore 

"£ f p »m (0 / (2m) (J- + + *«) dt = f" P 2m (t) /< 2m > (x + cot) dt. 

I o J 0 •'0 

Thus we have 

(5) s tm = ( 2”‘, £ (P 2m (/) - P 2m ) /<*">(x + «l) dt. 

Now 

r<p.«(o-^j* 

Jo 

~ ^, f (^2m(0 - R^n^dt — n f (P 2m (t) - B im ) dt, 

,()J* Jo 

since P 2m (<) = P im {f + s). and P 2m (0 = P 2m (t) in the interval 
0 ^ < < 1, so that the last integral is equal to - n B 2m . Also, 
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by 6-53, P am (t)~ B 2m does not change sign. Hence by the mean 
value theorem 

(6) = - ! ^^ 2j5 / <2m)(:c + 6nw )> °<®< 1 - 
Thus if / (2m) (<)» / (2m+2, (<) have the same constant sign in the 
interval x <t <x + no, S 2m , S 2m+2 have opposite signs (since 
B 2m , B 2m+ 2 have opposite signs). In this case it follows, as in 
3-12 (c), that the error in (4) due to neglect of the remainder term is 
less numerically than the first term omitted from the series (4) and 
is of the same sign. Again, if have a fixed sign in the interval 

x < t < x+nc a, we have, from (5), by the mean value theorem 

S im = {f^(x + no)-f^(x))M, 

where M denotes a mean value of Pim (0 _ 

Now, by 6-52, 

P 2m (0-B 2m \<:\-(2-^B im \. 

Thus| M | ^ | I’ 80 that the error in (4) due to neglect of the 
remainder term is in this case numerically less than twice the first 
omitted term and has the same sign. 

If in (2) we put y — | and proceed as before, we deduce another 
formula which is sometimes useful, namely, 

(7) — f f(t) dt = {/(■»; + t-/(x+ ilw) 4-... + f(r + (n - |) to)} 

W J x 

m — i 1 

" £ (2s)\ ^/ (2 '- ,) (x + mo)-/ (2 '- 1> (^)} 

-(2m)! 52m(i)/<2m>(X+0Ma>) - 

As an example of (4) applied to the interval (a, b), we have for 
n = 3, m — 3, to = (6 - o) / 3, 

£/(*><** = {i/(«)+/(“3 + ‘) J /(“ ,*) + !/(«} 

- 12 + 720 (-/)' {/"'< 6 > -rw} 

-10 
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7-51. Application to Finite Summation. With the 

notation of 2-6, 2-7, we have from 7-5 (4), 

Cn m—1 D 

P(«) U t+l = j ^ J (Uj + U n ) + ^ (28)1 ( M "* I)- ' U< 1 2, !, ) + ®2m> 

R ^ = ( (2m)l B ^ m) ' l < l -< n - 

This formula gives the value of 

Pin) u t+l = + t< 2 + • • • + U n • 

For example, taking m = 1, 

1 1 _ 1 _ 1 _ _ 1 _ R 

P("> (x+l+ 1) 2 ^ x +1 x + n + 2(x+ l) 2 + 2(x+n) 2 + 2 ' 


Since and v \ 4) have the same constant sign, we have 


ft _ 


_ 2__1 

_ (:r-)- n) 3 + (x + 1) 3 J ’ 


(:r n ) 3 (x-el ) 3 

If we let n —* oo , we have therefore 


0<0<1. 


/=i ( x + s ) 2 


1 _ 6 
x+l + 2(x+l)~ 2 + 6(i+l) 3 ’ 


0 < 0 < 1. 


By taking x large enough we can make the last term as small as 

we please. We can therefore find by this method the value of 

® 1 * ] 
S j , to any required degree of accuracy by first calculating V) ~ 2 

*»l s " »=i 5 

by addition, having chosen x sufficiently large. If we take a larger 
value of m the calculation is of course made more expeditious. 


7‘6. Gregory’s Formula. With an obvious notation, 7-5 (4) 
can be written in the form 


( 1 ) 


1 fa+n* 

I — ~ /(x)dx-(J/ 0 +/ I 4/ 2 -f-... + / 71 _j-f £/„) 

CO Ja 


’v 1 b 2 

k (2*)! 


_ _ \•> j1 2 J / f(U- 1) fi 2»-l)\ n CO 

— ? , /.->* i (j„ -j Q ) 


2 m 


(2m)! 


■ B 2m/ (2m) ( a + 6nto). 
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If we use Markoff's formulae of 7-02 we can express in 

ascending differences and /o 2,_l> in descending differences. We thus 
obtain 


2m—3 


Un h ] _ ,,^_ 1 (v-2s+l)! 


*‘- + * +l(1) j, {( 


CO 


2m -2 


+ (2m ^, s Zf)] 5gr 2 V-1 (i) {/<*-*>(£) }. 


Thus we have 


m-l R 2m-3 pCi'+l) /i\ 

«=i i") ! (v- 2« +1)! 


where 

(2) ^ = r°»w) 


m — 1 t> rtCJm— i) /n 

(2s)! (2m-2*-1)!*° J 


where 0 < 0 < 1 and ^ lies in the interval («, a + wto). 
Hence we can write 


I-R = 'if A\ {.d+ (~ 1 V Zl'/o}, 

where 

b 4 ' ( i ), b„ ( 1 ) 

t i) 2 ! (v- I)! 4L(v —3)! 6!(v-5)! ' 

the series ceasing when the suffix becomes negative. 

If in (1) we put f{x) = 1) / (v-fl)!, a - 0, n = ], 

the remainder term will be zero if m be chosen large enough, since 
/(x) is a polynomial. Also, by G-4 (1), /(1) =/(2) = 0. 

We ha% r e, therefore. 


P (x+1) _ v b 2 , B<;J& 2 (2) - ,(i ) 

Jo (v+l)! ,~i( 2 *)! (v - 2 s + 2 )! 


Thus 


V B 2n > i 

ft (v-2, + T)T 




A\ = (~D' +1 5l'. + i 1 ) (l)/(v+l)!, 


and we see from 7-41 that the K, an; all negative but numerically 
equal to the coefficients in Laplace’s formula. 
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We thus obtain Gregory’s formula, namely, 

- I / ( X ) dx = (|/o+/x+/2+ + $ fn) ~ T-j (Af n -1 ~ A fo) 

W Ja 

- A (J S /«-2 + Zf */») - 7% (A 3 f n -Z ~ A* ft) ~ TlTr (J*/n-4 + JVo) 

- • • ■ + "|^2jT (A 2m ~ 3 fn—frn+Z “ /l 2 ™' 3 /») + 

where 7i is given by (2). 

The advantage of Gregory’s formula, as compared with that of 
Laplace or the central difference formula, lies in the fact that the 
differences employed are the descending differences of/(a) and the 
ascending differences of /(a + nco), all of which can be formed from 
values of the function within the range of integration. The dis¬ 
advantage lies in the somewhat complicated form of the remainder 
term. 

7-7. The Summation Formula of Lubbock. Suppose 


are given a 

table of a 

function in the form 

n 

/(«) 


0 

/(0) 

Am 

CO 

/(l) 

A 2 m 

Am 

2 co 

m 

• 

(r-l)co 

f(r- 1) 

Af{r- 1) 

rco 

f(r) 

Af(r) 


A 2 f(r) 

and that we wish to subdivide the interval into h equal parts and 
then form the sum 


1 


•2 


rh 
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The summation can be effected in the following manner by a formula 
due to Lubbock. 

We have, by Newton’s Interpolation formula, 

f( n + l) =/(«) + ( S { A ) + A 2 f(n) 

+ JV(*)+C^)“ 4 / <4) ($). 


Summing from s = 0 to li- 1, we get 
h ~ l ' h-\ 


X/( n+ /() = !*/{*) + —. 2 - Af(n) + \ 2 /j 2 /(») 

+ XaZl 3 /(«) + X4^ 4 / (4, (U 


where 


A—1 / / 7 1 

X - V ) _ V 

A z — ^ l o ;» A s - ^ 

* U ' ~ 


«/A 


etc. 


If we now sum both sides from n — 0 to n = r- 1. we get 
rh-l /..s r -1 _ j *■ - l 


/ , r-i / i r - i 

S /(3 = *ii/M+ -o- ^lAA' 

'll/ 0 - »' 4» 


f-1 


-0 


+ >2 £ A 2 M + a 3 Sj /JYW + r >4 / W (W 

I- 0 


= * li/(v) + -H 1 (f(r) -/((»)) + >,( J /(r) -/j /(<*): 


>■»( J 2 /(»■) - A 2 /(<>>) + r h « 4 . 


Adding /( ^ J to ( ‘^ch side, we have 

i]/Q) = * £/( v )-*2 1 (./» + /(0)) + x 3 y /(r)- J /(«)) 

+ *a( J 2 /(r) - A 2 /(«) ) + r^ fWOJ, 

which expresses the required sum in terms of the given difference 
table. 

The above formula has been arranged to include second differences. 
Clearly any required number of differences may be included by 
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taking further terms in the original interpolation formula. To 
calculate X 2 , X 3 , , etc., we observe that 

h + h ~ l x+^xz + ^r* K.. = ( ] +x) A = 

Thus 

jcs (A-f |(A-l)a:-fA 2 a; 2 + ...) ((l+a;) 1 lh ~ 1), 

whence 



so that the coefficients X 3 may be successively evaluated. 
We have in this way 

_A 2 - 1 A 2 - 1 , __ _(A 2 -1)(19A 2 - 1) 

' 12A ’ 3 ~ 24A ’ ‘ " - 720/? 3 


Example. 

Calculate, by Lubbock’s formula, 



3530 i 

V 1 . 

3*300 n 



Taking A = 

- 10, r = 3, we form the table : 


n 

1 

n 

J 

A 2 



- 

4- 

3500 

0-0002857143* 

8140* 


3510 

2819003* 

8094 

46* 

3520 

2840909* 

8048 

46 

3530 

2832861* 

8002* 

46 

3540 

2824859 

7958 

44* 

3550 

2816901 




The numbers used in the formula are indicated by an asterisk. 
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The required sum multiplied by 10 10 is equal to 

10 x 11379916 - 4-5 x 5690004 - x 138 - x 2 + R, 

10 10 x 3 x 10 4 x 99 x 1899 x 24 


where 


R< 


< -004, 


10 3 x 720 x (3500) 5 
which is negligible. Thus the required sum is 0-0088194027. 


EXAMPLES VII 

1. Taking 10 figure logarithms to base 10 from x — 300 to 
x = 310 by unit increments, calculate the first three derivates of 
log x when x = 300, x = 305, x — 310. 

2. From a table of sin a; verify, to the number of figures which 
the tables permit, that 

(l . 

, sin x — a cos x, 
dx 

where a = 1 if x be measured in radians and a — t: /180 if x be 
measured in degrees. 

3. By means of tables, calculate 

w 

r 2 . r 900 

1 sin x dx, sin x dx, 

Jo Jo° 

using an approximate integration formula. 

4. The two radii which form a diameter of a circle are bisected, 
and perpendicular ordinates are raised at the points of bisection. 
Required the area of that portion of the circle included between the 
two ordinates, the diameter, and the curve, the radius being supposed 
equal to unity. Compare the result found by Weddle’s rule with the 
exact result. 

5. Prove that 

tr w 

f log sin 0 dO = - f 0 cot 0 dO, 

Jo J<> 

and hence calculate the value of the integral by Weddle’s rule and 
estimate the error. 
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6, Shew' that Simpson’s rule is tantamount to considering the 
curve between two consecutive odd ordinates as parabolic. Also, 
if we assume that the curve between each ordinate is parabolic and 
that the curve passes through the extremity of the next ordinate 
(the axes of the parabolae being in all cases parallel to the axis of y), 
the area will be given by 


h[Zy- '4 { 15 ( 2 /o + 2 /»)-%. + 2 /»-iM (jh + Vn-o))]- 

[Boole.] 

7. Prove that approximately 
8 P ph 

3 ^ j ydx = y 0 + 2>{ : y 1 + y 2 + y i \-y 5 ~y 1 +y & + ---) + y iv 

+ 2(y 3 +y 6 +y 9 -f ... + y 3J ,_ 3 ) ( 

and find the error term. [Newton.] 

8 . Prove that approximately 

45 r | »* 

2 h J 0 y dx = 7 2/o+14(y 4 hy 8 ( ... t y iP ^) + 7y iv 
+ 32 (y 1 +y 3 +y 5 + —+y<n) 

+ 12(y 2 + y 6 +y 10 + ... + y 4p _ 2 ), 

and find an expression for the remainder term. [Boole.] 

9. Prove that approximately 

j*nA 

ydx = h(y i + yi+... + y, l ^)-lh(y i -y 0 + y n _i-y n ), 

Jo 

and find the error term. [Poncelet.] 


10. Prove that approximately 

ydx = h{y k + yi+...+y n ^)~ ,’X.l/j - y„+y n -i ~ y n ). 

Jo 

and find the error term. [Parmentier.] 


11. If f(x) be a polynomial of degree 2 n- 1 at most, prove that 


"J" ~JBa =/(“•£) +/ (“ s 2») + - +/ (°“ 


(2 n ~ 1) w 
2n 

[Bronwin. 
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12. Find an expression for the sum to n terms of 

1 \ J_ 

1 + 52 + 9 2+ 1 32+— > 


and calculate approximately the sum to infinity. 

13. Find the sum to infinity of 


..111 

1 + 2 5 + 35 + 45 +- 


correct to 10 decimal places. 

14. Find approximately the value of 

r<H) (t + l) 2 -a* 

and obtain an exact formula when a is an integral multiple of i. 

15. Shew that the sum of all the integral negative powers of all 
the positive integers (unity being excluded in both cases) is unity ; 
if odd powers be excluded the sum is f. 

16. Prove Burnside’s * formula for double integration : 

J J f(x,y)dxdy = Jg {/(a,0)+/(0, «) + /(-«,0) + /(0, -a)} 

+ i'o { f(b, b)+f(b, - b) + /( - b, b) +/( -b, -b)}, 

where a = b = s /|, and f(x, y) is a polynomial of degree 5 
at most. 

17. By successive applications of Simpson’s rule obtain the 
formula for double integration : 

(•2d f26 

9 dy \ f(x, y) dx = {b- a) {d-c){ f(2a, 2c) f /(2a, 2d) 

J 2c J 2a 

+f(2b, 2c) +/(26, 2d) + 4 [/(2a, c + d) + /(2ft, c + d) 
+/(« + b, 2c) + /(a + b, 2d) J +16/(a + b, c + d)}, 
and investigate the form of the remainder term. 


* W. Burnside, Mess, of Mnth., (2), 37 (1908). 
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18. Prove that: 

(a) By elimination of the error term in h 2 between two trapezoidal 
formulae corresponding to sub-intervals h and 2k, the Simpson Rule 
is obtained. 

(b) By a similar elimination between formulae corresponding to 
h and 3 h, Cotes’ formula for n-=4 (the “Three-Eighths” Rule, 
Ex. 7 above) is obtained. 

(c) By elimination of the error term in 6 4 between the Simpson and 
the Three-Eighths rules for 7 ordinates, Weddle’s Rule is obtained. 

[Sheppard.] 

19. By eliminating the error term in /i 4 between two Simpson 
formulae of 2p +1 and 4p+] ordinates, obtain the Newton-CoteB’ 
formula for n — 5. 

20. Obtain the following table of quadrature formulae of open 
type, in which the ordinates used are at the midpoints of equal 
sub-divisions of the range ( e.g. for 4 points and range 0 to 1, the 
ordinates used would be i, 2, 2, ;j '• 




3 


4 


5 




Remainder 

j_ 

| 3 /( 2 '( 5 ) 

| Mb-a'ffWH) 

| l-4(6-o) 6 / w (?)xl0- 4 

j 7-0(6 - a) 5 / <4) (£) x 10~ 5 


1 o t» 
i \ 



I 


3-7(6-a) 7 /< 6 >(5)xlO- 7 


The remainders in all cases have positive sign. 


[Aitken.] 





CHAPTER VIII 
THE SUMMATION PROBLEM 
Consider the difference equation 

A u(x) = <f>(x), 

w 

where <j> ( x) is a given function. The summation problem consists in 
determining u(x). If u*(x) be a particular function which satisfies 
the equation, and if xa(x) be an arbitrary periodic function of x of 
period w, it is evident that u* (x) + m (x) is also a solution. That this 
solution is the most general possible is seen from the remark that 
the difference of any two solutions is a solution of A u ( x ) — 0 , bo 

Ml 

that any two solutions differ by an arbitrary periodic function of 
period w. Thus if 4>(x) = 2x, the most general solution of the given 
equation is x 2 — wi +■ ro(x), particular solutions being 

x 2 -cox, x 2 - wx + sin{27Tx/w), x 2 -wx+| co 2 . 

That particular solutions of the given equation always exist is seen 
(in the case of the real variable) by considering that u(x) being 
arbitrarily defined at every point of the interval 0 ^ x < «, the 
equation defines u(x) for every point exterior to this interval. Such 
solutions are in general not analytic. The problem of determining 
analytic solutions has been studied by many mathematicians. In 
this chapter we shall consider solely Norlund’s theory of the equation. 
By an extremely elegant method Norlund has succeeded in defining 
a “ principal solution ” which has specially simple and definite pro¬ 
perties. In particular, when is a polynomial so is the principal 
solution. Moreover, the solution is defined by an algorithm which 
supplies the means of obtaining the solution. We can only study 

200 
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8 - 0 ] 

here the more important outlines of the theory. For further details 
the reader is referred to Norlund’s memoir.’ 1 ' 

8*0. Definition of the Principal Solution or Sum. Con¬ 
sider the difference equation 

(1) A u(x) = 4>(x), 

w 

or M(a , -(-6}) - u(x) = (a f{x). 

The expression, (where A is constant), 

f(x) = A - co [f(x) + <£(z + w) + (f>(x + 2<x>) + cf>(x + 3o>) + ...] 

00 

= A - to <f>(x+soi) 

»~o 

is a formal solution of the difference equation, since 

/(x + co) — A ~~ o) (f (x + o) (x •+■ 2 g)) + (f> (x 4 - 3<n) ■)-.. ■ ] 

and therefore /(x + to) -f(x) = w f{x). 

If for A we write | f(t) dt, and if this infinite integral and the 

infinite series both converge, we define the. ■principal solution of the 
difference equation, or sum of the function fix), as 

* 

(2) F(x| w) = <f>(t)dt- w NJ f{x + sio). 

Jc f *^f) 

The reason for the introduction of the infinite integral will appear 
shortly. The principal solution thus defined depends on an arbi¬ 
trary constant c. We may thus consider the principal solution as 
being formed by “ summing ” the function f(x), and from this point 
of view, by analogy with the notation of the integral calculus, 
Norlund writes 

(3) F(x] «) = Q <H 2 ) A ^ = f* f(t)dl-u'fr<l>(x+s*>), 

C J ~ Jc g^o 

o 

and the process may be referred to as “ summing f(x) from c to x.” 

* N. E. Norland. “ M^moire sur le oaloul aux differences finies,” Acta Math. 
44, (1923), pp. 71-211. See also Differenzenrechnung, ch. iii. The examples at 
the end of this chapter are all due to Norlund. 
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As an example, consider 

A u(x) = er x . 


x and (o being real and positive. Here 
x , 

(4) F(x\o>) = ^ c~‘ A~ = | i 


,~o 


w e~ x 

= e-«- — —, 
1 -e 


after evaluating the integral, and summing the Geometrical Pro¬ 
gression. 

The necessary and sufficient conditions for the existence of the 
sum F(x | gj) as defined above are the convergence of the integral 
and of the scries. 

In general, neither of these conditions is satisfied and the definition 
fails. In order to extend the definition of the sum, Norlund adopts 
an ingenious and powerful artifice. This consists in replacing <j>(x) 
by another function, of cc and of a parameter p( > 0), say p), 
which is so chosen that 


(i) lim tf>(x, p) = ; 


(») r and 


X 

V cf>(x + so), p) both converge. 


For this function <f>(x, p), the difference equation 

(5) A u(x) = p) 

M 

has a principal solution, given by the definition (3), 

(6) F(x\t,); p) = f V tf>(x+so), p). 

« o 

If in this relation we let p -> 0, the difference equation (5) 

becomes the difference equation (1) and the principal solution of 

the latter is defined by 

F(x | to) = lim F(x | to ; p), 

*->-0 

provided that this limit exists uniformly and, subject to conditions 
(i) and (ii), is independent of the particular choice of <f>(x , p). It is 
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8-0] 

of course assumed throughout that the domain of variation of x and 
may be subject to restrictions depending on the nature of the 
function <f> (x). The nature of these restrictions will be more apparent 
when we consider particular classes of functions. It may also be 
observed that the success of the method of definition just described 
depends on the difference of the infinite integral and the infinite 
series having a limit when p->0. Each separately may diverge 
when p = 0 and the choice of <f>(x, p) has to be so made that when 
we take the difference of the integral and the series the divergent 
part disappears. 

When (j){x ) is such that the sum exists, it is still possible that the 
result obtained may depend upon the particular method of sum¬ 
mation adopted. In this connection it has been shewn * that, for a 
wide class of summation methods, the result is independent of the 
method adopted. Among these methods is the one given in the 
following definition, which will suffice for our purposes. 

If for x variable in a certain interval and for positive values 
of «, we can find p P 1, q p 0. such that for k(x) = x p (log x)«, 

[ <f>(t)e- uki,> dt, N 1 

•b t ~o 

both converge for p > 0, then the principal solution of the difference 
equation A u(x) = <j>{x) is 

X 

( 7 ) *>!«)= § 4>{z)Az 

V > w 

c 

= lim j f (f>(t)c-e K V ) dt-cn <^(x + a’co) 

l Je 8 (1 J 

provided that this limit exists. 

When the limit exists <f>(x ) is said to be summable. 

As a simple illustration, consider 

A «(•') = 

where a is constant. 


* N. E. Norlund, Acta Univ. Lund. (2), 14, 1918 ; 16, 1919. 
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The series a + a + a+... obviously diverges, but for p. > 0 


r oo 

a e - "* dt, V a e - " (z+,,u> 

s^O 


both converge if to be positive, so that we can take X(x) = x, 
i.e. p = 1, q = 0. Hence 


§ a A 2 = lim | | a e~ M dl-o V a < 
" M-»0 l Jc * 




A 


/ 


= lim 
*—0 l 


e~ Mir acoc _,u: ) 


p. 1-e-s"/ 

,. a e _MC (p.a> — -Jfi 2 w 2 +... - pu> + p 2 a>(a:- c) — 


lim 


...) 


/ U. 2 a 

■[V**- 2 


+ ... 


(8) ^ a A 2 — a(x-c- |w), 


which is the principal solution. It should be noted that both the 
integral and the series diverge when p = 0. For <«> = 1, c — 0, 
a = 1, we have 


X 



0 


1 A z = x-\ = B x (x). 


Thus Bernoulli’s polynomial B : (x) is a principal solution. That 
all Bernoulli’s polynomials are principal solutions will be proved 
later. 


8*1. Properties of the Sum. We shall now consider some 
of the general properties of the sum which are directly derivable from 
the definition. 

If in 8-0(6) we write for x successively the values 


x + 


(O 

m ’ 


x+- 


2 o) 
m ’ 


..., x + 


(m- 1) co 


m 


and add the results, we get 

% •*) = ”**'(* i™ 1 1*)- 
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which when p -> 0 gives 



and also 


(2) F(sc|<ii) = ^ F(x + s(a | mto). 

m »o 

These results constitute the Multiplication Theorem of the Sum 
(cf. 6-52). 

Again, from the definition. 



so that if m -> co , 

lim F (x ! ; p) = [ <£(i, a)dl- [ cf>(t, \x) dl 

m—' nt / Jc 

= £ 4>(t> v)dt. 

so that when ;jl -> 0, 

(3) um 

m-+ » N 1 fft' Jr 

Again, from (1), 

lim J (r i W ) - lim ^ jF — j co) 

m —*■ x i Wt/ m—► * ^ ^ i 0 ' 771 j / 

1 pr-f-w 

= -| -?’(<! «)*■ 

Thus we have the result 

(4) 1 - r + “f(f[w)*= [ 

n) J z Jc 

From the definition of the sum it follows that 

X 

A § A* = *(*)• 


( 5 ) 
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Thus the operator A cancels the operator JS A t. On the other 
hand, these operators are not commutative, for 

(0) g[A#»)]A-=*g+« + »)A«-i§*(0A< 

c c c 

C+-u» C 

X 

-a $ #)A(-- 

„ O » ** ic 

c 

i r c +* 

= cf>(x)~ <f>(t)dl. 

oJc 

From this formula we can derive a rule for summation by parts of 
the product of two functions. For writing 


we have 


z 

4>{z) = u(z) Q r(0A'. 

to 

C 

z+ “ 1 ~ 

A 0( 2 ) = U(z + Oi) Q v(t)&t- u(s) ^ l’(/)A<- 
•> o) O » 0i o 


Thus 


A <M 2 ) = [A« ( 2 )] ^ i’(/) A<+w( 2 ) A Jsj i'(/)A', 

c c 

so that by using (5), 

Z -f to 

w(z)«(z) = A^(z)-[A«( 2)] k r{l) A«. 

k) &> 

c 

Sum both sides from c to x, using (6), and we have 

X X t 

(7) ^ u(z)v(z) Az = u(x) ^ v(t) A>-^ | + «(z) ^ »(«)A«b 

e c c 

-g {tA«Wjg»WA<}A=. 
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This formula is quite analogous to the formula of the integral 
calculus for integration by parts. 

As an illustration, take u(z) = z, v(z) = e~ z . Then, by 8-0 (4), 

g»«- a *=*(«- - y„) -if*' i“y‘.) * 

c 

- Q }a*. 

O (. l-e—) t 

C 

X 

To evaluate Q c e &z, we use 8-0 (8), so that after reduction 


X 

8 , . <0 x/r 3 

zc '~ ~ l-c- 


- - — -., f c e~ c 4- <r e . 

(1 -r~-)’ 


We have thus found the principal solution of the difference 
equation 

A u (.r) = x <-' z . 


We also note that when co -*0, 


lim V 2 r-‘ A z = - x er 

—« y 7r 


I _ g-I 4. c p-C p-C 


: c~* dz, 


a result which we should expect in view of (3), which points to the 
result 

X 

lim Q ~ f <f>(z)dz. 

fc* 0 V. ? u> J C 

c 

That this is true when co tends to zero by positive values will be 
proved in 8-22. 

The following identities are often useful and are easily proved: 

T X - b 

(8) § *(=)Az = §*(=) A=+J a *(=)*, 

a b 

a: 4 a .r 

Q ^A.*= *(= + <*) A-'- 

k 1 tu V cu 
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In this connection we note, in contrast with the known result 



that 


C 

^ 4 >{ z ) A 2 is not zero in general. 

C 


8*11. The Sum of a Polynomial. Consider the equation 

Au(x) = nx n ~ l 

Taking c = 0, the principal solution of this is 


F(x\ I ; fx) = I nt^e'^dt- V) w(x-f 

Jo * o 


] (s I t) 


(- 1 ) 


IP 

\ Jo 


l.)l 


c'^dt- V] 

»To J 


a,, -‘ /l , , 

( ]) n aji" 1 ip c-“-1/ 


= n £ H 

f~ii v(v-n)! 


vl"/ 


Thus when p -> 0, we have 

We have thus proved that Bernoulli’s polynomials are principal 
solutions or that the sum of n x n -1 from 0 to x is B„(x). It follows 
that the sum of a polynomial is a polynomial. 


8*12. Repeated Summation. Consider 



Now 



8-12] 
so that 

F n {x + u>\(x>)-F n {x\o->) 
( x +- /x-t 
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=„,.r 


'x-t' 


w WwAt-g^ W(OA<j 


+ “"“ 8 


x-t ' 

. /-1 

CO 


MQAt- 


n- 


The expression in the curled bracket is zero, for if 


<K0 


'x-t.X 

61 

,n- 1/ 


we have (|/(x) -- 0. Hence 

A^n(^lw) - ! o>). 

Thus 

A I to) = 4>(x). 

We shall call F„ (x | to) the nth successive sum of <f>(x), and write 


X 

i to) = Q mk 

tt 


t ~ (0 


n-l 


icf 


1 4(t) A i- 


8-15. Proof of the Existence of the Principal Solution 
(Real Variable). We prove that, under certain restrictions on 
i i>(x), and for positive values of to, 

X -I h» 

(1) g 

C 

/• x * 

= I (f>(t) p.-^Wdt- to ^ 4 (T + !m + sto) e-^( x + A “+*“>, 

J c 1=^0 

where 0<7t<l, exists and, when u -> 0, tends uniformly to a 
*+A» 


limit ^ &t. 


M.T.C. 


O 



210 THE SUMMATION PROBLEM [8-15 

The proof is based on the use of the Euler-Maclaurin formula 
7-5 (2). 

To fix ideas we make the following assumptions : 

(A) For i ^ e, D m <f>(x) exists and is continuous, where D denotes 
the operator --, m being a fixed positive integer. 


(B) lim D m <f>(r) = 0. 

00 

(C) Vfl^( x + su>) is uniformly convergent in the interval 

*-«-0 

c or c + <a. and consequently by (B) in every interval c <b 
however great b may be. 

From (B) it follows that 


(21 


lim »r**> 

r X" 


0. 


lim 

1~+ X 


*<^0. 


With these restrictions on <f>(x), the convergence of the integral 
and series in (1) is assured if we take X(<) — t, and both sides of (1) 
exist. 

From the periodic property of Bernoulli’s function P m (x), we have, 
as in 7-5, 


H- 


fn+ji+l 

(3) P„(-0 D m <f>(x-t la)dl 

J n 

n 

= i\(-0 v n-H 

Ji) t~n 

By (C), given e > 0, we can choose w 0 , so that 

e, for n n 


n+p 

y] D m <f>(x + to) + so>) 

s=-~n 


ha * stij) (It. 


o- 


Also P m (-t) is bounded. Hence the left-hand member of (3) can 
be made arbitrarily small by choice of n only, and consequently 


( 4 ) 


r p m {-t)T) i "<f>{x\t(,j)di 
Jo 


is uniformly convergent. 
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For brevity, we define operators Q, T n by the following relations : 


(5) 


«/(*) = £ ~r B.(h) 0 < k < 1 , 


i V! 


f n 

(6) T„/(:r) = . P m (k-t)D~f(z + *d)dl. 

m. j 0 

Then, from the Euler-Maclaurin formula 7-5 (2), we have 
<j>(x + ho j) = ^ f d>(t) dl+ Q(d>(x-{ to) - <f>(x)) - T 1 4(-r). 

<0 Jj. 

Writing in succession x + to, xf2to, , x + («-l)to for x and 
adding, we get 

n - 1 

(7) ^ 4 >( j : t Atij t «.>) 

j /\r v 




to , 


(v k iu* 

J <j>(()dl-i Q<f,{x+>«o)-Q<f>(x)-T„<f>(x). 

Now, by Leibniz’ Theorem, 

(8) 7P->(e — *( 2 )) - c ^ V ( v 7 M 

< o y s ' 

If therefore in (7) we write <£(x)r~ex f or am ] ] e t n ^ > 
we have Q<)>(x + nw) -*0 and therefore, from (1), 

2 -f hut 

(9) ^ *(0« "‘Ai 

c 

J r m ► 

C v 1 V ■ 

+ loT x .(f>(x) P~e*, 

where, by (0) and (8), 

( 10 ) 

/„ — p v f P m {h-t)[D m -*(f>(x + ii>t) ]c~*" t dt. 

Jo 

We now prove that /„ —» 0 uniformly, when p - 0. 
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f[t, (x) = (x P m (h-y)e-»*'> dy. 

This integral converges when |x > 0, since P m (h-y) is bounded. 
Then 

f{t, (i) = (x f P m (li-y-t)e~<*"<«'+<)dy 
Jo 

oe fsfl 

= [X e~» ut V J P m (J i -y-t) e -l‘»Vdy 

t~0 J* 

*> fl 

- (j ie -?wt v P m (h-y~t)e-*“ v dij 

l~0 Jo 

II fl 

= 1 ^-^j/mih-y-Oe-^dy. 

Hence lim / (t, p) = - f P m {h-y-1) dy = 0, 

!>-+<) 01 JO 

since P m (x) has period unity. Now, integrating by parts, 

/„ = y v ~ 1 D m ~ v <j>(x) f {(), (iJ + ojfi 1 - 1 [ D' n - , +'<j>{x+(ot) f{t, y-)dt. 

.’o 

Thus I„-> 0 when jx -*• 0. 

We have now to consider the first terra in (10), 


h = I"” P ™ (A - 0 [H m 4> (* + «/)] (x 1 ut) dt. 

Jo 

Put 'HO — J ( P m{h-y)D m 4>(x + coy) dy, 
which by (4) is uniformly convergent. Then, integrating by parts, 

P = e-** A(0) - |xco c-* T f e <b(t) dt. 

Jo 


Thus when p. —> 0, 


/q -> t|i (0) = f P m (h-1) D m <j>(xA to/) dl. 
Jo 


Thus finally, from (9), we have 


x 

(ii) Q </>(<)&*= \* </>(<)dn- £ t0 'B v (h)ip iftx 

U » J { V! 

c 

+ " Bj f J P m (h~l)D m <f>(x + iot)dt, 
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We have thus proved the existence of the principal solution or 
sum under the restrictions on <f> ( x ) enumerated above, in particular 
for all functions which increase less rapidly than a polynomial of 
arbitrary degree. 


8*16. Bernoulli’s Polynomials. In 815 (11), take 
h = 0, <f>{x) — v/’ -1 , wi = v, c = 0. 

Then we have 


S w "‘ 4 ' = £ 

0 


v<*’~ 1 d/+ V) x' , ~ s 
• - i 





which again shews that Bernoulli’s polynomials are principal solu¬ 
tions, a result already obtained in 811 for the case o> = 1. If we 
define Bernoulli’s polynomial of the first order, of degree v, by the 
relation 

X 

£,(■»• I <«) = § vr'A<, 

0 

we have proved that 

l), 


which gives B„(x| a>) in terms of the polynomials of Chapter VI. 
We have quite readily 



B,(x| w) 


w t ,' st 
1 ' 


8-2. Differentiation of the Sum. From 8-15 (11) we 
have, on account of the periodicity of P m ( t ) and the uniform con¬ 
vergence of the infinite series, 

x+h* 

(!) 8 4> (0 A t = T * W' dt + 2 (/*) D'- 1 (X) 

W J C K 1 V ■ 

c 

+ C ° , f P m (h-()^ D m <f>(x->-su+oit)dl. 
ml J o » -o 
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Taking m > 1, differentiate both sides with respect to the para¬ 
meter h and divide by to. Then by G-5 (5), we obtain 

X f h* 

d 

dx 


§ -MO A' - £ 

•m Cl 00 

+ j y J Pm-1 ( ll -t)'^D m <f>(x + SOi + tot) 


c It. 


Putting h ~ 0 and writing v for v - ] this can be expressed in 
the form 


j /-n in — 1 v 

lx 5 ^(0A« = ^)+J e f(0*+i; i ^ 

c 

+, n ~rn 1 Pm i d) m ~ l 4>' ( x + soi + tot) dt. 

o »»o 

Comparing the expression on the right with (1) when h = 0, and 
m- 1, </>' (x) are written for m and <£(x), we have 


< 2 > 

r r 

which shews that the differential coefficient of the sum differs from 
the sum of the differential coefficient by the constant <f>(c). 


8-21. Asymptotic Behaviour of the Sum for Large 
Values of x. With the same hypotheses as in 8-15, we have 
from 8-15(11), 

X 

P(x |<o)= § \l = Q m (x) + R m (x), 

w 

c 

(1) where Q m (x) - f <f>(t) dt+ B y D y - l <f>{x), 

(u m +1 f® 

B,«(z) = '7 rt rJ 0 Pm(-t)B m <f>( x +ut)dt. 

We have seen, 8-15 (4), that the integral is uniformly convergent. 
Changing the variable, we have 


= 


co m f x p (x-y\ d m 
ml )x m v oi / dy m 


<f>(y)dy, 
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and since this integral also converges uniformly corresponding to an 
arbitrary e > 0, we can find x 0 such that 

I fi.W | < e, for x 0 . 

Thus for x ^ x 0 , 

(2) I F— Q m (x) 1 < e. 


Thus wc conclude that, for large values of x, F(x | cu) is asymp¬ 
totically represented by Q m (x). 

jr 

. l 


As an illustration, consider ^ ^ A 


Since 'V . ■ - ... is uniformly convergent for L ^ 1, it is sufficient 

ro (<+«*>) • b 

to take m = 1, and we have approximately, when x is large. 


(3) 



1 

■lx 


Again consider log t Ah 
u 

Here taking m = 2, condition (C) of 8-15 is satisfied and we have 
approximately, when x is large, 


(4) ^ log t±l-= (x-\) log x — x i- j J- . 

0 

Evidently a grosser approximation is (x - .1) log x - x, which 
corresponds to the case m = 1. 

Actually for rn — 1 condition (V) is not satisfied, but 

f —.<11 

Jo a t c ot 

is still uniformly convergent. 

Condition (0) is in fact a sufficient but not necessary condition for 
the convergence of the integral, which is all that is actually required 
in 8-15. 

We can utilise the asymptotic property of the sum for values of 
x which are not large in the following way. 
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From the definition it is clear that 


[8-21 


n -1 


so that 


F (x | to) = F (x + »ico j co) - co ^ <f> (x + sco), 

»~o 


n -1 

F(x | to) = Q m (x + nu>) -co V ^(x + sco) 

s = o 

+ [F (x + >ico | co) - Q„, (x f nw)] 

71-1 

= Om(*)+w ^ tA Q m (*+»w)-^ (*+*«)] 


71-1 

■£l 

t ~0 w 

+ [F(x + nco| co)-Q m (as+ nco)]. 

If we now let n -> oo, the term in the last bracket -* 0 by the 
asymptotic property proved above, so that we have the development 

(5) F(xjco) = Q m (x)-o> £][ <f>(x f«o)- AQm(-* + sco)], 

8 - -0 •*> 

which is valid for x ijs c. Wc have also the equivalent form 

n -1 

(6) F(x|co) = lim [(,>,„ (xtnco)-co <f>(x + sa>)]. 

n -> x 8 - U 

8*22. Asymptotic Behaviour of the Sum for Small 

Val ues of co. To study the behaviour of F(x | co) for small values 
of co, we have from fi-21 (1), 

Fix |co) = Q m ^(x) + C ml B m ^(x) + R m (x), 

= tr f & m) ('X+l*t)dl, 

m. j o 

<*~ m+l LF(xjo))-Q m _ 1 (x)] = co- m ^7f m _,(a:), 

< 0 -™+! (x) = co [(x) + co- m R m (x)J. 

£ I I dy 


so that 
where 


We now assume 



8-22] THE SUMMATION PROBLEM 217 

to be bounded, less than A say. .Since | P m (-t) | is bounded, less 
than B say, we have 

] 6 )- m R m (x )| < ~ J j CO (ji^ix+ot) I dt 

It follows that 

_^rV m 'Hjr)+o>-~li tn (x) 

is bounded, and hence 

lim = 0, 

to —►O 

so that 

lim co- H,+1 1 c.) - <?,„_!(*)] = 0, 

and hence, taking m -- 1, that 

X 

lim Q <f>{t)kt= [ <f>(t) dt. 

iw —+ 0 v —^ to J c 

e 

Moreover, if 4>{x) possess derivates of every order, and if an 
integer n 0 exist such that, for n > n 0 , 

| c 1 4> (n) (y) I % 

is bounded, the above argument shews that 

lim or m+1 [F(x j to) - ^,„_ 1 (r)] = 0 

for every fixed value of m, such that m > n 0 - 1, and consequently 
in accordance with Poincare’s-definition of asymptotic expansion * 


F(x\c)~[ X 4>(t)dt-rS:^S r ^(x) 

Jc ► -1 v • 

for small values of <o. Poincare’s definition is as follows, 
series 




... 


A divergent 


Modern Analysis (4th edition), p. 151. 
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in which the sum of the first (« +1) terms is S n (z) is said to he an 
asymptotic expansion of /( 2 ) for a given range of values of arg z 
if the expression R„(z) = 2 " £,,( 2 )] satisfy the condition 


even though 


lim R„ ( 2 ) = 0 (n fixed), 
lim | R n { z ) i — 00 (2 fixed). 

fl—► <» 


When this is the case we can make 


l*"L/(=)-5.(*)]|<e, 

where e is arbitrarily small, by taking j c j sufficiently large. We 
then write 

/(=) ~ £ A n z~\ 

n—0 


In the case above, when to ->0, to ' 1 -> cc . 

We shall also use the symbol ~ in a slightly different sense, which 
will cause no confusion, as follows. Let f(x), g(x) be two functions, 
such that 


lim 

*—*•30 


/(*) 

9( x ) 


is finite. We shall then write 


f(x) ~g(x). 

In our applications of this notation the limit in question will 
generally (but not invariably) be unity. In case the limit is unity, 
we can say that /(x) and g(x) are asymptotically equal. Thus the 
result of 8-21 (2) can be written 

jP(x | Co) ~ Q m (x), 

and these expressions are asymptotically equal. 


8*3. Fourier Series for the Sum. To obtain a Fourier 
Series valid in the interval c < x 0 < x < x Q + w, we can proceed as 
follows : 

By 8-0 (6) we have the uniformly convergent series 

rx 

F(x | <»* ; n) = G> V ^(x+sto, p). 

Jc * “0 
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I,. r,, i . , v ( 2mtcx . . ‘Innx 

rut t (a; | to ; (x) -- |a 0 -t- ^ (oc n cos + P„sm J, 

r . i v Cii CO / 

Then a„ = " [ F (x ) to ; jx) cos i ^t§t! dx, 

to J.r 0 to 

2 p«+" 2mzx , 

P„ = • j x (x I to; g.) sin- dx, 

to J j-„ to 


and therefore 


2 n*xi 

e " dx 


2 p* ■ “ 

«»+$» = i’(x | oj ; jx) 

to Jr 0 

~- -f 4>{x rSOi, p) 

Jx« l - U 


2n»ii 

e “ dx. 


Since the series is uniformly convergent we may integrate term 
by term, so that 


^ fjQ ’ * '{*?* 

*»+$» - -- 2/ <f>{x r so, (i) e “ 

I 0 J/o 


dx 


po *2. w * i 

: = -- “ dx. 

I =M) J / 0 -r 


Thus 


*■„ + i[^i - ~ [ <!>( x , I 1 )<' 

Jj 0 


dx. 


Now when [x-^-0, d'(x j to ; [a) /’(x j cu). 

If then, when [J.--+0, a„~^a„. we have 

„ , . . v•> / 2/mx , . '2nnx\ 

b (x j u) = iu 0 + \ a « tos w + o„ sin ^ - J, 


where 


<*o= - | ° dx < 

C c *2mzx 

a n — - 2 lim <£(x, a) cos - dx, 

li^O Jj, w 

b n - - 2 lim f <£(x, |x) sin ~' l ~ X dx. 
,.-►11 J j „ w 
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Denoting the Fourier Series of F(x \ co) by S(x), we have by a 
known property of such series * 

2S(x 0 ) = S(x 0 -0) + S(x 0 +0) 

= F(x 0 + o> | co) + F(:r 0 | co) 

= 2F(x 0 ] co) + co<£(x 0 ). 

Thus 

F(x 0 | co) = S (a^o) — i co </>(x 0 ). 


Writing x for x 0 and noting that 
2 '“‘ 


2ttrcr . 2nr:t . 2nnx\ ,, 

cos --cos--f sin sin-) at 

co co co co / 


f* ,, . 2nnt , 

= 4>(x + t, u) cos- at, 

Jo r <*> 


we have the following series which is valid for x c, 
F(x | to) = f <j) (t) dt-\co<f>(x)-2 ^ lim ( <f>(x + l, p) 

J c n «* l fx 0 *' 0 


2nnt 

cos at. 

CO 


8-4. Complex Variable. Notation. We now proceed to a 
discussion of the equation 

(1) A «(*)=*(=). 

on the supposition that the variable and co may both be complex. 
We shall denote the complex variable by 2 , £, x according to con¬ 
venience, and in particular we shall write 

X - 5 + rij = p c'*, 

co = ae lr . 

The expression R(z) denotes the real part of z. 

To avoid repetition we shall understand by e, p arbitrary positive 
numbers which can, in particular, be taken as small as we please. 

The letters m, n, s will denote positive integers, while a will denote 
a positive number, such that 0 < a < 1. 

When£ = pe**, where p is real and positive and where 4 1 is rea h 
we call p the modulus and the argument of X- We then write 

mod X, = | X I = p, arg X = <jo 


* E. W. Hobson, Theory of Functions of a Real Variable (2nd edition, 1926), 
chap. viii. 
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The complex number Z, = 'c. + it] can be represented geometrically 
by the point (E, rj) referred to rectangular Cartesian axes or by the 
point whose polar coordinates are (p, t|>). The figure which thus 
represents X, is called the Argand diagram and we can speak of the 
point C It is easy to prove, and is in fact obvious from the diagram, 
that 

where X, 2 are any two numbers, real or complex and therefore that 

Kil-KsKKr-y- 


Take a point a represented on the Argand diagram and surround 
a with a small region, say a circle whose centre is a. This region 
will be called a neighbourhood of a. 

A function/(C) is said to be holomorphic in a region when/(C) 
has a unique finite value and a unique finite derivate at every 
point of the region. The function is said to be holomorphic at a 
point , if a neighbourhood of the point exist, in which the function 
is holomorphic. A point at which the function is not holomorphic 
is called a singular point or singularitg of the function. 

Let f(\) be a given function, a a given point and N a neighbour¬ 
hood of a. If in N an expansion exist of the form 


/Q =0(*) + r“ + r 


C ~«) 2 


-' + W- 


aj m ’ 


where g(Z) is holomorphic in N, then a is said to be a pole of 
order m of the function /(/). 

The coefficient r of (E-a)" 1 in the above expansion is called the 
residue at a of the function f(C). 

If m— 1, a is a simple pole, and in this case 

r = lim (E-a)/Q. 

i— O 

A function which is holomorphic in a region R except at poles, of 
which every finite sub-region of R contains only a finite number, is 
said to be meromorphic in R. 

We now state 

Cauchy's Residue Theorem. Let C be a simple closed contour, 
such that a function /(C) is holomorphic at every point of C and in the 
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interior of C, except at a finite number of poles inside the contour. 
Then r 

where denotes the sum of the. residues of f(Q at those poles which 
are situated within the contour C. 

For the proof of this theorem and for a full discussion of the 
subjects of the above summary the reader is referred to a treatise 
on Analysis.* 


8-41. Application of Cauchy's Residue Theorem. In 

Fig. 1, A is the point ( - a, 0) BC, ED are the lines y = h, y; = - h ; 
CPD is a circular arc centre 0 which cuts the real axis at a point P 
between n and n + 1 say, for definiteness, at the point n -f-1. 



Fig. 1. 


As Z, describes the contour ABODE A, we shall suppose that the 
point z 4- describes a contour which lies entirely in a region of 
the plane in which the function <f>(z + b>Z) is holomorphic. Since 


7t cot nZ, 


_! 1 1 
T’ Z~\ t I * 


••• + Y - + Y + • > 

£, — n Q-tn 


* For example, Modern Analysis, 1, 5, 6. 
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it follows that the only singularities of the function 

<f>(z + U>£) 7t cot 

which lie inside the contour ABODE A are simple poles at the 
points 0, 1, 2, ... , n. 

We have therefore, by Cauchy’s Residue Theorem, 


<f>( s + sco) —- * . j" <f>{z + toQ 7i cot nZ, dC, 

1-0 -"HI JAfiCTJEA 


I ABODEA 

since the contour is described clockwise. 
Now 


1 


I _ _ 1 1 

\i 2 1 -<• "2 1 -e'-’ r u' 


Hence 


# 


Mo) 



1 -« 


\<j>(z + <Z)d^ 


= -if f 4 >(z+<*Qd£ 

.'AlltP jaej>p 

f </>(: , v f (f>(z + to~) , r 

1 L*ri> 1 - ” ,U 7 „> 1 -e*^ ^ 


Since has no singularities inside ABODE A, we can 

shrink the paths A BOP, AEDP in the first two integrals until they 
coincide with AP. We now suppose further that, when £ describes 
the contour ABFCPDOEA (obtained by producing AB, AE to 
meet the circle OPD), describes a contour lying entirely in 

a region in which <f>(: + <dZ) is holomorphic. We can then replace 
in the second two integrals the path A BOB by AFCP, and AEDP 
by AG DP. 

Thus,we obtain 


n 

- \' 
* - 0 


<f>(z i sco) 




<f>{z i oZ) 

1 c-Srtf a <» 

<£(z + j 
i"_ giVif + 1 n+p 
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/ 


n+J — 


I FCP 


<f>(z+<&(,) 

1 - e~ S "*S 


dt+ f 

J OI)T‘ 


f(z + wO,v 

1 _ e 2irtf *'»' 


We now make the following hypotheses : 

(i) For every n, however large, and for a fixed value of the 
angle (3 in Fig. 1, when Z describes the contour AGDPFA, z + w£ 
describes a contour lying entirely in a region in which <£(z-f-to£) 
is holomorphic. 

(ii) That f <f> (Z) dZ is convergent. 


00 

(ii*) That V z + soi) is convergent. 

1-0 

(iv) That | I n+i | -*• 0 when n —> ao . 

The principal solution of the difference equation of 8-4 is then 

F(z\<*) = j'<f>(Z)dZ- 

= MW ~<o J* <j>(zA o >Z)dZ 

f Hdz+cA * {z+ ^) 

JAFx 1~C - s JjOb 1—t 


00 

-n> ^ (f>{z + sw) 

a 


4-co 


Thus we have 

(1) F(2|«) 


)sr* 


p 2<ri{ 


dt 


= £^ + “ L, i - "2 < ■ "• L, 



Fiq. 2. 
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where i?j and R 2 are rays from - a to infinity, each inclined at an 
angle (3 to the real axis, Fig. 2. If we now put 

(2) /(0 = £ 4(t)dt, 

we can write (1) in the form 


F(z I «) =/(*-«*») + | /(Z + *>M 


+ 


/<, 1 - e 2 "^ dt 


f(z + o>Z)dl 


Integrating by parts, we obtain for F (z I to) the expression 

/(— )+ lT 2+< Sl 

J Ll - « ' ‘U/j, L 1 - c-"* ] Rt 

f 2rcir~ 2wi ^f(z + ^) C 2-ni e 2r Xf(z + <oZ) 

J*. " (l -c-'-O 2 S J/i s (1-e^ 

Now when £—>■ so along j e~ 2,T * i ' | -> oo , since R(-i^) is 
positive. Similarly, | p 2 '**’|-*■ oo when £ -> cc along R 2 . Thus the 
values of the contents of the square brackets vanish at infinity. 
Again, 


dl. 


1 _2 __ = _ j 

J _ f , 2»Na | _ e *2«ia 


1-7X1 


(1 




/(jTii _ p-irt'i j2 


Thus we have 

( 3 ) F(c| t u) = . v i f /(= 

J c 


-T- CO. 


I fl 

7T“ 

2m sin 2 7 t^ ‘ 


7X 

sin • 


bj 


where C is the line of integration shewn in Fig. 3. 



M.T.C. 


r 
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8-6. Extension of the Theory. Having established the 
form which the principal solution of the difference equation 

(1) /\u(z) = <f>{z) 

M 

takes under the hypotheses (i)-(iv) of the preceding section, we 
now consider some cases in which these hypotheses are not fulfilled. 
That such cases of exception are numerous and important may be 
seen by considering such simple functions as e z , sinh z, z _1 . 

When we are given an equation of form (1) where <f> (z) does not 
satisfy the conditions of convergence enumerated above, we replace 
the equation by 

(2) A u{z) — <f> (z) er^ ( z \ 

Ml 

and we then attempt to determine a function X(z) such that this new 
equation may have a principal solution of the form already found. 

Denoting this principal solution by F(z | co ; u), we examine the 
behaviour when p->0. If F(z | ; p) tend to a definite limit 

function F(z | «) which is independent of X(z), we have the required 
principal solution of (1). 

To study this process, we consider the function <f>(z), which 
satisfies the following conditions : 

(A) In the half plane R(z)^a, <j>(z) is holornorphic. 

(B) When R (z) ^ a, there exist positive constants C and k, such 
that 

|<£(z)| 

however small the positive number e may be. 

The class of functions which satisfy these conditions includes 
all integral functions of order * one and, in particular, all rational 
functions and functions of the form P(z)e lz where P(z) is rational. 

We shall now prove that in this case it is sufficient to take 
X(z) = z v , p > 1, in order to ensure convergence of the integrals, 
provided that <u be suitably restricted. 

We shall denote by S a real or complex number, such that | S | -> 0 
when j £ j -v oo . More precisely, given a positive number h, we 

* For the definition of order of an integral function, see, for example, P. 
Dienes, The Taylor Series, 1931, p. 290. 
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can find a positive number p 0 , such that [ S | < h, if p = K I > Po- 
If 8 occur more than once in the same formula, its value is not 
necessarily the same in each place where it occurs. With this con¬ 
vention we can, for example, write 

X (*+«£) = K) p (l+<-)’= (p<r)'(1+*), 

(&+e) p-pL p p (l + S) = -p.p J> (] +8), j> > 1. 

Consider j" <f> (£) dX. taken along the real axis. We have 

| <f>(Q | < CeU+'^-^u+V, 

< C . 


It follows from this that the integral converges since its modulus 
is more convergent than j" e “dp. 

Again, 


and 


00 

^ <£(z-bCO.s) " a) : 

9 “0 

00 

(J (t(k 4-«) U I V' ^(A-f «) <t9 - C08J>t)(1+£) 

a = 0 


(fc+ e) os - ([x {qs) p cos jit) (1 -t~ S)= - (\i (as) p cos pr) (1 -f-S). 

ac 

Hence the series is more convergent than ^ c~’, provided that 

* — o 


cos ])t > 0, that is, provided that | pr j < Since p is arbitrarily 
near to unity, this gives 

(3) M < 


7Z 


which is the first restriction on co. 

Since the integral and the series both converge, it follows that 

(4) ^ (z | oo; (jl) = f <f> (£) W dZ, - co ^ ^(s + ws) 

J c t = 0 

exists as an analytic function of z, provided that (3) be satisfied. 
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Now consider Fig. 3. As £ describes the path C it is easy to see 
that R(z+o^)^ R(z-xa), provided that 


5) 


/i 7T i I 

^ < 2 ~ I T I' 


Hence, as £ describes C, we shall have R(z + o>{,) ^ a, provided 
that a be chosen so that 

( 6 ) R(z-czu>)^ a. 

We shall suppose conditions (3), (5), (6) to be fulfilled so that 
condition (i) of 8-41 is satisfied. We now turn to (see Fig. 2) 

/a= L, 

With C on R 1 , £ = p e‘ 3 . = p e ifJ (l + 8), 


1 


1 _ e -2wif 


I _ 1 

i ~ 2 


e~ n v 


_ g-2»>i 


Hence 


where 


(sin 2 7z£, + sinh 2 7rr;)^ 

IrA <Ce<*+'>‘*< f (l+S)c-«Wrf P> 
Jn, 


(1 + 8 ). 


w(p) = 27 tt j - (k+ e) pcr+ p[ (p(7) p cos (i{h- t) ] (1 +8). 

The integral certainly converges if u(p) be positive, and this 
condition is satisfied for all positive values of p and for p — 0, 
provided that 

cosj)(^ + t)> 0 and 2?rpsin - (k+ z) ap > 0. 

Since on R x we have ^ > (3 and ^ - P -> 0 when p -> oo , these 
conditions lead to 


7r . 27t sin ij; 




k+ i 


O . 7r . . 271 COS T 

P < | r I, a < - k — . 


that is, to 

(7) r* " ^ 

If these conditions be satisfied, I Rl converges, and, when p -> 0, 

J f + 
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In the same way we may shew that, if conditions (7) be satisfied, 

Jr, ' ' l-e-'X 


at. 


converges and, when p, -> 0, has the limit 



<f>(z + OiZ,) 
1 _ e 2«f 


The proof that condition 8-41 (iv) is satisfied by the function 
<f> ( 2 ) e~^ K (*) presents no difficulties and is left to the reader. 

We have thus proved that the principal solution of 
A u(z) = <t>(z), 

w 


when | <f>(z) | < (7 e<* +,)UI for R(z)~^a can be put into the form 
8-41 (3). 

(8) F(z | «) = f f(z + ^) (ct) 2 ^. 

J c sin 

provided that 



Fio. 4. 


Fig. 4 illustrates what we have proved. 

Expression (8) represents the principal solution for z in the half 


plane R ( z ) ^ o, and w inside a circle whose centre is the point ^ j 
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whose radius is The particular contour C depends on the value 
of to inside this circle. 

When r = 0, to is real and the contour C becomes a parallel to 

2 n 

the imaginary axis. We have thus, for to < , 


(9) 


J’(z|to) = , > -.f”‘ H,X /(z + toi:)( 

v 1 ' 2m] J ' Vsm tvj 


From this we can at once draw the important conclusion that, 
if <f> (z) be an integral function (of order one), that is to say, holo- 
morphic in the whole plane (excluding the point oo), (9) represents 


the principal solution not only for to < , but for every to inside 

2tc k 

the circle | to | = -=-■ Also, 


( 10 ) 


F(z-to | - to) 



This last result is of great interest as it embodies the comple¬ 
mentary argument theorem for the sum of an integral function of 
order one (at most), the arguments z, to - z being called comple¬ 
mentary. 

With the notation of 8-16, we have, for example, 

B y (x - to | - to) = B y (x [ to). 

That is, 


which, in the case to = 1, gives 

5,(1-x) = (-1)-B,(x), 

the formula of 6-5 (8). It thus appears that the complementary 
argument theorem of Bernoulli’s polynomials (of the first order) is 
a particular case of the general complementary argument theorem 
(10), and is shared by Bernoulli's polynomials in virtue of the fact 
that they are principal solutions of the equation 

&u(x) = vr M . 
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8-53. The Sum of the Exponential Function. We have 

by 8-5 (9), 8-41 (2), 



Fio. 5. 


If we deform the path as shewn in Fig. 5, we obtain 

. 1 f 1 

'2m Jc ~ '2m 

where the integrand is the same as in (2) and C denotes the loop, 
the straight parts of which are supposed to coincide with the real 
axis. 

The residue at l = 0 of the integrand is w e m ‘. If in the second 
integral we write Z+ 1 for X, , we obtain 


r _ «ri +i® 

J - afl-i* 


/ = -« 


■•+,'1 

2m J 


« t (>m(z rnw _ ptnc 


■ ~ rid: 
sm —y 


r.' \-b [ . 

1 f— ~r -- I (~ — 

2m m J - „ _ ix ' sm 


The last integral is equal to 
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Regarded as a function of to the sum is meromorphic,* with simple 

poles at the points to = —s an integer. The poles nearest the 
27TZ ^ 

origin are at d; —, so that the inequality stated for | to | is in fact 

the best possible. 

If we write - to for to, we get 




,-mi g 

+ 


to e 

e 1 


-me 

m 


Combining these results, we get 
2 

8 , v a v Co sinh miz- Jco) sinh me 

cosh me AC= ■ M -, 

' ~~ ' 2 . , mo m 

c sinh ^ 

2 

Ci ■ , r . v <0 cosh TO (2 - Ito) COsh TOC 

V sinh to; A ^ = i,- 1 -^- 

O „ 2 . , TO to TO 

c sinh ^ - 

We may observe that neither of these sums vanishes when z — c. 
If we write im for to, we obtain 
2 

Q v v to sinTO( 2 -lto) sin toc 

V cos mX, A X, = 1 -— - 

CJ „ 2 wtto w 

e sin — 

Z 

r . r to cos cos toc 

£As = - ry- 1 -— + 

'■ TOtO *” 


sin toc 


Sill 


8-6. Functions with only one Singular Point. Let^(z) 
have only one singular point, at the point z x = r,e 1# ', where r x is 
finite. Then cf>(z) is holomorphic outside the circle whose centre is 
the origin and whose radius is r x . Let a 1 and a be two real numbers 
such that a 1 < r x cos O l3 a > r x cos 0 X . 

Then <f>(z) is holomorphic in each of the half planes, 

R{z)^,a 1 , R(z)'^a. 


* See 8-4, p. 221. 
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We shall suppose that outside the circle radius r,, 

| tf>(z) | < Ce (l+, ) | * I I 

where C and k are fixed positive constants and e is positive and 
arbitrarily small. Then, if 0 < w < 2n jk, R(x) > a- aw, we have 

(1) F(x | w) = 1 . f /(* + «*) ( -~)*dz, 

2t r»Ji, 'sin nz/ 

where L x is the line through -a parallel to the imaginary axis 
described in the direction — too - a to +ix. - a. Provided that 
R(x) > a, a can always be chosen to satisfy the above condition. 



Now consider Fig. 6, where we have deformed the contour L 1 into 
L 2 , the lines AB , EF being straight, collinear, parallel to the 
imaginary axis, and at distance l from it. 

is a semicircle, radius 2 tt jk, centre 0. By taking the straight 
portions DE, BC long enough and sufficiently near to the real axis 
we can always arrange, for any fixed value of w interior to Nj and 
for R(x) > a, that, as z describes L 2 , x + c oz describes a contour 
to the right of which <f>(x + <jiz) has no singularity. 

In the extreme case, to — 2ni j k, the contour described by x + oc 
is L 2 turned through a right angle with the origin moved to x. We 
can now shew that 

( 2 ) m m>». 
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In order to do this we must shew that the integral converges. To 
do this it is sufficient to shew that 


f 

J PFod 


<f>(x + toz) , 

i_e-2 nii a 




is finite where P is an arbitrary point, l A- iy 0 , on EF. 

If y be the imaginary part of z, 

|(1- er- ni2 )-' [ = e-^isin 2 vil + sinh 2 Tty)~^ 
< e~ wv I sinh Tty 
<2e~ 2w >'(\ -e 2 ^) - 1 , 

\4>(x + U>z) I <Cc< i +*>l I + “'l 


so that the modulus of the above integral is less than 


2Ce (k+,)lz +<“* 1(1 -c- 2 ***)-' ( c (ti ‘' ), '“ v ~ 2 ’ rl, dy, 

cy ^ 2tt 

and this is finite if I w I < — or, since e is arbitrary, if | to | < . . 

k+e k 

Thus (2) is established. 



Consider now 

(3) f(x) = | <f>(z)dz, R{c)>a. 

Since z l is a singular point of <f>(z), f{x) is, in general, many¬ 
valued. To avoid this we make a cut * in the z plane from z 1 to 


* A cut is an impassable barrier. The variable may not movo along any 
curve which crosses this barrier. 
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- co parallel to the negative imaginary axis (see Fig. 7). In the cut 
plane /(x) is single-valued. 

Changing the variable in (1), we have for R(x) > a, and for 
0 < co < 2 tc j k, 

1 Cx - wa-f . 

(4) F (x | co) = . f(z)v? cosec 2 - (z - x) dz. 

ZlXl Cl) J x - wo - mix- ^ 

Now keep co fixed and move x to the left from R(x) > a 
to R(x)<a 1 . When we cross the singular point z v we increase 
F(x | co) by 

(5) P(xico) = , 1 f f{z) 7c 2 cosec 2 - (z - x)dz, 

IniaJ z, to 

where Z x is an infinite loop round z 1 as shewn in Fig. 7. 

Thus for R{x)<a 1 , 0<a<2T:jk > we have 

(6) F(z|co) = P(z|co) + ^\_ ''" f(x + co.) f sm r _. ) 2 dz. 

By suitably deforming the path of integration in (2), we can 
consider this result as established for all values of co interior to the 
semicircle <S, of Fig. 6, and for the modified path. 

To evaluate P(x [ <o). we have from (5), on integrating by parts, 

P(x | co) = - .j .| f(z) cot *(z- x) 7T <f>(z) cot ^ (z- x) dz. 

Since cot T '- (.j - ioo - x) — + i, we have, if z x be a simple pole. 

CO 

(7) P(x | co) = - m R x - — R x cot (x - z,) —, 

CO 

where 7? x is the residue at c x of <f>{z). Evidently then 

(8) P(x | co)-i-P(x j - co) = - 27.1 R v 
and from the definition (5) 

P(x + co | co) = P(x | co), 

so that P(x | co) is a periodic function of x with period co. 

To extend our results to values of co inside the circle | co j = 2 tt jk, 
consider (4). Taking R(x) > a and keeping x fixed, let us make 
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If, on the other hand, we go from o> to coj by the path p 2 , Fig. 9, 
inside the semicircle <S 3 , radius 2n j k, l 2 passes via l 2 ' to 1$, and 
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the right of (4) again increases by an amount equal to an integral 
round the infinite loop Z lt but now we must evaluate (5) for a 
negative value of to, and then we obtain, for the path p 2> 


(io) *>K) 

=2»«,+P(*i»o+ 3 *j J /<*+«,*> (3^5)’*. 


where P(x | Wj) is still given by (7). 

Thus F (x | to) exists but is not one-valued when to varies inside the 
circle | to | = 2 tc / k in the to plane. If, however, we make a cut in the 
to plane (but not in the z plane) from 0 to - 2-r.i / k, F (x | to) is one¬ 
valued for to inside the circle j to j = 27t / k in the cut to plane and the 
value of F(x | to) for negative values of to, to x = - to, is given by (10). 
Finally, if we now let x recede to the half plane R (x) < a v keeping 
a fixed negative value of to, we arrive once more at (2), which, by a 
simple deformation of the path of integration, is seen to be holo- 
morph'c for all values of to inside the circle | to | = 2r.jk in the cut 
to plane and for all values of x in the cut z plane. We have thus 
obtained the analytic continuation of F(x | to) in the above regions. 

If instead of having one singularity, have a finite number n, 
all at a finite distance, with residues R v R 2 , ..., R n , we can proceed 
in exactly the same way and we shall arrive at similar results, the 
function P(x| to) of (7) being replaced (for simple poles) by 

P(x | to) = - 7 vi ^ R s -tz R s cot(x- z s ) . 

« i < i w 

In the case we have considered above, (n = 1), the numbers a l 
and a can each approach R(z j) as near as we please. If n > 1 this 
is, of course, not the case. 

We can now obtain a generalisation of 8-5 (10) connecting the 
sums for complementary arguments. We have from (10), writing 
- to for «!, x-iu for x, and - 1 - z for z, 
jP(i- to | - to) = 2iziR x + /"(x — to | - to) 


\ f -> + « + ** . / TC V s , 

-f/(x + foz) ( . ) dz. 

J ' \sm7tz/ 

Using (8), and observing that -l<-l+a<0, we have 


(11) F(x-to |-to) =-P(x| to) + F(x| to). 
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8’7. An Expression for F(x| -«). Consider 

X 

S r-a+ioo / it \2 

<t>(-z)Az=\ /(z + cozJU—-) dz, 

u J - a - ioo 'SID 1XZ/ 

- c 

where 

fz+*>z r-z-*>z 

f(x + u>z) = J (f>(-z)dz — ~ J <f)(z)dz. 

Now we have 

X 

F <*l ='8 * (z) A . s 9{x ~- z) (a J'* 1 

C 

where 

fZ - wZ 

g(x~oiz) — J <f>(z) dz =-f(-x + oiz). 

It follows that 

F (x | - to) = - F 1 (- x | to). 

If then in 8-5 (4) we take X(i) = l 2 , we have, if w > 0, 

F (x | - w) = - F x (- x | w) 

= lim|w ^ <j>(x-su>) c~“t*~““t 1 - f ^ (z) e~dz\ , 
which expresses ,F(a; | - «) as the limit of a sum. 


EXAMPLES VIII 

1. Prove that 


X 



a 


(z-l)(z-2)... (z — n+ 1) A 2 — l (*- 1) ••• (x-n)-~£ < n , (a). 

ft 11/ 


2. Prove that 


A 2 


z(z+l)... (z + n) 


_____ -1 

nx(x+ 1)... (x + n- 1) 

1 f 0+1 dz_ _ 

+ nj a z(z + 1)... (z + n- lj ’ 
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1 


= -«!§. i-*0 


n\ 1 


x{x + 1)... (x + n) ~ n\ /To ' ' 's'x+s’ 

shew that the constant can be written in the form 

/ _ l]n+l n 

1 l} Ahg a. 
n ° 

3. Prove that 

X T 

a a 

4. Obtain the following expressions for the periodic Bernoullian 
functions, 

P (jr * - ( _])»+! 2 ( 2 _ v >! y L 03 2 *"* 

0 (27T)^„4 / 1 n 2 ' ’ 

P (x) _ , _ iwi 2 ( 2 v + 1 )'• y 8in 2imx . 

Ir 2r+l\ J ') ~ < ( 27 l) 2,, +i „2v+l ■ 


n“l 


5. Prove that 


f I^+iW-^+iM ]cot7 z(z-x)dz 

J 0 

- /_ n ,+i 2 ( 2v til ! V 1 cos2tctix 
V ; (2it) 2 ‘' +1 ',Vi n 2v+1 ’ 


and deduce the expansion 


, cos27mx . , 

■ log (2 sin nx) = 2 j -, 0<x<l. 

n-1 n 


6. Shew that 


(2rr) 2 ‘ +1 H 


“» 1 

B ^-in 2 *'+ 1 = (_1)V+1 2(2v + l)!j 0 


t f ^2v+l ( Z ) 

• J 0 


cot to dz. 


X 



0 


7. Shew that 
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8. Prove that 


[ex. vui 


B. 

9. Prove that 

B.{\) 


<*>=2 

<wY-V 


2 r - a+t» 


47U'l J — a — (x 

B Z y = (-1)' +1 «f i-dbrrr«*». 

Jo SI 

2 ,, 'B lr (i) = (-l) r ” f 

- Jo 


dz 


sinh 2 rex 

r- gg-rf x 

cosh 2 7«" 


10. If <f>(x) be an integral function, such that 
\<f>(x)\ < Cc'\ x ' 

where C is a fixed positive constant and e is positive and arbitrarily 
small, prove that 



:\ > l <l>(t)dt'-< 


1 


llli J - a - (.Jr 




. 71 —) 2 dz 
sin t tz' 


for all finite values of w, real or complex. 



CHAPTER IX 

THE PSI FUNCTION AND THE GAMMA FUNCTION 

In this chapter we consider the application of Norlund’s principal 
solution to two special forms of the function to be summed, namely, 
x _1 and log x. 

The first of these gives rise to the Psi function, the second to the 
logarithm of the Gamma function. 

Both these functions play an important part in applications of 
the finite calculus, and both possess great theoretical interest. 

9-0. The Psi Function. This function is defined by the 
relation 

J 

T(x| w) = Q ■ A =. 

i 

Taking x, o> to be real and positive, we see that the conditions of 
8T5 are satisfied and the function therefore exists. When to = 1, 
we shall write 

T'(r) = 'P (x | 1). 

We shall now illustrate the results of Chapter VIII by obtaining 
properties of the function 'P (x | w). 

9*01. Differentiation of the Psi Function. From 8-2, 
we have 

£*<*!“>= 8 (-i>A + ', 

1 

1 

M.T.C. 241 Q 
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and generally 


Thus we obtain 

A A* 




and consequently, using 8-1 (8), 

A A * / J\n-1 J 

O (7+^c)" = (n- 1)! ' i ' tn ~ 1) ( x +* l^ + (7i'“l)(l + a) ll :_1 ' 

With the aid of this result and 8-16 we are now in a position to 
sum any rational function. For example, using 8-1 (8), 

=§ ^* + r. ai+ § c + <Aip) a * crii)') * 

o 1 

= \B 2 {x | to) + 'F (x | to) - 'F' (x+2 | to) - lc 2 - iogc+ ~~ - 

C "T* 


Any rational function can be expressed as the sum of terms of 
the types ax n , b(x+ (3)~ n , and can therefore be summed. This 
summation property is one of the most important applications of 
the function. 

For numerical values of 'F(a:+ 1), y i' , {x+ 1), 'i'"(x+ 1), 'F"'(x+1), 
the reader is referred to the British Association Tables, Vol. I, 
(1931), where they are. tabulated under the respective names, 
di-, tri-, tetra-, and pentagamma functions. 

For integration of "'F (x \ to) we have, from 81 (4), 


1 

to 



■'F (< I 6)) di = 



[See also 9-67.] 
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9*03. Partial and Repeated Summation. As an example 
of partial summation we have from 8-1 (7), 


X Z + 


X X 

§ = *(*!<■>) § \& z 

1 ^ 1 

= X l' 2 (x | w) - ^ f 'i ri (z | c o)dz- Q - 'F (z 4- co | a) A 

CO J ^ C_y Z w 


Now 


^(2 + «| to ) = J + 


while, from 9 01, 


X 



l 


Thus we have 


¥'(x|w) + l. 


2 g ^(2|co) Az 

= * 2 (x | w) + to 'F'ix ( w) - to - — f 'F 2 (z [ w) dz. 

wjj 

As an example of repeated summation, consider the equation 

2 ] 

A«(*|«) = -• 

From 8-12 we have a solution, 


X 



1 



8 


(x-t- o>) - A t 


X X 

-(.-)§!a.-§iA* 

1 1 

= (x-co) ^ (2* | Co) - (x- |co - 1). 
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9-1. Asymptotic Behaviour for Large Values of x. From 
8-15 (11), we have 

(1) ^(xjto) 


= logs- 2 


B„ 


(- 1 )‘ 


+ w m+1 (- 1)’ 


r 


Write 


P m (~t) 

(x + a>t) m+1 


dt. 


Then 


Qm(*) = log I- 


B„ w" (-1)' 


x" 


where 


x m {'P (x | co) - Q m (x )} = W -G(_ l)» «„(*), 



Pm( -t) 

X 0>t 



dt , 


we now shew that R m (x) -> 0 when x -> oo. 

We have, integrating by parts, 

f n Pmi ~ t] dt = r -*w -o t _ r (,-o_ dt 

J 0 x+wt L(m+1) (x + to<)J 0 J 0 (w + i)(x + cot) 2 

Since P m+1 ( - <) is bounded, the integral on the right exists when 
n -> oo , and, moreover, both terms -> 0 when x -> oo . A fortiori 
0. 

Thus we have proved that 

lim x m { ^(z j co) - Q, n {x )} = 0. 

X —► * 

It follows that asymptotically,* in the sense of Poincar6, 

(2) ^(xM-logx- 

y =1 V X 

from which numerical values can be calculated. 

In particular, for large values of x, we have 

(3) 'i' (x | w) ~ log x. 

Hence 


(4) lim {T , (z + r«u|ci))-log(z+n<o)} = 0. 

fl—► *> 


* See 8-22, p. 217. 
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Now, from the definition, 

P (x | to) — P (x + «6) | to) - to ^ - 

$ =*: 0 £ ^CO 


= jlog (x+noi) -to ^ | ^ (x + ntu | to) - log (a: + nto). 


Thus, as in 8-21 (6), 

P (x | <o) = lim 

n— *>X> 


f ft “A 

•j log (x + nco) - to V) 

l »-o 


I 

x + sw 


)• 


Putting x = oi, we have 

'P (o> I oi) = logw+ lim I log (n + 1) - X rri ( 

n-*x. I »~0 s + 1 ) 

= log to - y, 

where y denotes Euler’s constant.’" 

In particular, if o> == 1, we have 

*( 1 ) = -Y- 

We also note that the asymptotic series (2) is valid for all positive 
to however small, so that, when <o -> 0 by positive values, we have 

lim 'P (x | to) = log x. 

--►o 


9*11. Partial Fraction Development. From 8-21 (5), with 
m = 0, Q 0 (x) — log x, we have 


p (*|«) = log*- 


A log (x+sw) 


1 

/ 


= logx- V 

9 =0 



Putting x — Co, we have, from 9-1, 


log to - y = log to - V 

»-o 

Subtracting, we obtain 

'P (x | to) - log to + y = 




00 / 

V ( - 

/to 'X + toS 



* Modern Analysis, 12-1. 
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where 



+ S o { 1 °g(^+- ? + 1 ) _lo s(^ + ' j )~ 1 °g(' s+2 ) +!o g( s+1 )} = °- 


Thus we have 


f - (* | O.) = log » -r - f V _ J s/ . 


This expression of Psi in partial fractions is valid not only for 
x real and positive, but in the whole complex plane, and shews that 
"'P (x | w) is a meromorphic function of x with simple poles at the 
points 0, - w, -2<o, - 3w, , at each of which the residue is -w. 

Regarded as a function of co (x fixed), we see that "T (x [ o>) has 
poles at the points -x, - £x, - |x, - |x,..., and that these poles 
have the point w = 0 as a limit point, so that w = 0 is an essential 
singularity. 


9-2. The Multiplication Theorem. From 91 (1), we have 
*(*l <■>) - log CO = log 5 - V; (r -~- — (") 


+ (-!)• 


f* 00 

J 0 


J-sL —iLdi = W 2 ). 
f x +( ) 

\C0 t 


Thus 


(l) ¥(*!«) = *(?)+log«. 

From 8-1 (1), we have 

= ¥ (mx | co) - log m f 

by a double use of (1). This is the multiplication theorem. 


co 

m 
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In particular, for m = 2, we have the Duplication Theorem, 
namely, 

'P (2x | w) = \ {'P (x | w) + ’P (x + \ | w)} + log 2, 
and in particular, for co = 1, 

¥ (2*) = £{P (x) + P (x + |)} + log2. 

Putting x = this gives 

P (£) = ~Y~l°g4r. 


9*22. Fourier Series for P (x). From 8-3, we have in the 
interval x 0 < x < x 0 +1, 


P(x) = la 0 + ^ («„cos 2nnx + b n sin 2tzhx), 

n- 1 


where 


rx> g~nT+2nnzi 


dx 


l (« n +•*») = « I™ 1 

n — ► 0 J Jo ^ 

f* eos2ttr:x , . f* sin2nra , 

— _ i - dx -1 I ax 

Jr. * Jr. * 

= ci (2?m-r 0 ) + i si {2nra 0 ), 

where ci(x), si (x) are the cosine and sine integrals, namely * 


01 


For a 0 , we have 


i(.r) = -J 


cos t 
t 


Thus 


, si(x) = - f 

J X 

f/o 1 

K = J r ^ x = logr 0 - 


sin t 
t 


di. 


P (x) = log x 0 + 2 P} (ci (2 te«x 0 ) cos 2 hike + si (2 tcwx 0 ) sin 2/nrx}. 

it i 


9*3. The Integral of Gauss for P (x). For R{x) > 0, t > 0, 
we have, summing the geometrical progression, 

V c -‘t'+*> = - 

,“o 1-e-*' 


* For numerical values of these integrals see British Association Mathematical 
Tables, vol. i, London, 1931. 
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Integrating with regard to t from p. (> 0) to ao , we have 
/To x + s J,, 1 -e-‘ 

Also, 

r e -~dx = r 

Jl X t 

Now, from the definition, 


dt. 


a ® e -e* ® 

- dx - 

1 x « = o 


e -<*G+D^ 
X + S / 


dt 


which is Gauss’ Integral for 'I' (i). 
Putting x — 1, we have 




* 


9*32. Poisson's Integral. As an application of 8-41, we have 

'X ~ »“ | 


(* I “) = 


dz 


~hC0 


r - a+ix 

J — a 


dz 


. + 




(x + o)s)(l-e- 2 ’' iz ) 

Put a = £, replace x by x+%u> and z by z- | 
We then obtain 


dz 

(x + o>z)(l - e 2 '**)' 


dz 


+ w 


r 
J 0 


dz 

(x 4 - toz) (1 +e 2 ’“j' 


'P (i + fco | w) 

logx + wj^ (x+a>z)(l +e~ 2l,u ) 

In the first integral write z = it, in the second z = - it, then 

'P(x+ Jo | oj) = logx + iu f - 

2 ' 6 J 0 \x+us)t x - KAt/ 1 + e 2 " 


= log x-f 2w 2 

which is Poisson’s Integral. 


r 

J 0 


tdt 


(x 2 + w 2 / 2 )( l + e 2 '‘) 
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9-4. The Complementary Argument Theorem. From 
8-6 (7) and (11), we have 


'P (x - co | - co) = 'P (a; j co) + to + 7t cot 


Now by 8-7, 


itx 

CO ‘ 


while 


S * ri p -»>' ^ 

<'(*!-«)= ; - , 


'F(-xlco) 
By subtraction, 




dz - 




e _M <*-«..)» ^ 

- X + SCO / ’ 


'P (x | - to) - X P (- x | co) — - lim 1 dz = to, 

M —►O j - 00 2 

the integral being taken along the real axis with an indentation at 
the origin. Writing x - co for x, we have 

\P (x - CO | - to) - 'P (to - X I Co) = TO. 


Thus we have 

Sk (co - x | co) = SP (x | w) + n cot ^, 

which is the required relation between functions of the complemen¬ 
tary arguments co, co - x. 


9-5. The Gamma Function. We start from Norland's 
definition, namely, 

X 

(1) log T(x) = ^ log; A = + c, 

0 

where the constant c is chosen so that log f(l) = 0. In order to fix 
the determination of the logarithm, the complex plane is cut along 
the negative real axis and the logarithm determined by log 1=0. 
We have from (1), 

A log T(x) = logx, 

whence we obtain 

(2) r(r+l) = ir(i), 

which is one of the most important properties of T (i). 

In particular, if n be a positive integer, we have 

(3) r(»+ 1) = n\ . 
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Again by 8-1 (8), we can write 

X 

log T (z) = ^ log z A 2 + constant. 
i 

Differentiating this result by means of 8-2, we obtain 

X 


(4) 


r'(x) _ Q 
r» u 

l 


1 A2= *(*), 

Z 


so that ¥(*) is the logarithmic derivate of F (x). 

For numerical values of T(x+1) see the British Association Tables, 
Vol. i, where the function is tabulated under the name x\. 


9-62. Schlomilch’s Infinite Product. We have from 911, 

™ = _ Y _yf-L- M. 

T(x) ' ~o'x+s 1 +sJ 

Integrating from 1 to x+ 1, since log F(l) — 0, we get 

log T (x + 1) = - yx - £ (log ?— - X J 

= log e- yi - ^ (log ~ - log e»). 

Thus we have Schlotnilch’s Product, namely, 

X 

(1) r(*+l) = <r« fi — ■ 

-* 1+ * 

s 

Since r(£+ 1) — xT(x), we have 

< 2) 

The infinite product in (2) converges absolutely at every finite 
point of the plane, so that 1 / T (x) is an integral function with simple 
zeros at the points 0, -1, - 2, - 3, ... . It follows at once that 
T(x) is a meromorphic function with simple poles at the points 0, 
- 1,-2 . 

The above product (2) was taken by Weierstrass as the definition 
of the Gamma function. 
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9-53. Certain Infinite Products. Consider the infinite 
product, 

P = fr Kt3)(*t3) 

, .^i(s + y 1 )(s + y 2 )’ 

where x l + x 2 = y l + y v 

The product is then absolutely convergent * and, moreover, 

eivi+vi-x, — ] 

Hence we can write 


P = 



Using Schlomilch’s Product we have, therefore, 

” (s + a^)(s+2; 2 ) _ r(y t + 1)r(y 2 +1) _ U(y x +1) P(y 2 +1) 
/ii(«+yi)(*+s' 2 ) x iP (^x) x 2 r (* 2 ) r(xj+i)r(x 2 +i)’ 

provided that x y + x 2 = y x + y r 

In the same way we can evaluate 

PI (s + x,)(s + x 5 ) L .. (sfi„) 

■ i («+yi)(s+y 2 ) •••(*+</«)’ 
where x y + x 2 + ...+x n = J/i + y 2 + ••• +y»- 


9-64. Complementary Argument Theorem. The infinite 
product 9-52 (1) converges absolutely and uniformly in any bounded 
region from which the poles are excluded. 

Now 


r(]-*•) = «•»* II 


e • 


1 - - 


s 

X 

e• 


Thus we have | 


I» = , II z 

s 


T(x)V{\~x) = lh -U = 

*i«i, ^ 

$ 2 


71 

sin tzx’ 


t Modern Analysis, 7-5. 


* Modem Analysis, 2-7. 
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which is the required relation between the functions of the comple¬ 
mentary arguments x, l-x. The result is originally due to Euler. 
Putting x = £, we have 

r(i) = 


9*55. The Residues of T(x). The residue at the pole 
x = - n is r n , where 

r„ = lim (x + n) T(x) = lim 

ro?r(l - x) 

Now 

z + n _ / _ 1)n M x ±n) _ . 1 ? (-1)" 

sin 7tx ' ' sin -k(x+ n) tz tz 

Thus 

r _ (-1)" _■<-!)" 

• r(l+n) n\ ’ 

using 9-5 (3). 

We have therefore proved that in the neighbourhood of the pole 
x = - n the principal part * of T ( x ) is P {T(x)}, where 

p < r <*» = iivJfrr 


9*66. Determination of the Constant c. To determine 
the constant c of 9-5, we have, from 8-21 (6), with m — 1, 

r C x+n V" i 1 1 

logr(sc)-c= bm -M \ogzdz-\ log(x-t n) - 2^ log(x + s) 1. 

n—► x l J o #=* 0 ) 

Now, integrating by parts, 

Cz+n 

1 log zdz- | log (x+n) = (x + n- |) log(x + n) - (x + n) 

J ° 

= (x+ n - J) log n- n+ (x+n - J) log ^1 +^) ~ x - 

Also 

(*+*-i)l 0 g(l + 5)-*=(*-i)log(l + ^)-^+ 3 ~-..., 
and this tends to zero when n -> oo . Thus 

( n - ) \ 

(x-t- n -1) log n-n - V (x + s) |. 

»“ o ) 


* Modern Analysis, 5-61. 
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Thus, with x = 1 , 

(2) lo g r(l)-c= lim j(n + §)logw-w-logw!j . 

Writing 2n for n, we have also 

lo g r(l)-c= lim |(2n+ \) logn- 2n+ (2n + |) log2 -log(2n)l|. 
Again, putting x — 4, we get 
logr«)-c= lim (m log » - n - log '— — } 

— lim 

n—►x 

Adding the first and last of these three equations and subtracting 
the middle one, we have 

l°g r (i) - c = - \ log 2. 

Thus 

c - log{ v /2 r(i)} = log\. 2 tt, 
from 9-54. We have, therefore, 

X 

/ log r(x) = ^ log 3 A * + log v'27T 

0 

as the complete definition of 9-5. 

9*6. Stirling’s Series. From 8-15 (11) we have Stirling’s 
series, 

lo g r>+A) = log v2w + xlogx- x+ B l (h) logx 

_ V ( _ ! y _ « _ 1 f **- <= * *> d , 
v'tr’i ' v(v+l)x' wj 0 (x + z) m 

This series is valid not only for real x, but also for 

- u + e < arg x < w - s, 

e being arbitrarily small but positive. 

Putting h — 0, we have 

log F(x) = logv27r + (x- £) logx- log e*+.... 


i log n-n - log(2n)! + log (n !) + 2nlog2 


1 


T 
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Thus 

log r (x) - log (\/2 tc a:* -1 e~ x ) -> 0, 

when | x | -> oo . Hence we have Stirling’s formula, namely, 

liin _F (x) __ ^ 

v '27r x x ~- e~ x 


9*61. An Important Limit. Taking m = 2, in Stirling’s 
series, we have 

log Y(x + h) — log v 2 tc + (x + h - \) log x - x + 


-Jo <3 


x + z) 2 


Put h = 0, and subtract the result from the above. We then get 


. F (x + h) , . B 2 (h) -B~ . f* 

lQ g = h log x+ 2 \> x 2 -i| o 


r (a?) 

Thus we have 


3 2 (: - h) P 2 (z) . 
(x~z) 2 ' ® 


, l ! m = ] > 0<A<1. 

i * i—*■* x h r(x) 


This result can be generalised as follows. 

Let s be a positive integer, and let 8 denote a number real or 
complex which tends to zero when s -> oo . The number 8 is not 
necessarily the same in each formula in which 8 occurs. 

By Stirling’s formula, we have 

T(s + x) = s '(27c)(s + x)' f *~l c~'~ x ( 1 +8). 

Hence 


r ( s + x ) _ (s+x)« +:r -i 
r(.s + y) ~ (T+yj*+»-‘ 


e* X (1 + 8) 


Now 


(l+*)' = «-<i+8), (l +«)"* = «-.(i+8), 

(i + r‘=> +s - o+rr'=‘^. 
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Hence we have 

r ( s + x) 

i>+y) 

Now | s a+<> | — s a , when a, b are real. 

Hence 


255 


= s*-‘'(l + S). 


| T (s -f x) 


= *'(1+*), 


I f(a + y) I 
where a = R(x) - R(y) = R(x~ y). 

9’66. The Generalised Gamma Function. If we define 

the function r(x | a) by the relation 


( 1 ) 


X 

>logr(*|w) = ^ logs Az + wlog 


we have by differencing 

( 2 ) r (* + «|«) = *r(*|to), 

so that, if n be a positive integer, 

r (n co + co | to) = to” F (co | co) n !. 

From 8-15 (11), with h — 0, we have 

'2 k 

to log F(x | to) = co log y 1 " + (x- ico) log x - x 

co r*> P m (z) 


-» V’(-1)- *->■ y, C-r 

v (v + i) x' m I fx 
J * ' t.\ 

= col°g r Q + (x - to) log co, 


0 to 


+ z 


dz 


from Stirling’s series. Thus we have 

(3) log T (x | to) = log F (*) + * (x - co) log co, 

' llV III 


so that T(co | co) = ], and therefore 

r(no -Mo | co) = co" «!, 
when » is a positive integer. Also 

r (* I“> = r (*) ex P (~r lo g “)• 
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Again, from (1), 

< 4 > = 


= log to - Y — £ (; 


#*=0 


CO 1 

X+COS 5-hi 


Integrating from co to x + co, we have 

cologr(;E + co|co) = ar(logto-y)- £ (tolog-*), 
whence 

j* 

- V + log »> „ ® 

r( 3 :+ co | co) = e 


"(*+>r 

V SCO / 


and, by (2), 


y - log <*», 


r(x 1 co) 


— e 


x II (l + X ) e •“ > 
■ sco/ 


which shews that 1 / T (a: | co) is an integral transcendent function, 
with simple zeros at the points 0, - co, - 2co, - 3co, ..., and there¬ 
fore that r(x| co) is a meromorphic function of x with simple poles 
at the same points. 

9-67. Some Definite Integrals. From 81 (4), we have 
^ J (co log r (z | co) - co log yj ^ l ) dz = | log z dz. 

Thus we have Raabe’s integral, namely, 

/2tc 

J log T(z | co) dz = xlogx-x+co log y ^ , 
and for x = 0, 

[ log r (z | co) dz = co log yj 2 *. 

Again, from 9-66 (4), we have the integral of the Psi function, 
namely, 

j 'i' (z | co) dz = co log r (x | co). 

J u 
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From this and 9-3, we have, when w = 1, 

Integrating, under the sign of integration, we obtain 

log I’ (a; +1) = £ -- (x + dt, R(x) > — 1, 

a formula due to Plana. 


9-68. The Multiplication Theorem. If m be a positive 
integer, we have, from 8-1 (1), 

{ lo g r (x + - log - log F (x | ~) - log v'2f»7r 

= log T (m.r) t m (x - log - - log J2mr., 

from 9-66(3). 

This yields Gauss’ Multiplication theorem, 

r(«w)*(27c) 8 * ‘ u r (*+-*). 

Iu particular, for m — 2, we have Legendre’s duplication formula, 
r(2/) = 2**- l «-*I» !>+$). 

9-7. Euler’s Integral for T(x). Subtracting (2) from (1) in 
9-56, we have 

f n-i t 

log r (x) =• lim -J (x — 1) log n + log n ! - V log (x + s) !■ 

II -r V. /TO I 

= lim i x log v -t-log(n- 1)! - Y} log(x-l-s) 1 . 


Hence 


P/ , r n r (n-1)1 

I (x) ~ lim - ., . — ... 

x(x+l)... (x + n-i) 


Let t be a real positive variable and let log t denote the real 
logarithm of t. We define the many-valued function t x by 

t x — exp(x_logO- 


M.T c. 
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Then, if R(x) > 0, we have 

and consequently, from 2-11 (7), differencing with respect to x, we 
obtain 


But 

Thus we have 


A 1 1 t x ~ l dt = (- l) n (x- l)<~ n >n!. 
Jo 

A t x ~ l = t*- 1 (t-\) n . 


t 


f 1 /* _1 (1 - t) n dt = 
J o 


n\ 


x(x+ 1)... (x + n) 


Writing - for t, we obtain 


r 


t*~' i~- dt 


n! n x 


Hence 

Thus we obtain * 


x(x+ 1)... (x + w) 

t *- 1 €-* dt 


r(a-) = f 

Jo 


which is Euler’s Integral for T(x). This integral is known as the 
Eulerian Integral of the Second Kind. 

9*72. The Complementary Gamma Function. We give 
the name Complementary Gamma Function to the function T^x) 
defined by 

Tj (x) = - I e~ l dt, 0 ^ arg l ^ 2tt, 

J l 

where L is the contour shewn in Fig. 10. 


0 


Fra. 10. 


This contour consists of two straight parts ultimately coincident 
with the positive real axis and an infinitesimal circle round the 


* For the justification of this passage to the limit, see Modern Analysis, 12 2. 
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origin. If R (x) > 0 , the integral round the circle tends to zero as 
the radius tends to zero. 

Thus, if we start at infinity with arg t — 0, we have 

Tj (x) = - f 3 t x ~ l e~ f dl- [ e 2ri ( x - l H x ~ l er* dt, 

J co Jo 

since t x ~ x is multiplied by = e 2wix , after passing round the 

origin. Thus we have 

r 2 (x) = I»-e 2 "‘*r(x) = (1-e 2,r(I )r(x), 

and therefore 

I » = f 

The loop L can be deformed in any manner provided that it 
starts and terminates at oo and does not cross the real axis between 
0 and oo. We now can write 

I f(0+> 

^ (z) = e 2irixZ i j (X l e ‘ 

where the notation indicates * that the path of integration starts at 
“ infinity ” on the real axis, encircles the origin in the positive sense 
and returns to the starting point. 

The above is Hankel’s integral for F (x). Although proved in the 
first instance for R{x) > 0, the integral is valid in the whole plane 
(since L does not pass through the origin) with the exception of the 
points x 0 , ± 1 , ± 2 ,.... 

From 9-55, we see that near the pole x = - n of T(x), the function 
T 1 (x) behaves like 

3 _ ( . 2 nix ( _ ] ^ 2 i sin nx e wix (- l) n 

x-f n n! x+n n! 

Also 

( - l) n sin rex _ sin tz(x + n) 
x+n x+n ’ 

which is holomorphic at x = -n, so that T 1 (x) is holomorphic at 
the poles of T(x). It follows that the complementary Gamma 
function is an integral function of x. 


* Modern Analysis , 12-22. 
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Again, 

r^x+i) = (i - e 2ri(j " hi> ) r(x+i) = (i - c 2Hx ) x r (x) = xr^x). 

Consequently, ^(x) satisfies the same difference equation as 
r(a), namely, 

u(x+ 1) = xu(x). 


9-8. The Hypergeometric Series. This name is given to 
the series 


( 1 ) 1 + 


a. b 
1 . c 


a(a+l)b{b+l) , 
4 1.2.c(c+l) 


a (a+ 1) (a+ 2) ft (6+1) (6+ 2) . 
1.2.3.c(c + i)(c + 2) 


where we assume that none of a, b, c is a negative integer. 

Denote the coefficient of x u by v n . Then when n —oo, 

u „ +1 J n41 i _ ; (a + « ) (& + «) [|, 

u n x n | ■ (n-i 1) (c -t- n) | '' '' 

Thus the series is absolutely convergent if | x | < 1, and divergent 
when | x | > 1. 

When | x | = 1, we have * 

= ] + a *<’- c - 1 
i/„ n n-J 

where 0 (■„) denotes a function of n whose absolute value is less than 
y n-/ 

K jn 2 (where K is independent of n), provided that n be sufficiently 
large. We conclude from Weicrstrass' criterion that the series is 
absolutely convergent when | x | = 1, provided that 

,R(-a-& + c+ 1) > 1, 

that is to say, provided that the real part of c-a-b shall be positive. 
Weierstrass’ criterion is as follows: f 


* If ( n , z„ be functions of the positive integer n, the relation 

L=o(z n) 

means that an integer n 0 and a positive number K independent of n exist, such 
that 1 C„ \ <K | z n | when n ^ n 0 . See Modern Analysis, 21. 

| See K. Knopp, Theory of Infinite Series (1928), § 228, 
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A series V} u n of complex terms for which 

nO 



where X > 1, and a is independent of n, is absolutely convergent if, 
and only if, R(x) > 1. 

For It [a.) sC 0 the series is invariably divergent. 7/ 0 < 7?(a) 1, 

each of the series 

X T 

^ I M « ' «»+il. V) (-!)”«» 

n * 0 n - 0 

is convergent. 

If we denote the sura function of the above power series by 
F(a,b;c;x), we infer that this, the hypergeometric function, is 
an analytic function of x within the circle |x| = ], and if 
R(c - a - b) > 0, we have, by Abel’s limit theorem,* 

(2) F(a, b ; c; 1) = lim F(a, b ; c; x). 

X-M 

Gauss has proved the following relations satisfied by the hyper- 
geometric function F(a, b ; c ; x): 

{ c- '2a - (b-a) x } F(a, b\ c ; x) t «(1 -x) F(a - L 1, £>; c ; x) 

- (c - a) 7 1 (a - 1, b ; c; a-) = 0, 

c{c - 1 - (2c -■ a - b - 1 )x 1 F(n, 6; r: x) + (c - «)(c - 6) a - F(a,b \ c+ 1; a) 

-c(o~ 1)(1 -x) /’(a, 6; c- 1; x) = 0, 

c(c-t 1) A (a, /a; c; x) - (c+ 1) {c- (a + i+ 1) x} F(a + 1, 6 + 1; c+ 1; x) 
- (a + l)(b -h 1) x(l -x) F(a + 2, b + 2; e + 2; x) = 0, 

each of which easily follows by considering the coefficient of x n in 
the left-hand member. The verification is left to the reader. 


9*82. The Hypergeometric Function when x = 1. 

now prove that, if R (c - a - b) > 0. 


F(a , b ; c ; 1) = 


r(c) r (c-a - b) 
T(c - a) f(c - 6) 


We 


* K. Knopp, toe. cit. § 100. 
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We have, from the second of Gauss’ relations, which holds when 
*-*1, 

F(a, 6; c; 1) = ^ F(a, b; c+1; 1). 

In this relation, write in turn c+1, c + 2, ..., c + «- 1 for c, and 
multiply the results. We then get 
F(a, b;c; 1) 

- c+n; 1). 

c(c+l)... (c + n- l)(c-o-6)... (c + n- 1 -o-6) ' 

Hence from 9-53, we have, when n -> oo, 


provided that 


Fin h r- n - r ( c ) r ( c -°r 6 ) 

*>, 6, C, 1) - f (c r a j r (<;_■&)’ 


lim .F(a, 6; c + n ; 1) = 1. 

n—> ao 


To prove that this is so we observe that | F(a, b; c + n; 1) | 
cannot decrease if we replace a, b, c by |o|,|6|,n-|e|, so that 

| F (a, b ; c + n ; 1)- 11 

<r V {M -(| a |+«-l)HI*l-(l b | + »-!)} 

= i *! (»~|cj )...'(n + s-1 -)c|) 

| «61 A (Jfl| + 1) ... (I a |+s-l)( | 6| + l)...(|6| + s-l) 

"" n - j c | /“! «! (»+l - | c|)...(» + «-1 - | c| 

Exactly as in 9-8, we prove that this series converges if 

n-|c|-|o|-|6|>0, 

a condition which is always realised if n be chosen large enough. 
Also as n increases each term diminishes, and ]/(« -1 c |) ->0 when 
n -> oo. From this the required result follows. 


9*84. The Beta Function. The Beta function is defined by 

B( x v ) = 

( ’ V) F(x+y) 

This function has the obvious properties : 


B(x, y) = B(y, x), 
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B(*+l,y) = —B(z, y), 

B(x, y + 1) = “B(z, y). 

Differencing with respect to x, we have also 

A* B (x, y) = -JLB(x, y) = -B(x, y + 1). 
If x — n+ 1, a positive integer, we have 


B(»+ 1, y) = r- — 


F(n+ 1) T(y) 


n\ 


(y + n)(y + n-])...yr(y) y(y + l)... (y + n )’ 


so that, from 9-7, 

B (» 4-1, y) = f i"’ 1 (1 -t) n dl. 

J 0 

This is a particular case of the more general result, 

B (a-, y) = P t x ~ l (1 - 0 V-1 dt, R(x)> 0, R(y)> 0, 

J 0 

which we shall now prove. 

The binomial theorem gives 

( 1 - 0 '-* = 

s 0 

= v (*+«--y)Vz *).-(*-y) t *. 

,“o s\x(x-rl)... (x + s - l) 

This series is uniformly convergent in the interval 

0 < < 1 . 

Multiply by t z ~ l and integrate from t to z. We then have 
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Since R(x+1 -x-(l -y)) — R(y) > 0, we have, from 9-8 (2), 
lim F(x, 1-y, x + 1 ; z) — F (x, 1 - y ; rr +1 ; 1). 

Abo since R(x) > 0, we have z x - >0 when e ->0, and the integral 
converges. Thus, when z —> 1, e -> 0, we have 

f 1 «*- 1 (l-!) v - 1 d< = -F(x, 1-y, x+1; 1) 

Jo x 

_ T(r+1) r(x+1 -x- 1 + y) F(a-)r(«/) 

x r (x +i - a-) r>+1-1+2/) r ( x + y) ’ 

where we have used 9-82. This is the required result. The integral 
is known as the Eulerian Integral of the First Kind. 


9-86. Definite Integral for the Hypergeometric Func¬ 
tion. Suppose that | x\ < 1. Then the binomial scries 

(i - xt)-» = £ b Jk±lbnj^ +s rJ) xU > 

r~o si 

is uniformly convergent for 0 ;+ t < \. 

Multiply both sides by < a_1 (l where 

R (a) > 0, R(c- a) > 0, 
and integrate from 0 to 1. 

We then obtain, using 9-81, 


fV-^l -ty~xt)- b dt 

J o 


b(b+ 1)... (b f s- 1) r(a-^s) P(c-a) 

~ h ■ r (c+s) x 

^ a(a+l)... (o + s- l)i»(h+l)... (h + s- 1) t r(a)F(c-a) 
h s!c(c+1)... (c + s- 1) T>) 

T(a) T(c-a) 


- r(c) F(a,b-c;x) 

= B (a, c-a) F(a, b; c; i), 

which expresses the hypergeometric function as a definite integral. 
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9*88. Single Loop Integral for the Beta Function. 

Consider the loop contour l shewn in Fig. 11. 



Fi<j. h. 


We shall suppose that A B, CD coincide with the segment of the 
real axis between 0 and 1 and that the radius of the circular part 
tends to zero. 

Now consider 


I = 



l (t-i y-'di 





with the notation of fl-72. 


If we start with arg t —. 0 along AB, we shall have arg (t - 1) — n 

along AB and arg(l - 1) = 4- - along CD. 

Thus on AB, (I - 1) = rc = - r, 

while on CD, (I - 1) — re*' = -r, 

so that t ~ 1 - r. 

If It(y) > 0, the integral round the circle tends to zero when the 
radius tends to zero, so that we have 

7 -- j r "Gi/-1) r v-\ (i _ r y -i ,] r x j e *Hv - 1 ) r y 1 (l-r)- r ^ 1 dr 
J 0 J i 

— (c~ wi<v - n ~ c" i(v ~ 1 >) B(x, y) — : ~li sin rzy B(x, y). 


Thus 


B(x. y) 


1 fo 5 > 

'll sin —y J o 


('-‘(i-l)'-' dt. 


Since F(?/) T(1 -y) ~ r. j (sin -//}, we deduce from this the relation 
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9*89. Double Loop Integral for the Beta Function. 

Consider the contour shewn in Fig. 12, which starts from a point P, 
passes positively round the points 1 and 0, and then negatively round 
the points 1 and 0 and finally returns to P. 



Kit:. 12 . 

Consider 

B x (x, y) = 

taken round the above contour. To evaluate the integral, we shall 
suppose the contour reduced to four lines coincident with the 
segment 0, 1 of the real axis, the radii of the circles round 0, 1 at 
the same time tending to zero. 

If R(x) > 0, R(y) > 0, it is easy to shew that the integral round 
these circles tends to zero when the radius tends to zero. 

If we start at P on the real axis with arg I — 0, we have, for the 
reduced contour, 

On the path 1 : arg l — 0, arg(l - I) — 0, 

„ „ „ 2: arg t = 0, arg(l-<) = 2tt, 

„ „ „ 3: arg t = 2rr, arg(] - 1) = 2;r, 

„ „ „ 4 : arg t = 27t, arg(l - 1) = 0. 

Thus 

BiC 1 . y) = {1 - e 2wi< - v ~ i>-f-c 2wi(x+v ~ z> - c 2,r >G- 1 )} f 1 ^*- 1(1 

Jo 

- (1 ~ e Znix )(l - e 2niv ) B(a;, y). 

Hence, with the notation of 9-72, we have proved that 

m+), (0+>.(i -),<o-) 

(1 - e 2ir «)(l - e iwiv ) B(x, y) = j 


t x '(l-ty-'dt, 
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P being any point on the contour of Fig. ]2, which may be de¬ 
formed in any manner provided that the branch points 0, 1 are 
not crossed. 


The restriction R(x) >0, R(y) > 0 can now be removed, since 
the contour does not pass through the points 0, 1 and the above 
double loop circuit integral gives the Beta function for all values 
of x, y, neither of which is an integer. When either x or y is an 
integer the integral vanishes. We also note that 


(1 - e 2 ™) (1 - e 2 ’^) B(x, y) 


T (x + y) 


Since 


r M, 


l 

f{x + y) 


arc all integral functions, we see that 


the above double loop circuit integral represents an integral function 
of x (or ?y). We shall call the function Bj(a;, y) the complementary 
Beta function. 


EXAMPLES IX 

1. Find the sum from 0 to x of the function 


2 . 

(i) 


x 6 + ar 1 + 3 

(x+})(z + 2)(2x+*y 

Prove that 


'P (x) ~ log x - 


* / 1 
,*“» 1*4 s 




(ii) 'Pfz) — logs 
3. Prove that 


1 _ \' | 2(j- t .s)i 1_] 0 „ X + S+ J\ 

2x (2(a--rs')(a! + s + l) ° x + s ) 

^(4) = 1 + 1 + i-Y- 


4. If 

prove that 


.ri) * + n 


(i) <,(*■) = 'p( ;f + 1 )-'P(*), 


(ii) ^(x) + < 7 (l -x) = 27t cosec nx, 

(iii) </(!) = 2 log 2, g&) = n. 
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5. With the notation of Ex. 4, prove that 


n S (- 1 y*(*+ J n ) = -9Vnx). 

6. Obtain the following results : 

SP'(x) = V _JL. 

& (x+ s r 

^ ( X ) - ~ + (x4 s) 2 (x4 A - 4 1) ’ 

+ 1 - 
' ' x 2 x 2 ~o 2(x4s) 2 (x4a- 4 l) 2 ' 

7. Prove that 

T' (x) = - y + 

8. Prove that 


m-p- 1 

Jo r-/ 




[Legendre.] 




tdt 

2 4* 2 )( 1 -e 2 ")' 


9. By means of the last formula in 8’3, prove that 
■'P (x) = log x - t~ + 2 ^ (ci (2;rnx) cos 2Ttnx 

- x n l 

4 si (2rmx) sin 2x:nx}. 

10. Prove that 

(i) r{-1) - -2 V 7 t. 

(ii) F(’) r(j) — 27t/ v 3. 

11. For large values of n, prove that, approximately, 

3.5...(2 W + 1) _ 1 / 3 1 

2.4 ... 2n s /7r [ s 1 N nj 

12. Prove Wallis’ Theorem, namely 

7i 2.2.4. 1.6.6.8.8... 

2 “ 1.3.3.5.5.7.7.9..:’ 

and deduce that for n large 

(- 1)« (~ -)- 1 . 

v ’ V n / v '(tt n) 
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13. Prove that, if n be a positive integer, 

14. Shew that for real positive values of x the minimum value of 
I» is 0-88560 ..., when x — 1-46163 ... . 


15. Prove that 


16. Prove that 


x T (x) F (- x) = - 7t cosec tz x. 


. m(m+ 1)... (m + n- 1) F (x) 


" r(x) _ 

r(*'+♦») (x- 1)(x — 2) ... (x-n) F(x-f-jn) 

17. Prove that 
r (x) = v '(27t) x x ~ 1 e~ 


/ 1 ^ 1 _ 139 _ 571 ( 

x l + 12* + 288x 2 51 SiOx 3 2488320x* + 


(l )} 
W/’ 


; i xp (- pc + 2n—iz) dz, 


18. By means of 8-3, shew that, when x 0 > 0 and x 0 < x < x 0 -t1, 

X 

log F(a;) — log s 2r:+r 0 (log j- 0 -1} -r ^ (a„ cos 2mzx + b n sin 2mzr) 

« 1 

where 

o n -t =2 lim | [-/(c) logr + [ ;/(=)<*;]. 

M l *— -*l'o * /p **■ ' 

where 

/(=)»-£ 

and hence prove that 

mi a n - (log jt 0 ) sin (2 mtw 0 ) - si (2-nx 0 ), 

7zn b n ~ - (log x 0 ) cos (2nra 0 ) + ci (2«7rx 0 ). 

19. Shew that, in the interval x 0 < x < x 0 + 1, 

X - 1 = X 0 - 2id ~ sin -~ n ( x ~ x o)> 
re „ [ n 

and hence prove, by means of the last example, that 
log T (x) = log J2k + (x- 1) log x 0 - x 0 
1 

- V {si ( 2 « 7 rJ 0 ) cos (2nitx) - ci {2rmx 0 ) sin (2 mzx )}. 
n=»I n K 




270 THE PSI FUNCTION AND THE GAMMA FUNCTION [ex.ix 

20. From Ex. 18, deduce that 

27 in log r (x) cos (2 mzx) dx = (log x 0 ) sin (2 nxn 0 ) - si (27mx 0 ), 

J To 

f«*+l 

27m 1 log r (x) sin (2mzz) dx = - (log x 0 ) cos (2nra; 0 ) + ci (2mtx 0 ). 

Jxt 


21. Prove that 


... , , f*l-cosz, f 1 - cos 2nz , . 1 

ci (x) - log x + - dz = Jim j - dz - log mi 

J 0 ^ n—*»ao L J o ^ —* 

= Um ( fi-r> s &-log4»l, 

«-»x Uo 8U1Z J 


and deduce that 


ci (*) = Y + log x + "2v"(2 v) f ' 


22. Use the last two examples to prove that 

4w [ log T (x) cos (2nnx) dx = ], 

Jo 

27tw f log T (x) sin (2nnx) dx = y 4- log 2im. 
Jo 


23. Prove that, for 0 < x < 1, 
log T (x) = log v 271 + v; ( C - S .“” 7r -+(Y + log(2n7t)) 

n == 1 l -* n 

and deduce Rummer’s series, namely, 

log T (x) = (y + log 2) (£ - x) + (1 - x) log 7i - \ log sin nx 


sin 2«7 cx) 

7177 / ’ 


+ 


n-i nn 

24. Prove that 

B (x, 1 - x) = 7i cosec tcx. 

25. Prove that 

B (x,y) B (x+y,z) = B(y, z) B(y + z, x). 


V log n . _ 

>. - am Innx. 


[Euler.] 



CHAPTER X 

FACTORIAL SERIES 


In this chapter we develop some of the properties of the series 

a o , a i 1 • , a 2 2! __ a s 3 !_ 

x x{x+\) x(x+\)(x+2) ' x(x+l)(x+2)(x+3) ’ 

which is known as a factorial series of the first kind, or series of 
inverse factorials ; and the series 


h ■ h + h( x ~^)( x ~-) , b & (x-l)(x-2)(x-3) 

°o + j + - 2! - + 3! - + ' 


which is variously called a factorial series of the second kind, a 
series of binomial coefficients, or Newton’s (interpolation) series. 
The last name arises from the fact that Newton’s interpolation 
formula 3-1, when the series is extended to infinity, takes the above 
form. 

Both these factorial series have many properties in common, in 
particular when a; is a complex variable, the domain of convergence 
is a half-plane. 

Factorial series are of importance in the theory of linear difference 
equations, where they play a part analogous to that of power series 
in the theory of differential equations. 

With the notations of 2-11, we see that the series can be written 
in the respective forms 

a^x-ip- 1 ) + Oj(x-1)<~ 2 > 1! + a 2 (x- 1)<~ 3 >2! + 

6 0 + 6 1 (*-l) (1, /l! + & 2 (z-1) (2) /2! 

in which shape they present a marked analogy with power series 
in x-1. 
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While factorial series first appear in the work of Newton and 
Stirling, their systematic development on modern lines is due 
largely to Bendixson, Nielsen, Landau, Norlund and Bohr. 

The present chapter is based mainly upon Norlund’s Lemons sur 
les sSries d’interpolation (Paris, 1926), to which the reader is referred 
for a more detailed treatment. 


10-0. Associated Factorial Series. With the sequence of 
coefficients 

(i 0 , otj, do, a 3 , ..., 

we can associate the factorial series 


( 1 ) 

( 2 ) 


■JO I 

a a*>- 

,Tur(i+l!...(r-l s) ’ 


£ (-!>•«.('T'j. 

«n s o ' 


\ 

/To 


which we shall call associated factorial series, 
fundamental theorem due to Landau.* 


We now prove a 


Theorem I. Associated factorial series simultaneously converge 
or diverge for every value of x which is not an integer. 

In the first place, suppose that (1) converges. 

Put 


K 

We have 
Thusj 


a,s\ 


’ s ~ sis! 


x(x + 1)... (x + s) 


sm nx 


lim c, = 

8 —► X 7t 

Hence a constant K exists such that I c. I < K. 


* E. Landau, Rilzsber. Akad. Miinchen, 36 (1906), pp. 151-218. Landau also 
proves that the Dirichlet series 

V 

formed with the same coefficients can be included in the enunciation of the 
theorem. 

f Modern Analysis, 7-5. 
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and consequently 


(*+l) 2 


L a+1 I " ( S +I)2» 

and hence the series £(c,-c, M ) is absolutely convergent. By hypo¬ 
thesis, Hi* converges. Hence by du Bois-Reymond’s test * 21 b a c„ 
converges, that is to say (2) converges. 

Secondly, suppose that (2) converges. 

But 


As before, 


(- 1 )* s! s! 

{x i -iy.. 7 (x 2 - 7 2 )' 


lim , 

, , J sm -a: 

so that a constant K exists such that j/ s ] < K. Also 
/^ ~ /*+i -- X x 2 _ ( s _rf\2 • 

Hence H ) converges absolutely and therefore we again 

infer that 2 d f / s converges, that is to say (1) converges. 

10-02. The Convergence of Factorial Series. Let 

_ ^(a’o+l) —K-r*) _ r(a - 0 + s+l)r(iE) 

1 ; 8 x(xt1)...(x + s) r(a-+s +1) F(x 0 ) ’ 

(x-])... (x-.s) _ r(.v-x4 ])T(]-x 0 ) 

w ' b r 0 ~ i) ■ • ■ ( j; 0 _ ■*) r («—+1) r(i—*) * 

and let a denote the real part of x-x 0 which we take to be positive. 
Then, from 9-61, 

i“-i = *-' i rS: <1+s> - 


B(1 -x 0 ) 


T(1-X) ; 


j (1 + 8 ), 


where X -> 0 when s —v oo . 


m.t c. 


* Sec p. 274 for the statement of this test. 
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In the case of u„ we suppose that x is not one of the numbers 
0, -1, -2, - 3, , and in the case of v„ that x 0 is not one of the 

numbers 1, 2, 3. 

From these results it is clear, when x and x 0 are given, that both 
«„ and v s are bounded. 

Let w, denote either u s or v s . 

Then 

—*±J = 1 - a ’~ ;r °+o( 1 ,). 

w a s s z ' 

It follows from Weierstrass’ criterion (9-8), that 

(i) when 0 < a ^ 1, 

aO 

# = o 

is absolutely convergent. 

(ii) when a > 1, 


CC 



1-0 


is absolutely convergent, and, a fortiori, 

X 

£ («p,-w.u) 

4 - 0 

is absolutely convergent. 

ao 

Now let £ a„ be a (not necessarily absolutely) convergent 
» = o 

senes. 

We have du Bois-Reymond’s test,* namely that 
£ a, b, is convergent if £(&,-& s41 ) be absolutely convergent and if 
£ a, converge at least conditionally. 

If follows that 

£ w, 

i =--0 

is convergent. 

Moreover, w, is bounded, and in fact we have 

| w,| <Cs 

where C is independent of s. Also | a, | is bounded, since £ a, 
converges. 

* K. Knopp, Infinite Series, 184. The test is substantially due to Abel and 
is also known as Abel’s Test. 
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10-02] 


Thus we have 


m m i 

g-^n «~n d 


where C is independent of s. 

Therefore if <r > 1, S s " 1 converges, and consequently £ a, w, 
converges absolutely. 

If we take : 


(A) 

a, = 

we have 



oc„ w, = 

(B) 

a, = 

we have 



a, .si 

^o + 1 ) ■ • • (*o “t s) 


, w s ~u s , 


a ,. s! 


z(z + 1)... (x + s) ’ 


1 S — > 


= (- l)*a s ( X 1 )- 


We therefore have the following theorems : 

Theorem II. Jf a factorial series converge for x — x 0 , the series 
converges for every x, such that R(x) > R(x 0 ). 

Theorem III. Jf a factorial series converge for x — x 0 , the series 
converges absolutely for every x, such that R(x) > R(x 0 + 1). 

Theorem IV. If a factorial series convergeabsolutely for x — x 0 , 
the series converges absolutely for every x, such that R(x) > R{x 0 ). 

For in this case £ | a, | converges and j iv, j is bounded so that 


V | 


a, w, I < M X 


where M is positive, and greater than every | w s |. 


10-04. The Region of Convergence. We can now prove 
that the region of convergence of a factorial series is a half-plane. 

For we can divide all rational numbers, excluding zero and 
positive and negative integers, into two classes L and R, such that L 
contains all numbers which make the series divergent and R contains 
all numbers which make the series convergent. From Theorem II 
we see that each member of L is less than every member of R. 
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The above classification therefore determines a Dedekind section 
of the rational numbers and therefore defines a real number X, 
such that the series converges for x = X 4- e, where e is positive and 
arbitrarily small, and diverges for x = X- e. 

This number X is called the abscissa of convergence. By Theorem II 
the series converges for every point in the half-plane which is 
limited on the left by R (x) = X. Theorem I can now be stated in 
the form: two associated factorial series have the same convergence 
abscissa. 

Of the classes L and R by which X is defined one may be empty, 
that is, may contain no members. If L be empty, we have X = + oo, 
that is, the series is everywhere divergent. If R be empty, X = — » , 
and the series converges in the whole complex plane. In both cases 
the integral points are possibly excluded. 

10-06. The Region of Absolute Convergence. The 
region of absolute convergence is likewise a half-plane. If in the 
definitions of the classes L and R of 10-04 we substitute the words 
“ absolutely convergent ” for “ convergent," the Dedekind section, 
by Theorem IV, determines a real number p called the abscissa of 
absolute convergence. The series converges absolutely in the half¬ 
plane limited on the left by R(x) = \i. 

From Theorem III we conclude that 

0 < (j. - X i. 

In the strip defined by 

X < R(x) < p., 

the series converges, but not absolutely. 

We now proceed to determine the value of X, but before doing so 
we investigate some preliminary results. 

10-07. Abel’s Identities. The two following identities, which 
are due to Abel, are of frequent use in the transformation of series. 

(I) If A, = a n + a nJrl +... + a„ then 

m m 

^ j &8 — fl) ^ B ~b p -dp-i ~f' ^ m* 

fc^p t-^p 
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(II) If A', = a,+a, +1 + a, +2 +..., then 

m m - 1 

(^«+i — h s )/I s+ ^+hj, .^1 j) — TO+ i. 

t^p * p 

To prove these identities, we observe that 

(^s ~ ^s+l) (^s — + h s j — a4,„j) 

(^« &,„) *4 $ h s vl 3 _j 4- ^4 s , 

and that 

®s h, = (^s+i ~ ^.i) ^4 * n + h 3 ^4 , — h J+1 A s+1 . 

From these results the identities follow at once by summation. 

10-08. The Upper Limit of a Sequence. Consider a 
sequence of real numbers, 

(*n) = a-j, J-j, x 3 . 

Divide all rational numbers into two classes L and R, such that 
if l be a member of the class L there is an unlimited number of terms 
x„, such that x n 4- /, while if r be a member of the class R, there is 
only a finite number of terms x n , such that x n > r. It is clear that 
each l is less than every r, and this classification involving, as it 
does, all rational numbers, therefore determines a Dedekind 
section of the rational numbers. This section defines a real number 
X, such that, if s be an arbitrary positive number, 

(i) x„ > a — s for an infinite number of x,„ 

(ii) x n > X !- s for a finite number only of x n . 

The number X defined in this way is called the greatest of the 
limits, the upper limit, or limes superior of the sequence (x n ), and we 
write* * 

X - lint sup :r„. 

11 > X. 

In this chapter we shall be concerned with sequences whose nth 
term is of the form 

h'g -D. 
log n ’ 

* Set- K. Kuopp, Infinite Series, p, 00. Also Modern Analysis, 2-21. 
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where x n is real and positive. Let 


X = lim sup 

n-+-=o 


log Zn 

log 71 ’ 


and let e be an arbitrarily small positive number. 
Then we can find an integer n 01 such that 


l°g2„ 

log n 


< X + e, if n > n 0 , 


^>i- 

log n 


e. 


for an infinite number of increasing suffixes n v n 2 , n 3 , 

n i ^ n o- 
Thus 

x„ < n x+ ‘, if 7i 0 , 


x„ > n x ", if n = »ij, n 2 , « 3 , .... 


If a real number er, other than zero, exist, such that 


where 


lim x - n = 0, 

n—► x 


we find a suffix N, such that 

x„ < z n", if w ^ N. 


Hence if n r be the first of « 2 , n 3 , ..., such that n r ^N, 
we have 7i*~*< u', if tj = n r , 7i r+J , n r+2 , ..., that is to say, 
n x - <r -« < e for these values of «. 

Hence we must have X- a- e < 0. Since s is arbitrarily small, 
we have 

X ^ a. 

Again, if x H be such that 


lim 

n—► *> 


logn 


= 0, 


we have in the same way n x ~ ’<x„< e log n, if 7i = n T , n r+1 , .... 

Thus n x < 7i* log 7i* < 7i 2 ', which necessitates X < 2e, and since 
e is arbitrarily small, we must have 

X<0. 
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10*09. The Abscissa of Convergence ; Landau’s 
Theorem. The convergence abscissa of the associated factorial 
series 10-0, (1), (2) is determined by the following theorem.* 

Theorem V. Let 


a = lim sup log 


n 



0's 



|J — lim sup log 

n-> x 




The abscissa of convergence, of the associated, factorial series is 
equal to a if a 0 and is equal to fi if A < 0. 

We consider the series 


( 1 ) 


X 


V(~] 

v 

9 - {J 



and divide the proof into four stages. 

Suppose that the series converges at a point x, where x is not a 
positive integer. Let R(x) — a. 

(i) We prove that if a fi 0, then a C c; and consequently that 
a < A, if 0. 

Write 


b . 





(-])".»! _r(j+i)r(i-®) 

c * ~ (x-1)... (x-s) ~ r(s-x-fi) 


Then we have 


L * H 


C ** vi -')<•• ■* 


• x + 1 


so that, from 9-61, 

c, = r{l-ar)s I (l+S), c^j-e, = xT(l-x) s x_1 (l + S), 

where | 8 | -> 0 when s -> oo. Thus we can find a positive number K 
independent of s, such that 

K ( < AV, | c m - c s | < AV- 1 . 

Let B, ~ b, + b sn + b, +2 + ... . Since a, = b s c,, we have by Abel’s 
Identity 

m m-1 

^i ^i (^'*4-1 ~ ^s) f i + c p Bp — c m B m +\i 


*E. Landau, Sitzsber. A hid. Munc)ien t 36 (1906), pp. 151-218. 
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Am,p — ^j xlj C, + j C s X + C P B P + C m B m +i 


\t~p i «-p 


By hypothesis, S b a converges, and hence, given e > 0, we can 
find p, such that | B a J < e, if s ^ p. Hence we have 


A m . v 


( m - I 


s”~ x + m"+p” 


f*+i 

Now J x’^dx lies between s' -1 and (s+l)" -1 , and hence 

fm m -1 m-l 

I a:" -1 dx lies between y s 0 ’ -1 and -p" -1 + y s" -1 , 

Jji »-j) 

whence we easily conclude, if <r > 0, that 


y *-> 


and hence 


A f „, p < e K | p° + m* (^1 + J |, 

^ m ' 0 <^'' 0 t E A' f-4-1 + 1 ). 
1)1° 1H° rr/ 


Now let m -*■ x . We then have 

bin ^ m ’ °=:0 ) 

00 m* 

and hence, from 10-08, a^o. 

Again, if a = 0 and s < x < s + 1, then 

1 f* fI dx ^ 1 

s > J, x ^ s+1’ 

so that 

m -1 m - 1 j j 

y s _1 > log m-log p > y s _1 H-, 

b J T^p ™ p 

and hence, if p > 0, 

m -1 

y s _1 < log m. 
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Thus, from (2), we have 

A m}J> < eK(2 + log m), 


whence 


Am, p - ^I> 1 , n I,- ( 2 


log m ' log m ' ° log m 


It follows that 

lim A 0 ~ 0, 

m - . lOgW 

and therefore again, hy 10-08, we have a < a. Thus (i) is established. 

(ii) e now prove that when oc is finite the series converges for 
x = a-he, where e is an arbitrarily small positive number, and 
consequently that X «. 

Let 

j = ')(-r-2)... (x-s) r(s-*+l) 

' 1 ' si ~r( S +i )r\f-iy 

Then, by 9-61, 

d * = F(1 -z) (1 +8) ’ " r(l-aT) (1+S) ’ 

so that if a: — a h e we can find a positive number K, independent 
of s, such that 

K I < Ks-«-> < A'.s-«-R, 

| rf 3 - rf, + j | < A v - “ - 1 - 0, 

and further by 10-08, such that 

* 

i 'V 0 _ . l\S a ■ i‘. 


A s = a 0 + a 1 + a.,-*-... + </ 5 . 

Then, since 6, = a, c/,, we have by Abel’s Identity, 

m m 

.uj ~ 11 ) ^ s — ^ J> -1 -4 m . 

« i> «-- jj 

Thus we have 

(3) IStjc-H 2,-n «': , H I 
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The right-hand member -> 0 when p -+ co , and consequently S b, 
converges. Thus (ii) is established. 

Combining (i) and (ii) we have, if X ^ 0, a X, and when a is 
finite, X ^ a. Consequently we must have X = «, if X > 0. 

(iii) We now consider the case a < 0, and prove that if a < 0, 
then (3 ^ <t ; and consequently that p ^ X. 

When <r < 0, we can let m -> oo in (2), which then gives 


A *, j> ~ 


( p ’+ 2 s" 1 ). 


Now, if s<x<s+l, and o < 0, we have 


Thus 


Hence 


so that 



x <fic > (s + ])«•- 


V _ 

S a P ^ 

y-M CCll ,<eA'(l-?+^), 


lim ! V a 

jp —► * r * p 


= o. 


and therefore, from 10 08, we have p cC! c, so that (iii) is proved. 


(iv) Lastly, we prove that when p is finite the series converges, 
for x = p+e, where z is an arbitrarily small positive number, and 
consequently that X ^ p. 

Let 

A,' = a, + a J+ i + o, +2 4 .... 


Then by Abel’s Identity we have, with the notation of (ii), 

m m -1 

~~ ^j (^s +1 ~~ ^#) ^ «+l jj ^ m+1» 

and we can now find K, such that 



« “=« 


< As»+* f . 
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We thus get an inequality of the same type as (3) and we conclude 
in precisely the same way that the series converges. 

Combining (iii) and (iv) we have, if X < 0, then p ^ X, and when 
P is finite, X ^ p. Thus if X < 0, we have X = (J. 

Another way of stating the theorem is the following : 

X = « if the series E a a diverge, and X = p if the series E a s con¬ 
verge. 

10-091. Majorant Inverse Factorial Series. With the 
notation of Theorem V, we have 

a = X, if X > 0, 
a = 0, if X < 0, 


for in the latter case E a, converges. 

Hence if X' denote the greater of the numbers 0, X, we have 
X' = a, that is to say, 

in : / 

lim sup log J V a, / log n = X'. 

\r J o l 

Hence from 10-08, given e > 0, we can find n 0 , such that 


Now, from 9-61, 


! v a s ' < n n 0 . 

\ » = 0 


X' + a f « V (X' + e-f- 1)(X' + e + 2)... (X' + s-t- ») 


i c T 7f \ 

n / 


n\ 


HX' + e + n + l) 


oX'4-f 


~ r(w+i) r(x'+s+i) r (x'+s-t-1) ’ 

Hence we can find a positive constant M, independent of n, such 


that 


v 1 ,, /X' + s- 

2. a .! < M 

: \ n 


for all values of n. 

Now consider the series * 

M M Af(X' + e) A/(X' + e)(X' + e +1) , 

(1) x- X' - c x " /(rtl) x(x+ l)(x+2) + ’ 

which is absolutely convergent, for R{x) > X' + e. 


* This series is obtained in 10-2, example 2. 
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The sth term of this series is 


b, s! 


&, = M( X ' + e + s-1 ). 


x(x-\- 1) ... (£ + s) ’ 

If we call the b a the coefficients of the series, all the coefficients 
are positive and the sum of the first n +1 of them is given by 


\50' +, . + *~ I )="( v 


+ e + n 
n 


since this sum is equal to the coefficient of l n ill 

Thus, whatever the value of n, the sum of the first n + ] coefficients 
of (I) is greater than the modulus of the sum of the first »-+■ 1 
coefficients a, of the series 

( 2 ) 


oc 

X 


a, s; 


Tz'o x(x+l)...(x + s)' 

We shall call the factorial series (1) a majorant series for the 
factorial series (2). 


10-1. Series of Inverse Factorials. We shall now con¬ 
sider the function defined by 


(I S ' 

Q(s) = V -. 

jy 0 x(x+\)...(x+s) 


The region of convergence has already been shewn to be a half¬ 
plane limited on the left by the line 


R(x) = X, 

where X is the convergence abscissa. 

Since terms of the series become infinite when x — 0, 1, - 2, ... , 

we shall always suppose that such of these points as may lie in the 
half-plane of convergence are excluded from the region by small 
circles drawn round them. Unless X = - oc it is evident that only a 
finite number of these points can lie in the half-plane of convergence. 


10*11. Uniform Convergence of Inverse Factorial Series. 
We shall now* prove the following theorem due to Norlund: * 


* Shies d'interpolation, p. 171. 
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Theorem VI. If a series of inverse factorials converge at the 
point x 0 , the series is uniformly convergent when x lies in the angle A , 
vertex at x 0 , such that 

-in + r^ arg {x-x 0 ) tj, 

where, t] is positive and arbitrarily small. 



Let 

V)--- (.'« rs) 

s j-(£+l)...(jri«) ’ 

R{r 0 ) a 0 . arg (x - x n ) ^ 0, | x - £ 0 1 = r. 

It is clear from Fig. 1II that we can find a positive integer n, such 
that 

a = | arg (£ 0 1 s) | < lr r if s > n. 

Denote by P. P Q the ])oints x f x 0 + s. Then the length of OP 
is not less than the length of the projection of OP on OP 0 , so that 

| x + s | > [ x„-f s j f r sin (in: - G + a). 

-V 

Hence, if s f- n. 


(1) 


|z + s| > | x 0 + s| + rsin It], 
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( 2 ) 


3p + S 


< 


__K±iL__ 

|* 0 + s|+rsin|Y] 


cos a a 0 + s 

cos oc <r 0 -f s + Ir sin y] 


(3) 


X Xn 


Z + S+ 1 


< 


r 0 + s+ 1 | + r siniy) < <r 0 + s + l-f^siny) ’ 


since £ sin yj < sin ir t . 

Now, 

„ (^o+«)_:” (^o + s) 

‘ -» (x+n)...(x 0 + s) 

and by (2), 


I ( *o+ n ) »• i . r (<r 0 +n)... (<t 0 +s) 

I (x+n)... (x+s) j ' (<r 0 -f h.+J rsiny;)... (<r 0 + a +jrsin yj) 


say. 

Also when x lies in the angle A, is clearly bounded since n is 
fixed and the points, - 1 , - 2 ,..., are excluded by small circles 
drawn round them. 

Suppose that | u n _ x | < K. We have then 
(u a | < KU„ U, < 1, 


so that the w s are uniformly bounded in A. 

Again, 

x-x„ 

' M1 ’sr + s+l 

Hence, using (3), 

(4) \u,-u M \<KU t / , . — “^ V (U,-U, xl ). 

w 1 s ml *<t 0 + s+ 1 + |rsmyj siiiyj v * 


If 


b.= 


o, a ! 


( x 0 "hi) ■ • • (^0 A s) ’ 


the series Z b, converges by hypothesis. 

Hence, given e > 0, we can find N such that, if p Js N, 


m I 



V f 


e sin >) 
2 A' 
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Now, if B a = b P + b p+1 + ... +b t , we have from Abel’s identity, 
if p^N, 

m m - 1 

2 < 2 l-B.! I u s~ u n+l I + I Bm | |« m | 

* ----- V 

m- 1 

<s 2 (v,-u^+tu„ 

s p 

<zV p <z, 

so that the series S6 ,m s converges uniformly in A, that is to say, 

converges uniformly in A. 

It follows from this theorem that the sum function fl(*) of 
the series is an analytic function of x in any closed region, which, 
together with its boundaries, is interior to the half-plane of 
convergence, for any such region can be enclosed in an angle of 
the type A. That the region of uniform convergence is even more 
extensive than that indicated by Theorem VI is shewn by 

Theorem VII. If the scries of inverse factorials be convergent 
for x = x 0 , the series is uniformly convergent in the, half-plane 

R(x) = R(r 0 ) + s, 

where z is positive and arbitrarily small. 

It is clearly sufficient to suppose :r 0 real. Taking x 0 ■— o 0 , and 
n an integer such that n -f c 0 > 0, we replace inequality (1) by 
| x+s | ^ | <t 0 + 5 | + e, and Irsin r, by e in the remaining inequali¬ 
ties, and the proof is then entirely on the same lines as that of 
Theorem VI. 

Thus Q(x) is an analytic function at every point within the 
half-plane of convergence, with the exception of those of the points, 
, - 3, -2, - 1, 0, which may lie within this half-plane. 
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Since 1 jT(x) is an integral function, we see that Q(x) has simple 
poles at such of the poles of T (x) as lie within the half-plane of 
convergence. 

If x — - n be such a pole, we have from 9-55 the residue of U{x) 
at this point, namely, 


(-1)" v . «» s! .. 

n ! !>-« + !) 



since 1 j V(s-n+l) is zero, for s = 0, 1, 2, ..., n - 1. 

If X — - oc the function Q ( x ) is meromorphic in the whole com¬ 
plex plane., 

We may note that, in terms of the Beta function, 


Si(*) = ^ «»B(/•,*+ 1). 
« 0 


10*15. The Theorem of Unique Development. A func¬ 
tion which can be developed in a scries of inverse factorials can be so 
developed in only one manner. 

For suppose that the same function admits two distinct develop¬ 
ments. Then we have an equality of the form 

°»*- _ v M? 

/To x(x+ I)... (x + s) ,~T() x(x-*-1)... (x+ s)' 

Let X, X' be the abscissae of convergence. Multiply both sides 
by x and let x —r oo in such a way that R(x) oo in the half-plane 
It{x) > X, R(x) > X'. We then obtain 

Uq —- Z>Q. 

Remove corresponding terms and then multiply by x(x+ 1) and 
let R(x) —> oo as before. We thus get a x -- b v Proceeding in this 
way we see that the two series are identical. 

It follows from this that an inverse factorial scries cannot vanish 
identically unless all the coefficients vanish. 


10-2. Application of Laplace’s 
10 - 13 , 

° (X)= ,li*(*+l )...(x + s) = 


Integral. We have, from 
£ «,B(i,s + l). 

• - U 
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Thus using the integral expression of 9-84 for the Beta function 
we have, when R(x) > 0, 

(1) O(z) = a, fV-^l-<)'<&. 

» = o Jo 

This suggests consideration of the function 

(2) <f, (t) = a 0 + Oj (1 - l) + a 2 (1 - tf + a 3 (1 - 1 ) 3 + .... 

We now prove that the series 

(3) = 

» = o 

is uniformly convergent in the interval 0 < t ^ 1, provided that 
R(x) be greater than the larger of the numbers 1, X+2, where X is, 
as usual, the abscissa of convergence of the factorial series. Let 
R(x) = (T. 

Then the factorial series converges when x—o-2 on account of 
the way in which a was determined, and consequently the .vth term 
tends to zero when s -> oo . Thus 


«, s! 


lim -— ~ —---L-t-_ = 0, 

(a- 1) a ... (a + s-2) 

I™ | a, | /(°' r * “) = 0, 


so that 


and hence, given e > 0, we can fmd n, such that 


a, < e 


(ai s-2j 

\ S ' 


s ^ n. 


It follows then that 


i <zt'~ 1 V + ® 2 )(l-0 1 

i i~n s 


< E £- 1 [l-(l-()]-' +1 = e, 


which proves the uniform convergence of (3). 

We can therefore integrate term by term and we get from (1) 

(4) «(*) = 

Jo 

An integral of the above form is known as Laplace’s Integral. 
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We have thus proved that, if R(x) be sufficiently large, the sum 
function of a series of inverse factorials can be expressed by Laplace’s 
integral in the form (4). 

Conversely, if </>(<) be given in the form (2) and if, for R(x) suffi¬ 
ciently great, the series (3) be uniformly convergent for 0 ^ t ^ 1, 
the corresponding Laplace’s integral (4) can be represented by an 
inverse factorial series. 

The function may be called the generating function of the 
factorial series. 

When the function Q(x) is given, the generating function is 
obtained by solving the integral equation (4). It is easily verified * 
that the solution is 

1 fl+ix 


1 f iH 


dz, 


where l is any number greater than the abscissa of absolute con¬ 
vergence of the factorial series for Q(x). 

Example 1. Find the sum function of the series 

V .._(«-!)!. 

.“i x(x+1)... (*+*)' 

Here a, = s' 1 , so that 


= 


+ ... = -log t. 


so that 


Q (X) = - £ t*- 1 log tdt = - l x £ = 


1 _ 0!_Id_ 2! 

x 2 ~ x(x+ l) + x(x+ l)(x+2) + x(x+ I)(x+2)(x f 3) + 

The ratio of the (s 4- l)th term to the sth is 


• 5 = i_?±l + o(' 1 ) 

X + l+S * 'sV ’ 


so that by Weierstrass’ criterion, 9-8, the series converges absolutely 
if R(x) > 0. Hence q — 0. 

* For a more complete discussion of the generating function, see NfirluncTs 
Siries d'interpolation, chap. vi. 
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Again, 


V i , 1 1 1 

Zj a t — 1 +,) + ,, + ... + - 

t ~o l o n 


Y + log n, 


3 n 

hence, from Theorem V, 

X = limsup log(y + log n )/logw = 0, 

n— 

so that in this case X = p. = 0. 

Example 2. Expand (x-a) -1 in a series of inverse factorials. 
From (5), the generating function is 

1 Cl + u o t-z 

<f>(l) = o . ■ —* = <-, 

2mJi-i*z-a 

if l be sufficiently great. This can also be inferred from (4), since 

1 ~ P <*-«-! d<. 

x-a J 0 

By the binomial theorem, 

t- = [l-(l-«)]-= 1+ £ + 

Hence, from (1), 






] 

x-a 


1 fa + s-\\ 

= z+w ( * 

X , ! 


A . jB(x, s+1). 

Thus we have Waring’s formula, namely 

1 __ 1 a a(a+ 1) a (a + 1) (a + 2) 

x-a x + x(x+l) x(x+l)(x + 2) x(x+ l)(x + 2)(x + 3) 


+ • 


The formula can also be obtained from 3-1 (4), applied to the 
function xr 1 , by interchanging o and x and putting p = - a. 

By Weierstrass’ criterion, the abscissa of absolute convergence is 
given by 

p = R(a), 

and since (x - a) -1 has a pole at x = a, 

X = R{a). 

Example 3. The series 


fi(x) = 


1 


. + 


a(a +1) 


a(a+ l)(a + 2) 


x x (x +1) x(x+ l)(x+2) x(x + l)(x + 2)(x + 3) 


+ ... 
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has the same abscissa of absolute convergence as the series for 
(x-a)~ l , so that 

p = R(a). 

On the other hand, by Weierstrass’ criterion, the series converges 
conditionally if 

0<fl(s-a + l)<l, 

so that 

X = R(a-l). 


These examples illustrate the result of 10 06. 


1CD22. Order of Singularity and the Convergence 
Abscissa. If 

/(z) = b 0 -f 6jZ + 6 2 z 2 + b 3 z 3 

the order h of /(z) on its circle of convergence whose radius is 
taken to be unity is by Hadamard's definition * 

h = 1 + lim sup ^ —J _ 

«->* log n 

Multiply the generating function in 10-2 (2) by 
<-! = [! -( 1 - 0]- 1 

and we obtain 


m 

t 


— ( a 0"t a l + fl 2" ! ~ ■■■ + a «) (1 ~ 0*i 


so that <j>{t) 11 is holomorphic inside the circle | 1 -t | = 1. Thus, 
if X ^ 0, we have from Theorem V that the order of jt on 
the circle 1 1~ 11 = 1 is X+1. 

If X ^ 0, the senes 1] fl, con\ erges , thus, if t ^ 0 along the 
radius joining 1 to 0, 

lim <f>(t) ~ <f>( 4-0), 

t—o 


and hence 


+ 0) 
t 


00 

= ^ ( a ,rl + a ,+2+ - 0 *. 

« = 0 


and hence, again by Theorem V, the order of [<£(<)-<£(-|-0)]/< on 
the circle 1 1- 1| = 1 is X +1. 


* P. Dienes, The Taylor Series (1931), p. 493. 
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10-3. The Transformation (x, x + m). Consider 

a, s! 


n (*) = 


= | * l*- 1 <j>(t)dt, 
Jo 


t^ 0 x(x+l) ...(x + s) 

where <f>(t) is the generating function 10-2 (2). 

We have identically 

ft(x) - I l x+m - l l- m <f>{i)dt, 

Jo 

= [l-(l-0]-So,(l-t)* = S6.(l-«)«: 

1 fm\ (m +1 \ (m + s - 1 \ 

o, = «,+ ( «,.!+( 2 Jrt a _ 2 +... + ( g ) a ( 


so 


that 


Cl(x) = 


o (x+m)(x- 


b,s\ 

•Ml-t-1) ... (x + W + s) ’ 


which we call the transformation (x, x + m). 

If X m denote the convergence abscissa of the transformed series 
we can shew, from considerations of order (10-22), that 

). m X, if s0, X ^ 0, 


X m < X - R(m). if R(m) < 0, X ^ 0, 


while in general 

X m > 0, if X < 0. 

The case m — 1 is particularly simple, for then 

b s = + + ...+a 0 , 

so that 

^a a,s! _ (a 0 + a.j-f...+a s )s! 

w x(x-f I)... (x + s) ‘- J (x+ I)(x+2)... (x + s+ 1) ’ 

with X x ^ X if X 5? 0, Xj - 0 if X < 0. 


The transformation can sometimes be effected directly; for 
example, using 10-2, Ex. 2, we have 

1 1 _ 3 m+a 

x- a ~ (x + /«) - (m + a) ~ x + >« ‘ (x + m)(x + m+ 1) 

(w + rt)(m + a+l) 

(x 4 in) (x + m + 1) (x + m + 2) 
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It may be observed that if X ra < X, the transformation (as, x+m) 
gives the analytic continuation of fi(x) beyond the original half¬ 
plane of convergence. 


10*32. The Transformation (x, x/to). Starting from 

Q(x)=f t *- 1 <f>(t) dt, 

Jo 

we make the change of variable t“ = z, to > 1. Then 

If 1 *-! 1 

(x) ~ 2 “ <f> (z“) dz. 

to Jo 

i 

If eo be large enough, ^(z") will be holomorphic inside and on the 
circle | z - 11 = 1, except perhaps at z = 0. Now, 


= 1] « 8 (1 - 2“)’, 

I , -o' 

1 - 2 “ = 1 -( 1 - 1 + 2 )“ 

= L-J , Z 1 ! 2 ) 2 . (to - 1) (to — 2) 

to ^ 2! V u 7 + 3i 

so that 

1 CO 

(1-Z")» = g /n, > (to) (1 - z) n . 

and therefore 

4>(z~) = 2; 6,(i -zy, 

0 

= /», i(to) aj +/ lj2 (<o) a 2 f ■ ••+/,, ,(co) a,. 
It follows that 



<30 


Q(x) = £ 
* = 0 


6, s!to* 

x(x + co)... (x + sco) ’ 


which we call the transformation * (x, x / to). 

If X > 0, considerations of order at the point z = 0 shew that 
the series converges if R(x) > X(o>) where X(to) < X. 


* See Norland, Striea d'interpolation, chap. vi. For recent research on the 
analytic continuation of factorial series of both kinds, see H. K. Hughes, 
American J. of Math, liii (1931), pp. 757-780, where several new results are 
obtained. 
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10*4. Addition and Multiplication of Inverse Factorial 
Series. Suppose that we have the two series 


s', a. 


,?o x(x+ 1 )...(x+s) ’ 


«i(*> 


V 


s\ b , 


R(x) > X, 
R(x) 


X'. 


to z(z+l)... (x+s) ’ 

If l denote the greater of the numbers X, X', we have evidently 

R(x) > l. 




which solves the problem of addition and subtraction. 

The problem of multiplication is more difficult on account of the 
complexity of the coefficients in the product. The solution of the 
problem is given by the following theorem due to N. Nielsen.* 

The product of Cl{x), 0, (x) is developable in a factorial series of 
the same form, convergent for R (x) > 0, R (x) > l. These con¬ 
ditions are always sufficient and generally necessary. The product is 

A, 


.tr'i 3-(x+l)... (z + s)’ 


where 

A n+1 = X (n-s)l 6-! 


O t , 


= v.('? + V 

v ' 


p—0 x 


To obtain a practical method of forming the product we use 
Laplace’s Integral. Let 

il(x) = [ of -1 9 (x) dx, f2j(z) = f p*' 1 d$. 

Jo J o 

Then 

n(x)Q i (x) = f f (tf)*- 1 <?(«.) $(P)dctd$. 

Jo Jo 

Making the change of variable a[5 = t, we have 
il(x) n,(x) = 

Jo 

where 



* Rendiconti ddla R. Acc. dei Lincei (5). 13 (1904). 
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This result will determine the form of the product. The conver¬ 
gence abscissa must be determined separately. 

For example, consider 


1 _ 1 + P + P(P+ 1) + 

x-p x x(x+l) x(x+l)(x+2) 

_.L _ 1 , g ,_?(?+!) + 

x~q x x(x+l) x(x+l)(x + 2) 


Jo 


... = [' t x ~o- l dt. 
Jo 


Here 


f 1 ft \-« t~ 

X(0= <*« = *- 

J t 


-t _ i ~a 

P-f 


To obtain the coefficients we can expand y (t) in powers of (1 - 1), 
but it is simpler here to write 


x-p x-q Jo p-q 

1 , p + j+l p 2 -hpq + q 2 +3(p + q)±2 

' x(x-rl) ; x(x+ l)(x ; 2) ' x(x + ])(x + 2)(x + 3) + 


which is obtained by subtracting the second given series from the 
first and dividing by p-q, and in fact this result could have been 
obtained direct, without calculation. We infer that 


1 _ 1 _ 2p+J 3p 2 + 6p + 2 

{x-p) 2 ~ x(x+ 1) + x(x + l)(x+2) x(x + l)(x + 2)(x + 3) + ’ 

which agrees with the result of differentiating the first of the given 
series with respect to p. 

Actually, if p = q, we have 

X(t) = f a -1 t~ p da = - t- p log t 


= [l +^(l - t)+ p - (] !+ ]) (i -t) 2 + ...][(l - 0 + (1 / + (1 / + ...] 


= (l-0+(p+i)(i-<) 2 +(^+p+J)(i-0 3 +-, 


which gives the same series as before for (x - p)~ 2 . 
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10*42. Differentiation of Inverse Factorial Series. If 


we have 


Q(x) ~.? oa: (iTiy::T^) 


12'(x) = [ l x 1 log t (?) dt, 
Jo 


dt, 

Jo 


which is again developable in a factorial series. 

In fact 

log< = -(1 -f)~ J(1 -0*-J(1 -0 3 - —. 

<f>{l) = a 0 + Oj(l - t) + a 2 (] -?) 2 +... , 

so that 

fa 0 , a. a. 


12'(x) = - V 


s s - ] 1 


i x x(x+l)(x + 2)... (x + s) 


If X > 0, the order of ?- ] <£(?) log? on the circle | < - 1 | = 1 is the 
same as the order of t~ l <f>(t), that is to say, X+ 1, so that the series 
for 12' (x) has the same convergence abscissa as 12 (x), namely, X. 
If, however, X < 0, we know* that x = 0 is in general a simple 
pole of 12 (x), and consequently a double pole of 12'(x), so that 12'(x) 
cannot have a convergence abscissa < 0. 

Hence, if X < 0, the convergence abscissa for 12' (x) is in general 
zero. 


Example. 

1 _ V» *(a + 1)...(*+*_- 1) = 

x-a fZ'o x(x+ 1)... (x-f s) Jo 


1 - r 

(x-a) 2 Jo 1 


1 log t dt. 


The coefficient of (1-2)* in 1 a log? is equal to the coefficient of 
y* in (1 - y)~ a log (1 - y), that is, in 




9 a (a + 1)... (a + s- 1) 
9a s ! 


which is equal to 
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Thus 

1 _ «(«+!)-(«+«-1) A, 1 , , 1 ) 

(x-a) 2 x(x +1)... (x+s) 'a a+1 ' ol+s—1' 

It will be seen that the direct application of the general formula 
for £l'(x) leads to an equivalent but more complicated form for 
this result. 

The convergence abscissa is R( a) whatever a may be, in fact 
x = 0 is not a pole unless « = 0, so that this is a case of exception 
to the rule that the convergence abscissa is zero if X < 0. 

Since a(a+l) ... (a + s-l) = f^ ,+1) (a + s), the series for (x-a)~ n 
can also be obtained by direct differentiation with respect to a. 


10-43. An Asymptotic Formula. We have 

(1) - = f' t*- 1 dt, R(x) > 0. 

x Jo 

Differentiate m times with respect to x and we obtain 


r(m+D 


r-m+l 




Now by 6-43 (1), writing - 1 + t for t, we have 
(. i\ m ,, 

log, - w(l -t) m 2, , - 

' b l J v ’ Jto V! m- 1 -v 

Multiply by < 1-1 and integrate term by term, then 


r(m+l)_ F(x) r(m+ v+ 1 

x m+1 j'To (m+v)v! F(x + m+v+1) 

Multiply both sides by 

r(*+»+i) 

F(x) I (rn f I)’ 


and we obtain, on writing s for v, 

(-!)•( 


T(x + m + l) 


= 2 


m+ s- ] 
s 


R (mu) 


F(x)x m+1 ^o(x+to+ l)(x+m + 2 )... (x+tn + s) 


, It (x) > 0. 
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From this we can infer that the development of the reciprocal of 
the left side is given by a relation of the form 


T(a;)x ro+1 


DS+S+i) “ 1+ A i(S+l)\b(^T) = , + n .«* “ y - 

Differentiating with respect to m, we have 

xm+1 L r(xl { nl-i) +{ ^ x) ^ +n ^ 

i 1 

v> dm n , \ 

= .4t »(»+! )(1+8) = »■(»)■ “y- 

Thus 

xm+1 dm F(j+ m+ }} = ^ (x) + (1 + fi 0 (x)) log (* )■ 
Proceeding in this way we can obtain a relation of the form 

xm+ i d ‘ r (») 

dm * r(x + m+l) 

= fl,(x) + C2,_i(x)log *-t Q,„,(x)flog*) + ... + (l + Q 0 (x)) (log *-) 

where f2 0 (x), Q,(x), ... represent factorial series which vanish when 
x = + oo. 

It follows that, when R{x) is large and positive, we can replace 

the right-hand side by its greatest term, namely (log M . 

We have, therefore, the important asymptotic relation that, for 
large positive values of R(x), 

3' r<x) /i )* + v, iy 

dm’ l’(r+M+ 1) ~ x - \ ° g x' ’ 

which is useful in the theory of difference equations. 


= 1 + G 0 (x), say. 


' 10 * 44 . Integration of Inverse Factorial Series. Let x 0 
be a point interior to the half-plane of convergence. Then 

^ 'Jo log* Jo Jo I°gf 
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The second term on the right is independent of z (= C say), and 
integrating 10-43 (1) with respect to z, we have 


and therefore 


fi /*-1 _ 1 

J, iogr* = logi; 

J iTg * 0 * 


Now, 


*«-f( 1) _ 


1 -< 


aj + ajfl - 0 + «s( 1 ~0*+ > 


and from 6-43 (7), in terms of Bernoulli’s numbers, we have 

!-' = _i +1( i_ 0+ v- »;•'”(-<>• 
log, ,f 4'‘ " + v- I v! 

Thus 

^ (1) =-«! + (- «2 ^ l«l) 0 “ 0 

+ ( ~ a \i + OjJ (1 “ 0 2 "t 


Hence we have 


f x *, 

I S2 (x) dr = C 4- o 0 log x + ^ 
J j 9 * = 0 


&,«! 

x(z-r 1)... (z + s)’ 


where 


*o — ®i> 

D , “,-,+1 


&»= + £ (- 1 )" 


v-1 v! 


This result is valid for R (z) > 0, R (z) > X, unless a 0 = 0, in 
which case it holds for R (x) > X. 


10-5. Finite Difference and Sum of Factorial Series. 

The operations which we have hitherto considered, namely, multi¬ 
plication, differentiation, and integration, are operations which are 
simpler in their application to power scries than to factorial series. 
On the other hand, factorial series of both kinds are admirably 
adapted to the performance of the operations £ and its inverse. 
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Thus we have from 

Q(*)-.- v_ 

/^ 0 x(x+l) ,..{x+s)’ 

*» = £(-!)■ a. C; 1 ), 

*=0 'S' 

(-l)Afi(*)=S - _ 

A »{*+ 1 )... («+«) ’ 

(-i)-ag(*)= £ , v* ! / 

l“„ x (k+ 1) ... (x+S) 

* -- 0 S' 

( - l} n & F(x) =z V 

Again, the equation 

A u (t) - Q (r) 

clearly admits the general solution 

u (?) = » (*) + a 0 V (x) - £; - , “f* 1 - - - - , 

i~i) X(x-rl) ... (X + S)’ 

where w(x) is an arbitrary periodic function of period unity, and 
the principal solution is obtained by replacing m [x) by a constant, 
so that 


Q C2 (0 A* = C+ <*„*(*)- i - - 

W * — 0 •* \** 


O 0 v ' ...(* + «)’ 

where C is a constant whose value depends on the lower limit of the 
summation.* Similarly, we have 


v^wa^c,- 

It is clear that the operations A and ^ do not affect the conver¬ 
gence abscissa since the coefficients are merely displaced, and the 
limits of Theorem V are unaltered. 


•It is convenient to indicate “indefinite summation” (the analogue of 
indefinite integration) by omitting tho lower limit. 
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Example. 

1 _ y, «(« + !)... (a + a-1) 

X-tt. fto x(x+l)... (x-hs) 

Thus 

X 

'!'(*-«)= §,i- a Ai 

' ' ,toS+l i(i+l)...(a: + s)’ 

the constant being zero, since both sides must agree when a = 0. 

10*6. Newton’s Series. The series 

*(*>= Sf-Dxf; 1 ), 

1 = 0 v s 

to which we shall refer as Newton’s series, converges in a half-plane 
(10-04) limited on the left by the line R(x) = X, and converges 
absolutely in a half-plane (10-06) limited on the left by the line 
R (x) ~ p , where 0< p.- X < 1 . 

When z is a positive integer, the series reduces to a polynomial and 
may therefore be said to converge at those of the integral points 
which may lie outside the half-plane of convergence, but diverges in 
a neighbourhood of such points. We shall therefore not include in 
the region of convergence those integral points which lie outside the 
half-plane of convergence. The convergence abscissa X is given by 
Theorem V. 

10-61. Uniform Convergence of Newton’s Series. We 
now prove the following theorem due to Norlund : * 

Theorem VIII. If Newton’s series converge at the point x 0 , 
where x 0 is not a positive integer, the series converges uniformly at 
every point of the sector S, vertex at x 0> such that 

|x-x 0 | < R, -i7c-f7)<arg(z-z 0 )< 

where tj is positive and arbitrarily small, and R is any positive number. 


* Shies d’interpolation, p. 100. 
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Let the given convergent series be 

\ 8 / 

and let 

v _ ( x ~ 2 ) ( x ~ 2 ) 

(x 0 -l)(x 0 -2)...(x 0 -s)' 



Fig. 14. 

We have to prove that, if x be any point of S (see Fig. 14), E b s v, 
converges uniformly. 

It is clear from the figure that we can find an integer n, such that 
! arg (s-x 0 ) j < Jr,, if s > n, 

and also that the line joining x 0 to s subtends at any point of S an 
angle <f> greater than A (tt + r;). The projection of this line on 
the line joining s to x cannot exceed the length of the line joining 
s to x g ; hence, if r — |x-x 0 j, 

| .? - x 0 1 | s - x | f r cos (n - <b) > | s - x | + r sin , 

so that 

s - x | < |« — ir 0 1 — r sin -J-tj „ 


i x - s j r sin jrj cos ar g (s - x 0 ) 
X 0 -S ' ~ Is- x 0 I cos arg (s - x 0 j 

^ A r sin Yj_ s — Gq -\r sin 

s - o 0 s — <x Q 


and hence 
( 1 ) 
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where <y 0 = and s^n. Also we have 


( 2 ) 


*_ x o 

s — xq -h i 




Now, 


and by (1), 


s - <r 0 +1' 
(x-n)... ( x-s) 


v ° - Vn -'(x 0 ~n)...(x 0 -s)' 


(x-n)... (x-s) \ (m-o 0 -JrsinT])... (s-ff 0 - sin tj) _ y 

(x 0 -n)... (x Q -s) ^ (n — (t 0 ) ... (s o 0 ) 


say. 

Also, when x lies in S, t> n _j is clearly bounded since n is fixed. 
Suppose that I »«-i I < K. We have then 

KI<A'y s , y. <i, 


so that the v. are uniformly bounded in S. 

a v 

Again, 


v, ~ v»+i ~ 


x-x n 


Hence, using (2), 


8 s - x 0 +1 ‘ 


I v ,- v ,I <KV S T = l K (V,- F, +1 ). 

1 * 8+11 8 s-o n +l 8inV ’ 8+1 ' 


This inequality is of exacth' the same type as 10-11 (4), and the 
required uniform convergence follows by precisely the same steps as 
in that section. 

It follows from this theorem that the sum function F (x) of 
Newton’s series is an analytic function of x in every closed region 
which, together with its boundaries, lies in the half-plane of con¬ 
vergence, for any such region can be enclosed within a sector of 
the type given in the theorem. 


10-63. Null Series. Consider the binomial series * 

0 x s / 


If | a | < 1, the series converges everywhere, so that A = - oo . 
* K. Knopp, Infinite Series, p. 420. 
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If | a j > 1, the scries diverges everywhere (except at the positive 
integer points), so that X = -t oo . 

If | a | = 1, a -/= — 1, the series diverges if R (x) 0, converges 

simply if 0 < R(x) 1, and converges absolutely if R(x) > 1, bo 
that X = 0, fi = 1. 

If a = - 1, we have 


Now, 



lim Sf- 1 ) 

."n v 8 ' 


n-^ /x—l\ 

^ (-I)M g ) = coefficient of l n ~ l in (1-«)*- 1 (l + <+«*+...) 
= coefficient of t n ~ 1 in (1 - /)*- 2 

Thus 

*v ( (n-r)... (2-ar) _ r(w-®+_l) n>~ x 

’ s ) "~ (»- 1)! _ I» T(2- x) ~ r (2 — x) 

for large values of n (see 9-61). Thus when n <x>, the right-hand 
member — -0 if R(x) > 1, and --voo if R(x) < ]. Hence the series 


*(*) = £(-1 


« — 0 



converges in the half-plane 7?(a*) > 1, and is equal to zero for all 
values of r in this half-plane. To such a Newton’s series we give the 
name mill scrim. We note that when x = 1, <f>{]) = 1. 


10 - 64. Unique Development. If a given function f{x) be 
holomorphic in the half-plane R(x) > /, and if this function be 
capable of expansion in a Newton’s series which is convergent in the 
half-plane R(x) > X. we can shew that the expansion is unique, 
provided that / ^ X < 1. 

For, let the Newton’s series be 

#**o s J 

Then 

A F(l) = (-!)• a s . 

v 


M.T.O. 
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But jF{ 1) = /(1), since l ^ X < 1, and hence 

*(*)= .s£/o>(V) 

*=0 v s 7 

and the expansion is uniquely determined. 

It follows from this theorem that no null series can have a con¬ 
vergence abscissa which is less than unity. 

10’66. Expansion in Newton’s Series. Suppose that we 
are given a function f(x) which is holomorphic in the half-plane 
R(x) > l, and that this function is representable by a Newton’s 
series whose convergence abscissa is X, where rc^X<w+l, 
n being a positive integer, and l X. Let F(x) be the sum function 
of this series. Then 

(1) fw = £(-D-«.f; ! ) = t Acoif 1 ; 1 ) 

as in the preceding section. 

From 2-5 (2), we have 

(2) A^(l) = F(s+l)~ (‘j F(s)+ (Qf( S - 1)-... + (-])' F(l). 


Now, if s ^ n, we can write this in the form 
(3) (-l)-‘0/(v + l) 

► 0 v/ >^n v/ 


since by hypothesis /(v + 1) = F(v+]) when v J>. n. 

If we substitute these expressions in (1), we obtain for the coeffi¬ 
cient of v + 1), v ^ n — 1, the series 




V*- 1 
- V 


) 


= ( VM x ~ v) ’ 


where <f>(x) denotes the null series of 10-63. 

The series <f>(x-v) is likewise a null series whose convergence 
abscissa is v + 1, so that the contribution to (1) of the numbers F(l), 
F(2), ... , F(n) is 

F(l)<f>(x) + F(2) ( x ~ J )<A(x- 1) + ... + F(n) ( X ~ l )<f,(x-n+ 1), 
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10-65] 

which is also a null series whose convergence abscissa is n. Thus it 
appears that the sum function F(x) of the series (1) is independent 
of the values of the sum of the series at the points 1,2, 3,, n, 
and consequently that we can arbitrarily assign the values 
F(l), F( 2),..., F(n) without altering the value of the sum-function 
in the half-plane of convergence of the series. 

Thus, if X > 1, the expansion in Newton’s series of a function 
J(x) which can be so expanded is not unique but admits of infinite 
variety. 

In some measure to restrict the choice of series, we define a 
reduced series as follows : 

Let m, be the smallest positive integer, such that the given function 
f(s) is holomorphic for R(x) > m and continuous on the right at 
x = m, so that 

f(m) = lim + 

>-.0 

where e — 0 through positive values. A Newton’s series is said to 
be reduced if the sum function F (a-) be such that 

i’(x) = f(x), x = m, m + 1, m + 2,.... 

If the convergence abscissa X of a reduced series be greater than 
the integer in, and if we add to this series a null series whose con¬ 
vergence abscissa is less than X, the new series has the same 
convergence abscissa as the original series. A series obtained in 
this way may also be called reduced. In any case the convergence 
abscissa of a reduced series is the least possible, that is to say, no 
other Newton’s series which represents the function can have a 
smaller convergence abscissa. 

Example. Expand (x- a)' 1 in a Newton’s series. We have 
{x- a)" 1 = (x-a - 


so that from 2-11 (7), 

A(x- a) -1 = ( - l) s s! (x-a- l)t- J-1) 


_(- 1) J s! _ 

(x-a)... (x-a + s)' 


I _ __ _(x— l)...(x — s) _ 

2; - a ^ 0 («- 1 )(«-2)...(a-s-l)' 


Thus 
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The ratio of the (s + l)th term to the sth is 


s-x 
s + l -a 


= l_*7 a +J + 0 

s 
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so that by Weierstrass’ criterion the series is absolutely convergent 
if R(x) > R(<*.). Also the series diverges if R(x) < R( a), since 
(a;-a) -1 is infinite at x = a, while the sum of a Newton’s series is 
holomorphic at every point of the half-plane of convergence. Thus 
X = p = 12(a). 

This series can also be deduced from 10-2, Ex. 2, by writing 1 - a 
for x and 1 - x for a. 

If we differentiate with respect to a, we obtain 

1 « (*-1)... (x- s) r 1 1 11 

(x - a j 2 (a-1)... (a- 5-1) _a - 1 * a-2^”’ + a-5-lj' 

Proceeding in this way we can obtain a Newton’s series for 
(x-a)“ n , and so any rational function can be expanded in a 
Newton’s series. 

The above method fails if a = re, a positive integer. To obtain 
a reduced series, let us take the sum-function to have the values 

1 1 

1-re’ 2-re’ ’ - 1 


at the points x= 1, 2, ..., re - 1, and let us choose the value of the 
sum-function at x = re, so that the coefficient a u j is zero. We then 
have 


1 ... y* (x -1)... (x - s) A (*-!)...(*-*) . 

x-n ,4^o (re-l)...(n~s-l) + /ri *! 1 1 * 


where, from (3), 

n - 2 

. - 0 


(’) 

v/ re 


1 

- v-i 


+ 


(_ 1 )n " 1 C-l) F(w)+ % (_1) ^ 


^_L- 

' v/ v + 1 - re 


and putting x — n in the series, we get 

F(n) = ~(\+\ + ... 4 b ]_j). 
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Thus (- l) n a, is equal to the coefficient of t n_1 in 

- (i +ty io g (i +o+(-1)- ( n * J ]os ^r+ < 2n -‘- 2 (i +ty iog(i+ 1). 

Now, 

^(i+0' = (l + 0'log(i + 0, 

and hence the coefficient of t" is 


where 

Also 


Hence 


U’ i = Cj( 1 + J 

0V ' V/ -V/'tf 5—1 5— V+l' 

= (*)(£. 

5, = 14J + 1 + ...+]. 

(- 1)- a, = ( n *_ 1 ) [ - 5,4-S,_. H + S n _ 1 + S,~ 



5 


j-n+l • 


Hence finally we have the reduced series 

1 _ _"y . (*-l)—.(*-f). 

x -n ,“o (» - 1)... (n ~s - 1) 

(x-1)... (x-s) 
n -f 1)! 


+ V ( _ n*->t 
/rj, ] («-!)!(*- 


1 + J + ... ■ 




of which the convergence abscissa is n. 


10-67, Abscissa of Convergence of Newton’s Series. 

Let the function f(x) be represented by the Newton's series whose 
sum-function is F(x). The method of the preceding section enables 
us to obtain another form for the convergence abscissa. 

If n be a positive integer such that 0 ^ ^ X, we have 

«-o 4 ' 


(-!)•«« = A-F(l)- 
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If we denote by F( 0) an arbitrary constant, which we introduce 
in front of the sequence 

F(l), F( 2), F( 3),... , F («),/(«+l),/(n+2),..., 

we have 

(1) S = V (-1)4^1) - S (~1)*[ A -P(0)+ *A J’(O)] 


« —0 


f-o 


= F(0) + (-\)»-' &F(Q), 
and hence, from Theorem V, 


( 2 ) 


X = lim sup log | A F(0) j / log n. 


This formula for X is still valid when X < 0, if we remember that 
F(0), F(l), F(2), ... are now the values of /(0), /(l), /(2), ... . 
We have in fact 


F( 0 ) =f(0)=£ a ” 

i-0 


so that, from (1), 


Sa ( =(-l)”Am 

i^n 

and (2) therefore still yields the convergence abscissa. 


10-7. Majorant Properties. We give here some theorems 
which indicate the nature of analytic functions which can be 
expanded in Newton’s series. The proofs are lengthy and are 
omitted. They will be found in Norlund’s Series d’interpolation, 
Chapter V. The first of these theorems is due to F. Carlson. 

Theorem. Let F(x) be a function which can be expanded in a 
Newton’s series of convergence abscissa X. Let a be a real number 
greater than X, and let x - a = r e‘*, where - J 71 CC 0 |tc. Then 


[ F(x)| ^ e T * (e> 


f A+J-f *(r) 

(1 +r cos 6)^ 


where 


tp(0) = cos6 log(2cos0) + Osin0 
and t (r) tends uniformly to zero as r -*■ 00 . 
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A sufficient condition for the convergence of the Newton series 
of a function is contained in the following theorem due to Norlund. 
We use the same notations as before. 

Theorem. Let F(x) be an analytic function which is holomorphic 
in the half-plane R(x)fzx and, satisfying in this half-plane the in¬ 
equality 

| F(x) | < «•■*<•> (1 + ry+'M, - <: 0 < \n. 

The function F (z) can be expanded in a Newton's series whose con¬ 
vergence abscissa does not exceed the greater of the numbers a, {3 + £. 
For the more general series, 

, (x - to) (x -2ln) ... {x- Sto) 

j-j "» ~t 1 

Norlund has proved the following : 

Theorem. In order that a function F (x) should admit a develop¬ 
ment of the above form, it is necessary and sufficient that F (x) should be 
holomorphic in a certain half-plane R(x) > x and should there satisfy 
the inequality 

I F(x) | < C c k 

where C and k arc fixed positive numbers. 

It is here sufficient to take 

A - to < log 2 

Any function which can be developed in a Newton's series admits, 
a fortiori, a development of the above form where 0 < w < 1. 

10-8. Euler's Transformation of Series. Let 




V F(s) 

rA'f " 1 


be a power series in t 1 which converges outside the circle 1 1 1 = R. 

If we write t ~ 1+w and expand each term in negative powers 
of u, we obtain 

= (-D'-'CV*- 1 . 

(“0 

Since the original series converges if ] /1 > R. the second series 
will certainly converge if j u | > 1 + R. that is to say, the power 



312 


FACTORIAL SERIES 


[ 10-8 

series in u -1 converges outside the circle whose centre is the point 
t = 1 and whose radius is 1 + i?. But by Weierstrass’ theorem 
on double series * we can interchange the orders of summation. 

Hence we obtain 

*(*)= 2 2 (-!)*-> (*)*». 

« = 0 »-0 

Now, from 2-5 (2), we have 

2 (-1)*-(*)*» = A^{0). 

► xv/ 

Thus we have Euler’s transformation, namely, 

V^) = v A^(°) 

/-W 1 ,4{,(<-i)* +I * 

The series on the right certainly converges outside the circle 
1 1 - 11 = 1 + R, but the series may also converge at points within 
this circle. 

10*82. Generating Function. Consider the Newton’s series 

a) *» = 2 A^oif 5 : 1 ). 

«~0 ' * ' 

The function <f>(t) defined by 

(2) m = £ f )° ] 

I -o 1 

is called the generating funct ion of the series. 

To obtain the region of convergence of the series which defines 
the generating function we have, by Carlson's theorem, 10-7, 

| F(s) | < e»! 0 S 2 s * + , _ 2*4'* *•*, 

and hence 

*/ F(s) 2 s **_ j 2 | (x+ * t )1,, ‘ I * 

\ i> < |t| ~ : t | C 

Since 

log* 

lim e * = e° = 1, 


* K. Knopp, Infinite Series, p. 430. 
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we see that the series for (j> (t) converges if 

I i I > 2. 

Applying Euler’s transformation to <f>(t)jt, we obtain 

_ v 

ir 1 ’ 

where, as in 10-67, F(0) is to be replaced by an arbitrary number 
if X > 0. 

Multiplying both sides of (3) by t ~(«- 1) +1, we have 


,, # v yAm.y^io) 

k (<-!)■ r r 4 (i-D"‘ 


( 1 ) 

since 


Now, 


( ] r~o ('- i) Si1 


if l 


A F(0) +A^’(0) - A/'(i). 


x ~ 1 1 _ r (j ) 

* / r(*-«)r(*-ri)’ 


and by the complementary argument theorem 

n*-*)r(i .7 -, = ( ~ 1)8,1 

siur(x-s) sm^x 

It follows that 


/x— 1 _ sin jrxF(x) F(s f 1 - x) 

V s )~ (-1 )*n r(s-rl) 

and hence, if f?(x) = <r, we have from 9-61, 

Iaeu)^; 1 ) = |C(x)Af(i)s-'(i-8)i, 

\ ' 3 

where C(x) is independent of s and S -*■ 0 when s -> x , 

Since the series (1) converges, the absolute value of the sth term 

tends to zero when s ■-> <x >. Taking a ~ X+ e (z > 0), we see that 

for sufficiently large values of s 

IA ^{1)1 <s x *\ 
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Hence 

1 

“ ft -11 ’ 

so that the series (4) converges at all points exterior to the circle 
11 — 11 = 1, and therefore the series (3) converges in the same 
domain. From 10-22 and 10-67 (2), we see that the order of <j>(t)jt 
on the circle 1 1 — 11 = 1 is equal to X +1. 


lim 


AF(l) 

(t-l)* +1 


10*83. Laplace’s Integral. We have, from 9-88, 


(1) 


^~1\ _I» 

'••s' r(z-s) i>+i) 




l)-'- 1 (it, 


the path of integration being a loop which starts from the origin, 
makes a positive circuit round t = 1, and returns to the origin. 
Also, the generating function is, from 10-82 (4), 


X 


= o) + v; 

i — 0 


(t-i)' +1 ' 


If we take R(x ) > 0, R(jt) > X-f-1 and multiply by l*~ l , we can 
integrate term by term, provided that the contour of (1) be enlarged 
into a loop l which starts from the origin and encircles the circle 
1 1- 1 | = 1 and then returns to the origin in such a way that no 
branch of l is tangent to this circle at t — 0. We thus obtain 


*■<*>= 2 \,\ r '+ V)d ' 


Conversely, every integral of this form, where </>(?) is holomorphic 
outside the circle 1 1 - 1 j = 1 and is of finite order on the circle, gives 
rise to a Newton’s series. 


Example. 

Here 


F(x) = a * 


m - 2 


T o* 


t _ a 

t~a ~ 1 + (<-l) - (o-T) 


1 + d 


v 
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=•.£<—'cM- 


If ! a - 1 


» = o 

1, a 4= 0, we have 


1 

t (<-!)-(«-lj’ 

so that t = a is a simple pole on the circle 1 1 - 1 j = 1 and the 
order of <f>(t) j1 is unity. Thus X = 0. If | a - 1 j < 1, /1 is 

holomorphic on the circle and therefore X = — oo . 

The expansion can also be obtained directly from the identity 


a x — a(l + a - l) x_1 . 


10-85. Expansion of the Psi Function in Newton’s 
Series. We have 

1 * lp-lLf _ l)t 

A*(*> = \ &*{£)= / 7 J- 

a: /(ril)...(r + 6 , -l) 

Thus, from 10-82 (4). the generating function for 'I' (1) - (x) is 

(- 1 )' 1 1 . 1 \ 


^s (t - 1 > f l ' < -T log ' 1 : l^' 


Hence 


dl 


'J'(i)- d'(x) ~ ~ f (*-i v* ( 1 

l ) 2m J, ^ * (t-1)- 1 

= y» (-1)* /j-l\ 
r^i s ' s ' 

Since (1) = — y> we have 

*w-- t+ (VH(V) + i(V)-... 


with convergence abscissa zero. 
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10*9. Application to the Hypergeometric Function. 

From 9-8, 9-82, we have 


r (c)T(x+c-fc- 1) 

r(c-b)r(x+c~l) 


= F(l-x, b \ 


c; l) 


. 6(6 + 1)/i-l'j b(b + ])(b + 2) fx- 1 \ 

~e\ 1 / + c(c+l)V 2 / _ c(cTl[(c + 2) V 3 ) ' 


which is a Newton’s series. 

The function on the left is meromorpliic in the whole complex 
plane, with simple poles at 6-c+l, b-c, 6-c-l, .... The con¬ 
vergence abscissa is therefore b - c 4 -1. 

Writing c — b+\,b~y , we have a Newton’s series for the 
reciprocal of the Beta function, namely. 


1 11 /of-1'. 1 /.r -1 j 

B {x,y)~y y + 1 1 1 / + y + 2 * 2 J~y + 3* 3 / + -’ 

with convergence abscissa zero. 

If we put y = n +1, where n is a positive integer, we obtain a 
Newton’s series for the inverse factorial, namely, 


x{x + 1)... ( x+n) 
and for n = 0, 


1 _ 1 fx-1, l (*-h_ 

n ) n -t-l n-t-2 1 / « + 3 2 / 


Since 


1 

we have, by summation, 

>F(r) = constant + ^ • 


Putting x — 1, we have for the constant the value 'P(l) — ~f, 
whence we obtain once more the result of 10-86. 
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EXAMPLES X 

1. Prove that 

1 _ 1 1! 2! 
x x+ l + (x + 1) (x + 2) + (x + 1) (x + 2) (x -f 3) 

3! 

4 (x + 1) (x f 2) (x + 3) (x + 4 ) + "' ■ 

2. Prove that the scries 


v - ,ls[ 

rijx(x-i-i) ... (x - s) 

represents a meromorphic function in the whole plane. Transform 
the scries by (x, x+ 1) and shew that the resulting series 


V 


2 s ^ - 1 


« = 0 (* + 1) (* -) • • • (x ~ s -r 1 ) 2- 1 

has the convergence abscissa zero. What is the explanation of this 
result ? 

3. Establish the transformation 1 x, ) bv starting from the 

co y 

: r 


integral 


t T 1 dt and its finite differences 


x(x i 


c! f i 


dt 


with respect to x. 


4. Shew that the derivate of the function 


2 ' 1 s! 

,-4,x(x+l)...(x-r.s)’ 

which is meromorphic in the whole plane, has convergence abscissa 
zero. 


5. Prove that 




1 

x+1 


1 

x +-2 


I O j 1 


S! 2 


1) ••• (*+«)’ 


and that the factorial series represents a meromorphic function in 
the whole plane. (See also Ex. 4, p. 267.) 
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6. Prove that 


. 2s +1 


y 00 ° 1 0111 -p /W 


7. Prove that 

&(*) = 


2x 2* (sc +1) 


8. Prove that 


+ 2 3 (x+2) 4 — ,§!*(*+]):!.(*+;)’ ■ K ^ >0 - 


[?(^)] 2 - L *(*+ 1 )( i + '») (' 4 + i ) 2 ' 

and that the series is absolutely convergent. 

9. Prove that 


. *«>«. 


«(*)>o. 


where 


6 - y( z ir-i 


and that the series is absolutely convergent. 

10. Prove that 

«M>«. 

where hn = ^S >[*“(- 1 - 2* • 

and that the series is absolutely convergent. 

11. Prove that 

ffw> '• 

and also that 

l-(*-l)P,(*-l) 

_ V' *! P-2 + 3- ... + (- l)'(s+ 1) | ^ A 

- h ~(iTf (-(i^rnsTVfT)-- ■ * w > °- 

so that the second series is convergent in the strip 0 < K(x) < 1, 
where the first series is divergent. 
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12. Obtain the transformation (x, x + l) by taking F 1 (x) = - in 
the product F (x) F l (x) of two factorial series. 

13. Prove that 

f* i _ e -(v 

¥(x + y)-'P(x) =J o «-** } ( d\, 

where R(x) > 0, R(x + y) > 0. 


14. Prove that 


SP (x + y) - 'P (x) = y 


# - o 


(_-LV y(y~M 

S -4* 1 X (-T -v 1) 


■ ■{y-j) 

.. (x + «j 


15. Prove that 


(X-x)"* 1 fx'n' n) x(x+ 1) ... (Xi-s) 

16. By integrating x ‘(x-t-1) -1 , shew that 

/ 111 1 ^ (- l)*' 1 B[‘- v 

° g I + x' ~ x 2x(x ; lj + r^ 2 [s- 1) x(x+ 1)... (x-f's) 

_v 

ri (* + l)(x + 2)... (x-s) 
where R(x) > 0 in both eases. 

17. By summation of both sides in Ex. l(i, prove that 

1 ’ og 2x ,*-i *(»■*■ i) x(x-i)...(x- s ) 

. 1 <,(-1 YB™ 1 

g ar t^v * (x+l)...(x-r«) 

18. Determine the abscissa of absolute convergence of the 
series 

/x-1 


fa s * 
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19. Expand in a Newton’s series 

(l + a)*+(a;-a)- J , ja| = l, a^-1, 
and determine the abscissa of absolute convergence. 

20. If 

' F{T) = 'j£(-iya,( r - l \ xt s = >> r) B. = £a r , 

#~0 s 7 r — 0 r-« 

shew that 

F(x) = V(-i)M.f * A X>0, 

4=0 5+1/ 

F(x) = F(0)+ X <0, 

«=i ' s/ 

and that in each case the abscissa of absolute convergence is X. 

21. Shew that the results of applying p times in succession each 
of the above transformations yield 


f { t ) = v;(-i)M, lP 

«=0 

F(*) = £(-1)’^., 



where 


a v / P t- s - r - 1 ' 

f-o 






s - r 

+ r - *■ - 1 'j 
r - s 1 


22. If f(n)=:{z \)\~^j'’ s * ie ' v the equation 

/(n) = 1 has the single root m = j x 2 1 ~ 2 f?(x). 


I /x- 1 1 

Hence prove that the greatest value of j { ^ J ; for fixed x 

occurs when n = [m], where f m] denotes the greatest integer 
which does not exceed m. 


a x — a 1 -” V (a - I )* ( T + ^ 


«-o 



23. Prove that 
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24. Prove that 


?S = £ ( - I),Ma, (V> 

where L„ (z) is Laguerre’s polynomial defined by 


L„ (x) = - j— (x n e~ x ). 

n w n ! dx n K ' 


25. Shew that the hypergeometric function F(l-x,b; c; a) 
represents a Newton’s series which converges everywhere if j at | < 1, 
and that the generating function is 

= F{\,b; c ; + b; c; p“ J. 


M T C. 


X 



CHAPTER XI 


THE DIFFERENCE EQUATION OF THE FIRST ORDER 

11*0. The Genesis of Difference Equations. Let m(x) 
denote an arbitrary periodic function of x of period unity, so that 
m(x+ 1) = m(x). From a relation of the form 

(1) F(x, m(x)) = 0, 

we obtain, by performing the operation A- 

(2) /Qr-rl, u, +J , ro(x)) = F(x, u t , tn(x)). 

The elimination of m(x) between (1) and (2) leads to a relation 
of the form 

(3) <f>(x. u x , M„i) =• 0, 

which is a difference equation of the first order, of which (1) may be 
regarded as a complete primitive. Observing that 

v x+1 = m x + A«„ 

the equation (3) could also be exhibited in the form 

( 4 ) ty(s, u z , — 0 . 

The problem to be envisaged is then, given a difference equation 
of the form (3) or (4), to obtain a complete primitive of the 
form (1). That such a problem is capable of solution is by no 
means obvious, nor, supposing solution to be possible, are we 
entitled to expect a solution in compact form. The proper 
attitude is rather to regard a difference equation as possibly 
defining a class of functions and to study the properties of these 
functions from the form of the equation. In Chapter VIII we 

322 
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have established the existence of a definite function which satisfies 
the simplest possible difference equation, 

Aw* = <H'*h 

but even there we have seen that the problem is not entirely simple 
and that (f> (x) must be suitably restricted. In the present chapter 
we shall consider only equations of the first order, and it will 
appear that, except in the case of the linear equation, very little 
is known of the theory. We shall denote the independent variable 
by x and the dependent variable by u z , u(x), or u, according to 
convenience. 

Example 1. Assuming as complete primitive 
?/j. = n> x • m 2 , 

form the corresponding difference equation. 

We have 

A«* = **, 

whence 

w* - -r A «* * (A »*) 2 - 

Example 2. Assuming as complete primitive 
u z - w 1 a r - 

form the corresponding difference equation. 

Wo have 

tl, , j m 1 a* ’ 1 -r b J 
» rJ ., — m, a 1 * 2 * m. i b x t2 , 
whence, eliminating ^a 1 , tn., b x , we have 

; »* «*.i «* i2 

1 a a 2 — (>. 

1 b lr 

a x , 2 — (a i l>) >i xn t ab u x = 0, 
or 

»> 

A u * - (« i b - 2) A ‘ - n - b -t- 1) u* = 0. 

Either of these forms is a linear difference equation of the second 
order with constant coefficients. 
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11-01. The Linear Difference Equation of the First 
Order. The general form of the linear equation of the first order is 

(1) a(x) u(x+ l) + 6(x) u(a:) = c(e), 

where a,{x), b(x) and c(x) are given functions of x. 

If we can find a particular function u x ( x ) which satisfies this 
equation, we have 

(2) a(x) Uj(a:+ l) + fe(x) Mj(x) = c(x). 

If we now put u(x) = u 1 (x) + v (x) in (1), w-e obtain, by sub¬ 
tracting (2), 

(3) o(i)t'(r+l) + b ( x) v (x) — 0. 

Thus the general solution of (1) can be regarded as the sum of a 
particular solution of (1) and the general solution of the homogeneous 
linear equation (3). 

This point of view is convenient in that it applies to linear equa¬ 
tions of any order, but later we shall see how, in the case of the 
general equation of the first order, it is possible to proceed at once 
to a symbolic solution. 

11-1. The Homogeneous Linear Equation. The general 
type of this equation is that of 11-01 (3). Dividing by a{x) and 
changing the notation, this can be written in the form 

(I) u(x+ 1) = p(x) m(x). 

The general method of solving this equation is as follows : 
Taking logarithms 

logu(as + 1) - log u(x) — logp(i). 

Hence summing the function on the right, we obtain 

X 

logw(x) = + »(*). 

r 

where m(x) is an arbitrary periodic function of x of period 1. 
Such an arbitrary periodic function we shall in future denote by 
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m and call an arbitrary “ periodic,” the argument x being implied. 
Thus we obtain 

X 

u(x) — exp(ro+ ^logp(0A0 

C 

X 

( 2 ) = nJ 1 exp(^logp(«) A«)> 

C 

where m l — exp(ro) is an arbitrary periodic. 

The arbitrary constant c does not of course add generality to the 
solution. This constant c may therefore be given any particular 
value which is convenient for the purpose of summation. The 
solution obtained in this wav exists in so far as log p (x) is summable 
in the sense described in Chapter VIII. Moreover, in view of the 
possible many-valued nature of the right-hand side of (2) it may be 
necessary to make suitable cuts in the x plane. The important 
point to observe is that the general solution of the homogeneous 
linear equation contains an arbitrary function of period unity, 
which can therefore be defined in a perfectly arbitrary manner 
in the strip 0 ^ R(x) < 1. 

The general solution of (1) is therefore only analytic if w 1 be 
analytic. Moreover, the solution of (1) is only completely determined 
when the value of u(x) in the strip 0 R(x) < I is assigned. In the 

case of a differential equation of the form = p(x) y, the solution 

is determined when y is given for a particular value of x: in the 
corresponding case of a difference equation, a particular value of 
x for which u(x) is given docs not in general determine the solution. 
Consider the equation 

(3) «(x f 1) — e 21 u (x). 

Here 

.r 

u (x) — txt exp ^ -t A 1 ■ 

C 

c =0, 

«(*) = to exp (B 2 (x) ) 

= roexp(x 2 -x + £). 


Taking 
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Introducing Bernoulli’s function P 2 (x), which has the period 1 
and coincides with B a (x) in the strip 0 ^ Ft (x) < 1, we can write 
(4) u (x) = in 1 e _7>, <* ) . e**' ■ r+1 , 

where cq is an arbitrary periodic. 

Let us now seek that solution of (3) which is equal to cos 2nx in 
the strip 0 ^ R (x) < 1. 

Clearly we have the solution required if nq = cos 2nx, that is to 
say, 

u (x) = cos 2rcx ~ T 11 _ 7> * O). 

This is an analytic solution valid for all values of x, and con¬ 
tinuous at x = 1. 

Suppose, again, that we require the solution of (3) which shall be 
equal to x in the interval 0 x < 1. Bernoulli’s function P 1 (x) is 
equal to x - h in <1 and has period unity. The required 

solution is therefore 

u (x) = fPj (x) + J] C* ~ 114 ~ 

This solution is discontinuous at x = ... - 3, -2, - 1, 0, 1, 2, ... . 

More generally, if u (x) is to reduce to a given function / (x) in the 
interval 0 ^ x < 1, we expand /(a;) in a Fourier series in this range 
and substitute this Fourier series for nq in (4). 

The above illustrations should sufficiently shew that the nature of 
the problem of solution of a difference equation is very different from 
the corresponding problem in differential equations. 

We cannot, for example, obtain a definite answer to the problem of 
finding a solution of (3) which reduces to a constant k when x — 0, 
for the arbitrary periodic nq is now subject only to the restriction 
that cq = k when x = 0. If. however, the values of x with which 
we are concerned be of the form x ~ a n, where n is an arbitrary 
integer and a is a constant, the situation is entirely changed, for in 
this case we are not concerned with values of x other than those 
assigned, and the solution of (3) which reduces to the constant k 
when x = a is now perfectly definite, being in fact 

u(x) - 

This type of problem is of frequent occurrence in the practical 
applications of difference equations, but it must be borne in mind 
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that this definiteness of the solution can only be obtained under the 
special circumstances mentioned. 

From the form of (2) it is evident that if we have two particular 
solutions u x (x) and u 2 (or) of (1), then u 2 (x) = cjMj(x), where m is a 
periodic (not arbitrary), and further, that if we are in possession of 
any particular solution u 1 (x), the general solutionis cju^z) where t a 
is an arbitrary periodic. We shall now investigate various particular 
methods of finding a particular solution of (1) which may in special 
cases be more conveniently applied than the general method just 
explained. 


11 -2. Solution by means of the Gamma Function. 
Rational Coefficients. We have seen in Chapter IX that the 
equation u (r+ 1) — x u(x) has the particular solution u ( x ) = F(z). 
Now, consider the equation 

(1) u(x+ 1) = r{x) u(x), 

where r(i) is a rational function. We can therefore suppose 


rlr ) =r (X ~ X{x l ?*) 

1 ' ' (x - jij) (x - ji 2 ) ... (x- (i,) ' 

where neither the x, nor the 3, are necessarily all distinct. 
Since 

f(r 4 1 - x,) - (x- x,) T (a x.) 
and c z ■ 1 = c . c 1 . 


it is evident that (1) has the particular solution 

C») u (x) ' r {x ~~*' l r . ( £z3) - 1 

Since p - is an integral function, it follows that the particular 

1 \ J f 

solution found in this way is meromorphic in the whole plane with 
poles at the points a, - n. 


j ‘ - 1.2,... ,k, 
[n = 0. 1,2,3.... 


The general solution is obtained by multiplying the above by an 
arbitrary periodic. 
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Example 1 . a^ufx + l) = 2 (x-f 1) u (x). 

Here 
so that 


[112 




u (x) = ro 2* 


r(x+1) _ to2 1 x 


r(x)r(x) r(x) • 

Example 2. The equation with linear coefficients 
(ax + b)u(x + l) + (cx + d)u(x) = 0. 

Divide by a and write 

«(*) = (~~) «(*)- 

The equation then assumes the form 

(x + e) v (x +1) - (x +/) v (x). 

Finally, writing x for x-f e, we reduce the problem to the solution 
of the form 

XU'(x+l) = (x~x)w(x). 

A particular solution is 

w (x) = f {i^TTx) = F ( 1 - x > a ; 1 ; i)> 

whence, from 10-9, 

■<*> = 

•_n ' < 


Wi 


f -0 


)(.)■ 


which is a Newton’s series convergent for R(x- a) > 0. 


11 *3. The Complete Linear Equation of the First Order. 

The general form of 11-01 reduces at once to 

(1) u{x+l)~p(x)u(x) = q(x). 

We have seen that when q (x) = 0, we have the special solution 

X 

(2) (x) = exp ^ log p (t) A• 

C 

To obtain the general solution of (1), put 
u(x) = u 1 (x)v(x), 
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and we have, from (1), 

« 1 (z+l)t;(a;+l)-p{a:) u l (x)v(x) = q(x). 

Now, u^aH-l) = p(x)u 1 (x). Hence we have 
u^x+1) Av(x) = q(x), 

bo that 

••W = » + §4«+l) A '' 


Thus the general solution of (1) is u (x) = 


A j__.1 

® + SI /'A 1 \ 1. A* 

exp 

~ T — 

!S lo gJ»(0A< 

<• |exp ^ \ogp(t)Atj j 


vL J 

e 


where tn is an arbitrary periodic and c an arbitrary constant to 
which any convenient particular value may be assigned. 

Example. u(x+\)-e~*u(x) = 3ac 2 e J,_i • r+ *. 

Here we take, as in 11-1 (3), 

Mj(x) = 

Putting u(x)~ v(x) we obtain 

A f (A = Sx 2 , 

v{x) = tai fl z (x), 
u(x) = m -f B 3 (x) 

11*31. The Case of Constant Coefficients. The linear 

equation of the first order with constant coefficients is 

u(l-rl)-Xu(l) = ^(l), 
where X is independent of x. 

If <f> (x) = 0, we have 

u (x) = m X T , 

so that we can take the special solution 

u l (x) = X l_1 . 



330 THE DIFFERENCE EQUATION OK FIRST ORDER [11-31 
Putting u (x) ~ X x_1 v [x ), we have 

A«(*) = A-*<£(x), 


whence 


u(x) = |cj + ^ A<| 


1 x 1 - 1 . 


An interesting particular case of this equation is 
u (x +1) + u (x) — 2 x -1 , 

corresponding to X = — 1. The general solution is 


«(x) = (-ir i 


m + 


J c > /~0 X+* 

The equation has therefore, as a particular solution, the function 

This function g(x) has interesting properties, some of which are 
given in Examples IX (4). 


11-32. Application of Ascending Continued Fractions. 

Another method of obtaining a particular solution of the complete 
equation is as follows. The general equation 11 -01 (3) can be written 
in the form 

a (x) u(x) - «(/fl) • l> (x). 

so that 


u(x) - 


b{x) f u (x 1) 
a(x) 


and by continued application of this result we have for u(x) the 
ascending continued fraction * 


b(x f 1) 

b(x)+ - 

u(x) = — 


1- 


b(x i 2) 


h(x i 3) + 1 
a(x-f 3) 


a(x i 2) 
flfx-i 1) 


a(x) 


* L. M. Milnc-Thomuon, Proc. Edinburgh Math. Soc. (2) 3, 1033. 
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which is equivalent to the infinite series 

u(x) = b{x) + .. _b(x + 2) . r _ _ 

' ' a(x) a(x)a(x+l) a(x)a(x+l)a(x+2) 

The general solution is obtained by adding to this the general 
solution of the homogeneous equation 

a(x) u{x) = u(x+ 1). 

As an application, consider 

u{x+\)-xu(x) — -e f p T . 

We have the particular solution 

C« p 1 f’-P p* M p * +2 


u{x) = 

a- 

and the general solution 


x(x r\) ' x(x-r l)(x + 2) 


w(x) —. m r(.r)-i c ” p T V, 


-l_,x(X r 1) ... (jC — s) 

The above particular solution is an Incomplete Gamma Function 
(see the next section). 

11-33. The Incomplete Gamma Functions. We saw in 

the last section that the equation 

w (x • 1) — x m (s) - r "p p 1 

has the particular solution 


(1) 


/V; 


r ' / ^ ox(r -1)... (x - s)' 

The factorial series converges in the whole plane, that is. ). = - oc , 
with the exception of the points 0. - 1, - 2, ... which are simple 
poles, so that P(x \ p) is a meromorphie function of x in the whole 
plane. 

The generating function of the series (10-2) is 

■V p'( 1 — /)'" 

ri 

Thus 


.X V 


<*(') 
P{x\ p) 


,.(>n i) 


( 2 ) 


‘"'P'f 
* 0 

f (?')' : 


ft i ( ,pO D,f( 


p 1 pdt 


F-'r'tft, 


the integral representation being valid only if /f(x) > 0. 
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If we expand e~* and integrate term by term, we obtain Mittag- 
Leffler’s partial fraction development, 


P(x; 


t) = ?'± 
*-o 


(-i)' p* 
s ! (x + s) ’ 


which is valid in the whole plane and puts in evidence the poles at 

0 ,- 1 , - 2 ,.... 

The residue at the pole x = - n is 


(- 1 )" 


which is the same as the residue of T(x) at x — -n (see 9-55). 
Hence the function 

Q(x; p) = T(x)-P(x; p) 

has no singularities at a finite distance from the origin and is there¬ 
fore an integral function. 

Thus 

Q(x;p)~ f * F-'e-'dt- 

Jo Jo 

(3) =( 

J p 

which is valid for all values of x. 

Since 

r(x+l)-xT(x) = 0, 

it follows that Q{x; p) satisfies the difference equation 
u(i+l)-zii(r) = p*. 


On account of the properties (2) and (3) P(x ; p), Q(x ; p) are 
known as Incomplete Gamma Functions. The special functions 
which arise when p = 1 are called Prym’s Functions.* 


11*34. Application of Prym’s Functions. We can use 
Prym’s functions to solve the difference equation 

(1) u(x + l)-xu(x) ~ R(x), 

where R{x) is a polynomial. 


* F. E. Prym, J. f. reine u. angew , Math. 82 (1877). 
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Expressing R(x) in factorials by the method of 2-12 or by 
Newton’s Interpolation formula, we have 

(2) «(*) = £*!<*.(*), 

«-o 

where n is the degree of R(x). 

Now, let 

/(*> = s 

1-0 s ' 

Then 

f(x+])~xf(x) = V s \ (b,-b,__ 1 )( X \ 

I o s/ 

where 6„ = 6_ x = 0. 

If we choose b, so that 

b ,- Vi = a„ s = 1, 2, 3,.... n 
we have, since b n — 0, 

n 

b s / ci(, s r 0, 1 , 2, •••, w — 1 . 

< - < - i 

These equations determine f(x) completely, and if we now write 
u(x) = f(x) r/(x), 

we have, from (1), 

(3) r(j: + l)-rt , (/)=^a,= ,l, 

«■ o 

say. 

Now, from 11-33, Prym’s function P(x ; 1) satisfies the equation 
P(x+1; l)-xP(x\ 11--C- 1 
and therefore (3) has the particular solution 
t’ (x) ~ - c A P (x ; 1) 
and consequently the general solution 

v(x) = ro T(x) - e A P(x ; 1), 
so that the general solution of (1) is 

u(z) =/(*)-+ roP(x)-c A P{x; 1). 
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11*4. The Exact Difference Equation of the First 
Order. Very little is known about the theory of difference 
equations which are not linear. There is a fairly complete theory 
of the linear equation, including the exact linear equation, which 
will be considered in a later chapter. Here we propose to develop 
the outline of a theory of the exact difference equation of the first 
order, but not necessarily of the first degree.* 

If we denote, as usual, the independent variable by x and the 
dependent variable by u (x) or u, we can write 

h = A u = A w — u ( x + 1) - « (x), 
and the general difference equation of the first order is of the form 
<f>(x, u, h) — 0, or i(x, u, &u) — 0. 

We shall use the symbols h and A u according to convenience to 
denote the same operation. We proceed to consider such equations 
of the first order as can be put into the form 

(1) M(x, u) -r .V (x. u, h) h —- 0, 
or its equivalent 

M (x, u)-r A (.r, V. A ») A u h. 

where M (or, u) is independent of A «• This is an equation of the 
first order, but not necessarily of the first degree. 

It should be observed that A Xl is not. in general, constant, so that 
the dependent and independent variables are not interchangeable. 
In this respect the problem is very different from that of the 
corresponding differential equation. 

Definition. The equation 

M (x, u) + N (x, u, A u ) A u - 0 

is said to hr exact, when a functionf(x, u) exists which is independent 
of A u and is such that 

(2) M (x , u) -• A (x, u, A ») A « A fix, «), 

where 

A f{*, «) /(*+!, «(s r 1) )-/(*, u ( x ))- 

* L. M. Milne-Thomson, “The exact difference equation of tlic first order,” 
Trot. Camb. Phil, 6'pc., 21) (1933). 
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Since m(x+1) = u + h, we have, from 2-105 (2), 

Af{x, u) ~ A u) + h Au/(x+l, u), 

h 

where we regard k as unaffected by either of the partial operators 

Ax> Au‘ 

A 

The condition that (2) should be exact is clearly satisfied if, and 
only if, 

U) - A r f(- r , «)» 

N(s, u, h) m A uf(*+ 1. «)• 

A 

Using 2-105 (3), we see that a necessary condition is, therefore, 

(3) A,A’U- «, A) = A»-tf (*+!,«)• 

A 

We shall now shew that this condition is sufficient to ensure that 

(4) M(x, «)+ -V(x, i/, A «)A« - Af( x > M - h), 

but that an additional condition is required in order that f(x, u, h) 
shall be independent of h. 

We write 

X 

V(j\ ") - S, d/(/, «) A'- 


so that, from the definition of the sum. 


and hence 


Ax «) = M(x, i/). 


A.. Ax t'(-f t-i. it) • A»d/(j- f l, tt) ^ Am, A), 

/. A 

from (3). Using 2-105 (3), we can write this in the form 

A,',A>,«,*)-Au Ufir-f 1, «)} = 0, 

A 

A’ (j-, w, /i) - Au U (/■+!, u) + ID 3 A.A), 

A A 


and thus 
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where the last term represents a function independent of x , and to 
is an arbitrary periodic in x. We have, therefore, 

M(x, u) + N ( x , «, h) A « 

= A* V( x > u) + h A« V(2+I, u) + h A« ^(m. + 

A A 

= J [H*. M) + ■?’(«. /l) + TO li], 

using 2-105 (2). This proves that (3) is sufficient to ensure (4). 
Also, from (4), we have 

(5) A*/(x> «, /<) = A/«), Au/( x + 1> /») = A 7 (a 1 , «, A), 

A 

and therefore, summing with respect to x, regarding u as constant, 
we have 

X 

f(x, «, h) - ^ M(t, u) <f>(u, h), 

C 

where <f>(u, h) is independent of x. and Wj is an arbitrary periodic. 
If we write r+1 for x and then operate with A, u , we have from (5) 

A 

z- 1 

& u <f>{u, h) - N{ x , u, Ji) - A„ M ( t, it) A l- 

A h J 

c 

The left hand is independent of x , and therefore the right hand 
is independent of x, and <f>(u, k) can be obtained by summation 
with respect to u. This introduces another arbitrary periodic 
function of u of period h, that is to say. an arbitrary periodic in x 
of period unity. Thus finally wc have for f(x, u, h) the expression 

* u a>+1 

m+ JC M(l, v) AH- [a t (x, v, h)- A, S\ M ('>®)A* A*’. 

ZJ U L A '.J J A 

c c t c 

where, in the summations with x in the upper limit, u, v are to be 
regarded as constant. 

That the above expression for f(x, u, h) gives 
Ax/(x, « h) = M(r, u) 
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is obvious. To verify the second formula of (5), we have 
Au/(*+l,«, h) 

h 


* I 1 *+2 

= A„ § M(t,u)At+N(x+i, U, h) - Au § M(t, tt)'A< 


a: h l 


N(x+1, U, }>)- AuAx ^ df (<, M) A< 


— iV(x + 1, M, A) - An M(i+ 1, m) 

A 

N(x + 1, u, h) - A, .V(r, «, A) from (3), 

— N (x, u, A). 

We have thus proved the following : 

Theorem. The. necessary and sufficient conditions that the differ¬ 
ence equation 


M (x, u) + N (x, u, A u ) A u = 0 


should he exact arc 


(A) 

(B) fAat 


Au Af (x +1, u) = Ax -Vf 2- . W. A), h = A «; 

h 


u x - 1 

§ {.V(x, r, A)-a, Af j A »’ 


should be independent oj h. 

If these conditions be satisfied, the primitive of the given equation is 

X 14 X 

£ M(t, u) AM-^{.V (x, r, A) - A, § A/(/, r) A# } A*' = 

C Cl c 

where m is an arbitrary periodic, and where in those summations 
with x in the upper limit u and r are to be treated as constants. 

The lower limits of the summations are arbitrary and may be 
chosen to have any convenient values. 

With regard to condition (B), I have not been able to obtain any 
simpler formulation in the general case, but, when 

r+1 

F(u, h) = N(x, u. A)-Au Ss M(t. «)Ae 

h KJ 


M.TC. 


Y 
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is a polynomial, we can use Bernoulli’s polynomials, of order -1, 
to simplify the process. As in 6-1 (3), we write 


(e»<- I)c“< _ 
hi 


= £ i-,Bl~»(u\h), 


so that 


r 0 vi 


Au = vBi'V («| h). 

A 

If then we can put F(u , h) in the form 


m 

F[u,k)= »( u\h ), 

► o 

where the o, are independent of u and /i, condition (B) will be 
satisfied, since we then have 



a,.u‘ 1 
v + 1 


4 k, 


where k is a constant. 


Example. Find the condition that the equation 
a (A U) 2 + 1>U A « + c A«+^k) - 0 
may be exact, where a, b, c are constants. 

Here 

M (x +• 1) — <f>(x 4 1), N (x, u, h) — ah 4 bu 4 c, 
so that condition (A) is satisfied. 

Condition (B) will be satisfied if we can find p and q, independent 
of u and h, such that 

ah-rbu fc :: p + 1 > (u j A) p x q(u \ \h). 

Thus we must have a — \q, b = q, c = p, so that the equation 
is exact if, and only if, b = 2a, in which case the primitive is 

X U 

§ 4>i t )A l + ^ jc + 2a b\ °(r|/j)j A»- ®. 

r 

v <f>(t) A < t cu t aw 2 - m. 


that is, 



11-41] THE DIFFERENCE EQUATION OF FIRST ORDER 339 

11*41. Multipliers. When the given difference equation is 
not exact, we are naturally led to consider the possible existence 
of a multiplier which is the analogue of Euler’s integrating factor 
for a differential equation. 

Definition. Given the difference equation 

M (x, u) + N (x, u, &u) A M = 0, 
p(x, u) is said to be a multiplier when the equation 

p(z, u) M (x, u) + p(z, u) N {x, u, \ u) A u = 0 
is an exact equation. 

For p(z, u) to be a multiplier, a necessary condition is that 
p(x, u) should satisfy the partial difference equation 

At[p(*> w) w, /')] - Aulp^-t-l, «) M{x+ 1, u)]. 

A 

Any particular solution of this equation is a potential multiplier, 
but in every case we must test whether condition (B) is satisfied. 
This equation can be written 

A*lpA*-A« (M/)] = AutpJi]- 

A A 

11*42. Multipliers Independent of x. If a multiplier in¬ 
dependent of x exist, we must have 

F A* A-AulnAxM) = Au(p-M)* 

h h 

which leads to 

\i(u + h) _ _ h& x N(x, u, h) + M(x+\.u) 

H(«) ~ v ' ' . M(X rl.u. h) " ‘ 

A necessary condition for the existence of a multiplier independent 
of x is therefore that ^(u) should be independent of x. If this be 
the case, we have 

AlogpOO = log^(M), 

whence 

M 

p(u) = exp^ JlogQ(r) A c • 

This is a multiplier, provided that condition (B) be satisfied. 
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Example. (x-f 1) A«(2 + ^A W ) + U = 

Here 

Q(u) = ( 2 * + ^ + «) ~b (u + h) = 

Thus 

(i.(u + A) _ w + // 

jx(m) W 

and we can take u («) — «, and the equation becomes /\(xu 2 ) = 0, 
whence x u 2 = ru. 

11*43. Multipliers Independent of u. For a multiplier 
independent of u we have, from 11-41, 

A r (*, «- f>)1 ~ p(x+\)& u M{x )-1, u), 

A 

whence we obtain 

p. (x +1 ) .... . A ( x, u. h) 

p(x) ~ ' ~ A T (J- r I, u, h)- & u M(x+l, u)’ 

A 

and T(x) must be independent of u. If this be the case we easily 
obtain 

T 

p(j) = expj^ log T(t) . 

which is a multiplier, provided that condition (B) be satisfied. 

Example. (x -f 1) u 2 (x r 1) - (x - 1) u 2 (x) = 0. 

Since u(x i 1) — u (x) + A u (x), we have 

(x4- l)(2u + A u ) A W+ -M 2 = 0 , 
so that T(x) — (x-t-1) I x, and hence 

p(x-f 1) _ x f 1 

p(x) ~ x 

Taking p(x) = x, we have 

x(x- 1) ll 2 (x) — XO. 

Alternatively 

X 

p(x) = exp ^{log(t+l)-log/}A<] 

= exp flogx] = x. 
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11*5. The Independent Variable Absent. Haldane’s 
Method. The general equation of this type is 

<K M > A«) = 0, 

where A u = u(x+ 1) - u(x). 

When this equation can he solved for \ u we have 


(1) l)-ti(i) = ^[«(i)]. 


An elegant method of obtaining a solution of equations of this 
type has been devised by Haldane.* The method is as follows: 
Taking the equation 

(2) u (r r 1 ) - m (j - ) k cf> [u (t) ), 
let us try to satisfy it by assuming that 

1 f u(J> 

(3) x ~i\ u-(r,k)do, 

K J U ( 0 ) 

where 

(4) >r(i\ k) = V k /,(p). 

» i s - 

We have then, from (3) and (2), 


fu(x • 1) fu 1 

4-- ic(r,k)dv = V A /,(,-) rf r . 

J U{X) J W * — I * v ‘ 


where « — « (j'). = ^(«). 

In order to obtain a recurrence relation for the functions f s (v) we 
assume that the series can be integrated term by term, which will 
certainly be the case whenever the series is uniformly convergent. 
Put 

(5) F.(u) - J / s (r) dr. 

Then 


fu 1 to 


f,(v) dv = F a [u + k<f>) - F,(u) = 


N \ k' 4>' 


r-//-”(«) 


* ,). H. S. Haldane. J’roc. Cambridge Phil. Sue. (28), 19112. pp. 2114-243. 
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by Taylor’s Theorem. Thus we have 

k'~ l A k y <f> r 




(r-l) 


(«)■ 


[11-5 


This is an identity. Equating coefficients, we have 


( 6 ) 


/i(«) = 


1 




This determines successively the functions/,(u), and the solution 
is complete in so far as the above operations are valid. In terms of 
the function F,{u) this recurrence relation can be written in the 
symbolic form 

(Hu) D + F(u)Y ~ [Hu] ]' D’ F 0 (u) + F„(u), s > 2, 


where the index of F(u) is to be written as a suffix after expansion 
and D denotes the differentiation operator. 

From the recurrence relation, we obtain 


fi( u ) - ^ . fa( u ) — 2 ~ 2^ '’ 

/*(«) = ^ + 



- 19 - b l J(<t>') 2 <f>" 

9 





Thus we have 


1 dr 1 

x = k ] u(0) <f> («) + 2 [1 °S * < u W) - log <t> (u (0)) ] 

k (r)f ‘^(r)f>) 

~ 12 J U (o) Hv)~ . ai h 

The arbitrary element in this solution is u(0). 

We give some examples taken from Haldane’s paper : 


Example 1. A u — u li c . 

w(u, k) = u~ 1-c + J A:<c -h 1) u -1 - ,’ 2 k*c(c+ l)(2c-t 1 )u r - 1 

+ & (c+l)*(3c + l)u* e -* + ... , 
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and therefore 

x = A ~ c k u c + l( r+] ) lo z u - u (c+ 1 )( 2c + 1 ) 4 “ e 

+ :iL («+!)* (3c-rl )(*«*)*+.••, 

where A is a function of u (0). 

Example 2. A u — kc au . 

w(u, k) - e "°“ + l ka - k 2 a 2 e au -f J k 3 u 3 e 2au + ... , 

and hence 

e au ] 1 1 

x — A — , au- — kae au + •- k 2 a 2 e 2au + .... 
ak 2 12 8 

11*51. Boole’s Iterative Method. When the independent 
variable is absent, Boole writes the equation in the form 

»,U = 

whence 

»r.2 ~ V 2 ( U r), 

where t{r(t/ x ) denotes y ['y(u x )J. 

Proceeding in this way 

«x + n = V”(«x)- 

If we assume an initial value u a to be knowm, we have therefore 
u a+n - 

It is evident, apart from the difficulty of application, that this 
method is only suitable for a variable which differs from the initial 
value a by a positive integer. 

Example 1. tt, u •= 2« x 2 . 

We have « x ., e — 2(2w x 2 ) 2 — 2 3 «/ x 4 , 

and, continuing, we obtain 


«* +n = i(2 Wx ) 2 ". 
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Example 2. 


W sr-H — 


I - u x ' 


Assuming u a = b, we have 
1 


w o+l — l — b’ “ a +2 


_b-l 

o — » ) ^a+3 — 


so that w„ +B has these values in order according as n = 1, 2, 3 
(mod 3). 

11-6. Solution by Differencing. Consider a non-linear 
difference equation of the first order 

(1) f(x, u, A «) = 0. 

Writing &u — v, where v is a function of s, and operating with 
A. we obtain a relation of the form 

4>{u, x, v, A») = 0. 

If this be independent of u, and if we can solve this difference 
equation for v, we obtain 

(2) <p(x, v, m) = 0, 

where w is an arbitrary periodic, the elimination of v between (1) 
and (2) will yield a primitive of (1). 

This method may, in particular, succeed when (1) can be Bolved 
for u in terms of x, v. 

Consider, for example, the form, analogous to Clairaut’s differ¬ 
ential equation, 

U z = X&U Z + f{ A«x)- 
Writing A u i — *■’> we have 

u x — zv + f(v). 

Operating with A> this gives 

0 = (x + 1) A » +f(v I A *’) -/(*>). 

whence either A v = 0 or 

(3) * + i + /<?i4"b/<") = 0 . 

A» 
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A v = 0 gives v = tn, so that we have the primitive 
u x -- zttJ+f(m). 

The supposition (3) may lead to a second primitive. 

Example. u x — x A + (A w x ) 2 - 

Here 

U x — XV + t' 2 , 

whence, operating with A; 

(x -f 1 )A v + 2r A + (A ?’) 2 = 0, 


whence either A v ~ b so that 

u r — xm f m 2 , 

A r ■-■c + iCf 1 - 0, 


or 

which gives 


H + I-’x — x 1, 

the solution of which is easily seen to he 




m(- 



1 

4 ' 


Eliminating v between this and the original equation, we have 

w* = M- lr-if-J* 2 - 

This form of the solution may also be derived from the primitive 

u x - - cx + c-, 

by supposing that c is a function of x and then taking the difference. 
We thus obtain 

A« = c-t- (x+ 1) Ac-f IV A c +( A c ) 2 - 

On the other hand, the supposition that c is a periodic gives 
A « — c. Equating these values of A w, wc have 

Ac(x-t-1 + 2 c-i A c) = 0. 

The equation A c = 0 leads back to the original primitive, the 
supposition that 

x + 1 + 2c + A c = 0, 

gives the second form obtained above. Boole gives the name 
“ indirect solution ” to a primitive obtained in this way. 
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11*7. Equations Homogeneous in u. The general type 
of such equations is 

•*)=»• 

which on solution for u x+1 j u x leads to a linear equation. 

Consider, for example, 


We have 
whence 


tt ; n “ 3u *+1 u * + 2u * = °- 


i x+1 = 2 u x or u zn = u x . 


or u, — m. 


11*8. Riccati's Form. The difference equation corresponding 
to Riccati’s differential equation is 

(1) u(x) u(x-rl) + p(i) u(x + 1)+ q(s) u(s) -t r(x) — 0. 

The substitution 

“ w = tv) 

gives the linear equation of the second order , 

«(* + 2) + [q {x) - p (x + 1)] v(x -f 1) 

4 lr(a:)-p(a-)g(ur)] v(r) = 0, 

the discussion of which does not belong to this chapter. We can, 
however, obtain the solution of (I) when three particular solutions 
are known. For let «i(x) be a particular solution of (1), and write 

«(x) = Wi(-r)+ -) .. 

1 U'(x) 


We then obtain, since Uj(x) satisfies (1), 

w(x+l)[q (x) + u 1 {x+l)] r w (x) [p(x) + Wj (x)J 4 -1 = 0. 

This is a linear equation of the first order and therefore the 
solution is of the form 

w{x) = mf(x) + <f>( x), 

where m is an arbitrary periodic. 

Hence the complete solution of (1) is of the form 


u(x) = 


mf(x) + 4>(x) ' 


( 2 ) 
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Now let Uj(x), u 2 (x), u 3 (x), u 4 (x) be four particular solutions 
of (1) and m v tn 2 , m 3 , m 4 the corresponding periodica. Then it is 
easy to verify, from (2), that 

(u t -u,)(u 3 -u 2 ) _ (tu 4 - m 2 ) _ ^ 

(u 4 -u 2 )(u 3 -Ui) (nj 4 -ro 2 )(ffl 3 -OTj) 

say, where tu is a periodic. Thus the anharmonic ratio of four 
particular solutions is a periodic. If we suppose w 4 to remain 
arbitrary, equal to u say, we have 

(u-u 2 )(u 3 -u,) ‘ ’ 

which determines u in terms of the three known solutions and an 
arbitrary periodic. The equation is thus solved. 


11*9. Miscellaneous Forms. As examples of special artifices 
which may occasionally be employed we cite the following: 

Example 1 . u xtl u x - a x (u x+1 - u x ) + 1 = 0 . 

Here we have 

u ^i ~ u * _ 1 
1 ' u m 

This suggests substituting u x — tan r*, which leads to 


Thus 

and hence 


tan A r - 

«x 

A ( 'x - tan- 1 1 , 


I 

u r tanj^iu ^ta.,‘^4 


Example 2. « x+1 u x t (1 - uj, ,)^(1 - »;)- = a x . 
Here we put u z — cos c x , and vve have 

COS A >'x 7 (l s 


and therefore 


+ ^ cos- 1 a x 


M, = COS 
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EXAMPLES XI 

1. Find the difference equations to which the following complete 
primitives belong : 

(i) m = cx 2 + c 2 ; (ii) u — {c( - 1)*- lx} 2 - {x* ; 

(iii) u — cx + c'a x ; (iv) u = ca* + c 2 ; 

, . , /l-a\, a 2jtl 

(V, « = «*+c( r T3)(-“) (]+«F- 

where in each case c, c denote arbitrary periodica. 

Solve the. following equations : 

2- «*+i - pa 2 * u x = qa T \ 

3. j - au x = cos nr. 

4. u z+1 «, + (x + 2) u t+1 + xu t = - 2- Sj-x 2 . 

5. « z+ i-w* cosax = cos a cos 2 a ... cos (x- 2)a, 
x being a positive integer variable. 


6. 

u, u 

x+ i + aM x -t-6 = 0. 

7. 

Uj. u 

m ~ au z J r b -= 0. 

8. 

w x+l 

- 2 Ux = e x \ 

9. 

u *+l 

sin xO - u x sin(x + 

10. 

w i+l 

-<!«, = (2x + 3) a 

11. 

M i+J 

-2u/+ 1 = 0. 


12. (x+3) 2 (w 1+1 -auj = a z (x 2 + 2x). 

13. (u x+I ) 2 = 4(u x ) 2 {(«,)* + 1}}. 

14. u x+ , = m(u x )". 

35. « 2 = ^(A“i) ! + L 

16. (u I+J ) 3 -3a 2 x 2 u„ 1 (u I ) 2 + 2a 3 x 3 (t<,) 3 = 0. 
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17. If Pk be the number of permutations of n letters taken K 
together, repetition be allowed, but no three consecutive letters 
being the same, shew that 

„K_ OK 

A ?k = (n 2 - n) a -*T -, 

a- (i 

where a, (3 are the roots of the equation 


x 2 — (n - l)(:r + 1). 
18. Solve the equation 


[Smith’s Prize.] 


by writing 

19. 

20. 


A«* («,^) 2 -(«*) s , 

M*+ 1 - 

A u x + 2u r — — x — 1. 


11 t H ~ a u j — ( Z 1 )2 • 


21. Apply Haldane's method to the equations : 

(i) A ti, = *«/, 

( ) n+1 “ 1 -* ’ 
in the latter case substituting 


t’_ = 1 


22. The equation 


A«/., A« \ 


has the complete primitive « — u> x 2 ~ w 2 . Shew that another 
complete primitive is 

23. The equation 


(-A “)*+„*«( A M )_ a 2* u = 0 

'a - 1/ a - 1/ 


has the complete primitive u — ma x +m 2 . Deduce another complete 
primitive. 
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24. If u n u n+1 = m j (n+ 1), shew that 


_ 2 . 4 ...(»-!) 


mC or 


1.3.5 ... w 
according as n is odd or even. 

25. From the difference equation 

«„ = n A“« + 

obtain the indirect solutions 
2.4... (»-l) 


1 . 3 ... (n -1) 
2.4 ... n C ’ 


rn 


A«n’ 


= 


U„ - 


1.3 ... (n — 2) 

1.3...(«-!) 


mC + ~ . ,,, when n is odd, 

2.4 ... (n - 1) V 


+ . "' 1 V H ., »hC\ when n is even. 


2\ 4 ... (m - 2) C 1 .3 ... (n - 1) 

26. The equation 

u ■— r A u + (A w) 2 
has the indirect solution 

shew that, assuming this as complete primitive, the equation 
u — w x+ ro 2 results as an indirect solution. 

27. Shew that the equation 

•l 3 '(Aw ) 3 A M 


9 


3 


1« = 

has, the complete primitive 

u = ro (£)-*'- i 
28. Shew that the equation 

«* + 1 - (1 i Wx 5 ) 3 
admits the complete primitives 


(Poisson.] 


(dj + x) 3 , ( 


W X 1 


x - J 


)■ 


where 


a 2 +- a 4-1 = 0. 


29. Solve the equation 

«x + 2 - (“ ,+I + a’ x ) «x, i + u* ~ 0, 
by writing it in the form (E _ a_ar ) (E - «*) w* = 0. 




CHAPTER XII 


GENERAL PROPERTIES OF THE LINEAR DIFFERENCE 

EQUATION 

In this chapter we discuss properties which are common to all 
linear difference equations and obtain some important general 
theorems. 

Many of the general properties are sufficiently illustrated by con¬ 
sidering an equation of the second or third order. Whenever this 
method is suitable we shall adopt it. 

12-0. The Homogeneous Linear Difference Equation. 
The equation 

(1) p„(x) u (x ■+- n) f p„ ,D) u(x } n - 1) t... 

4 Ti(J')w(-r~ 1) - p 0 {^)u (x) = 0, 

where p nx (x) .p 0 (.r) are K> vpn analytic functions of x 

and where u(x) is the unknown function, is called a homogeneous 
linear equation of order h. When there is no fear of ambiguity we 
shall denote the coefficients by p„, p„.,, ..., p 0 , thus 

IbC ) “ s - 0. 1,2. n. 

We have taken x to proceed bv unit increment. The case of incre¬ 
ment w is readily reduced to this by the change of variable x = yco. 

The homogeneous equation (1) has the trivial solution u(x) — 0. 
We shall tacitly assume that this trivial solution is excluded from 
all enunciations. 

With regard to the coefficients p s (x), we can assume that their 
only singularities are essential singularities, for any poles can readily 
be removed by multiplying the equation by a suitable integral 
function which has zeros of the necessary order at these poles. 

351 
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We shall call the singular points of the difference equation the 
three following sets of points : 

(i) The zeros of j> 0 {x), denoted by aq, a 2 , .... 

(ii) The essential singularities of the coefficients, (3,, (3 2 , ... . 

(iii) The zeros of p n (x-n), yi» Ys> ••• • 

The points 

- v, fl,- - v, p,-+ n + v, y,. + v, 
i=l,2, 3,..., v = 0, 1,2,... 

will be said to be congruent to the singular points of the equation. 
More generally, if a be any point, the points a + v, where v is zero 
or an integer, positive or negative, will be said to be congruent to 
the point a. 

If x be any point, and x-a be neither zero nor a positive or 
negative integer, x is said to be incongruent to a, 

12-01. The Existence of Solutions. Consider the second 
order equation 

(x) u (x f 2) r ]>i (x) u (x 1) r p 0 (x) u (x) ~ 0. 

Let us suppose that the value of u (r) is assigned at every point 
of the strip 0 ^ It (x) < 2. 

We have 

„ M _ Pz( x ) u(x-T>) p, (x) u (x + 1) 

( ) ' ]> 0 ( x ) Po(*) ’ 

Hence, if x be incongruent to the points a,, fh, we can find the 
value of u{x) in the strip - 1 < R(x) <0, and hence in the strip 
-2 ^ R(x) < - I, and so on. Thus we can continue u{x) indefin¬ 
itely to the left. 

Similarly, we have 

U \ X Ti = - - -. , - ~ , . , 

Ti{' x ) V 

and if x be incongruent to the points (3,., y,, we can find u(x) in 
the strip 2^.R(x)<3>, and hence in the strip 3^1 ft (as) <4, 
and so on. Thus, if we are given u(x) at every point of the 
strip 0<ft(as) <2, we can continue u(x) over the whole of the 
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remaining part of the complex plane except at the points which 
are congruent to the singular points of the given equation. Hence, 
if ta 1 (x), m 2 (x) denote periodic functions of period unity such that 

u(x) = m^x), 0^R(x)<l, 
u(x) = ta 2 {x), l^.R(x)<2, 

the above calculations will yield for u(x) a linear form in ra l (x), 
m 2 (x) say, 

u(x) — m l (x)u l (x) + rn 2 (x)u 2 (x). 

The functions (x) and u 2 (x) are particular solutions of the 
difference equation which satisfy the conditions, 

«,(r) = 1, u 2 (x) ~ 0 in 0 cC R{x) <1, 
u t (x) — 0, « 2 (x) = 1 in 1 s^R(x) <2. 

These particular solutions are in general discontinuous. Our 
object is, of course, to find analytic solutions, but the above 
investigation shews 

(1) that the given equation has particular solutions ; 

(2) that analytic solutions which satisfy arbitrary initial con¬ 

ditions do not in general exist. 

12*1. Fundamental System of Solutions. Let 

M*), 

be n particular solutions of the general equation 12 0 (1). These 
solutions are said to form a fundamental system (or set) when there 
exists no linear relation of the form 

ro 1 « 1 (r)-rB,Mj(j-)r...+ m n u„(r) = 0, 

where nq, m 2 , ... , m n are periodics such that for at least one value 
of x, which is incongruent to the singular points of the equation, 
they are finite and not all simultaneously zero. The functions of 
a fundamental set are said to be linearly independent. 

It follows that if u,(x) denote a member of a fundamental system, 
and a a point incongruent to the singular points, that tq(a) cannot 
varnish for all the points a, a+1, ... , a + n- 1. 

For if this were the case we should have u,(o + ?n) = 0. where m 
is any integer positive or negative. 

M.T.C. 'I 
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If then ttr s denotes a periodic which does not vanish at the points 
a + m, but vanishes everywhere else, we would have 

®,M,( X) ~ 0, 

which is contrary to the hypothesis that u s (x) belongs to the system. 

12*11. Casorati’s Theorem. The necessary and sufficient 
condition that iq (x), u 2 (x), ..., u n (x) should form a fundamental 
system of solutions of the homogeneous equation of order n is that 
the determinant 

ufx) u 2 (x) . . . u n (x) 

U x {x-\- 1) U 2 (x+l) . . . M„(x+1) 

u 1 (x+n-l) u 2 (x+n-l ) . . . u n (x-+n- 1) 

should not vanish for any value of x which is incongruent to the 
singular points of the equation. 

For simplicity, take n = 3. The condition is sufficient. For if 
ufz), u 2 (x), u 3 (x) do not form a fundamental system of the equation 

p 3 u(x+3) + p 2 u(x + 2) + p 1 u(x+l) + p 0 u(x) = 0, 
we can find a point \ incongruent to the singular points of the 
equation and periodics not all zero, when x — such that 

toiU t (Z)+ m i u 2 (Z) + m s ti 3 (Z) = 0, 

and consequently 

m 1 u 1 (',+ l) + m 2 u 2 {l+l)+m 3 u 3 (l+l) = 0, 

®i m i(5 + 2) + vj 2 u i (l + 2) + m 3 u 3 (l + '2) = 0, 
and, since m v tn 2 , m 3 do not all vanish, we have 

0(5) = 0. 

The condition is also necessary. For, supposing that D{x) — 0, 
let U 1 (x), U 2 (x), U 3 (x) denote the cofactors of the elements of the 
last row in D(x). 

We shall suppose that these do not all vanish. Then, by the pro¬ 
perty of cofactors, 

Ui(x) U l (x) + u 2 (x) U 2 (x) + u 3 (x) U 3 (x) = 0, 
u 1 (x+ 1) U 1 (x) + u 2 (x+ 1) U 2 (x) + u 3 (x+l) U 3 (x) — 0, 
u l (x + 2) U 1 (x) + u 2 (x+2) U 2 (x) + u 3 (x + 2) U 3 (x) = D(x) = 0. 
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Now C/j (x + 1), U 2 (x+ 1), U 3 {x 4-1) are the cofactors of the first 
row, and hence 


m x (z) Uy(x+\) + u 2 (x) U 2 (x+l) + u 3 (x) V 3 (x+1) = D(x) = 0, 
u t (x+l ) U 1 (x+ 1) + m 2 (x+ ]) C/ 2 {i4-l) + M 3 (a:+l) I/ 3 (a;+l) = 0, 
m 1 (x + 2) t/ 1 (x+ 1) + m 2 (z + 2) U 2 (x + 1) + u 3 (x+2) U 3 (x+ 1) = 0. 

If we suppose U l (x) to he the cofactor which does not vanish, 
the first set of three equations determines uniquely the ratios 

U 2 (x) U 3 (x) 

U 1 (X) U y (X) 

while the second set determines uniquely 

U t (i r+1) U 3 (x+\) 

Uy(X+l)' Uy(X + 1 )’ 

and since in the two sets of equations the coefficients of the un¬ 
knowns are the same, we have 


U 2 (x+l) U 2 (x) 

U x(*+l) U i(xj 
U 3 (x+ 1) U 3 (x) 

U 1 (x+ 1 j ^ Vy (x) 


y 2 say. 

Ys sa y. 


„ l ”2 


y 3 — —- 3 , we have, 


where y 2 , Y3 are periodics. If we take Y: 

iuj u;^ 

therefore, 

WyU x {x) + m 2 u 2 (x)+m 3 u 3 (x) = 0, 

which shews that the solutions do not form a fundamental set. 

If all the cofactors of the last row vanish we simply resume the 
argument with n - I functions instead of n. 

Example,. It is easy to verify that the equation 

u(x+'2) - (a-f- (3) u(x+ l)-fa u(x) = 0, a p 
has the solutions a*, [i r . These form a fundamental system, for 

x x ft* 

D(x)= , K , 

«x+l px+1 

so that D(x) does not vanish for any finite value of x. 


a 1 P x (P-«), 
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Another system of solutions is 


a*, $ x sin 2nx, 

for which 

D(x) = a* (3*({} - a) sin 2 toc. 

D(x) now vanishes whenever x is an integer, so that these solutions 
do not form a fundamental system. 

The importance of a fundamental set of solutions lies in the fact 
that every solution of a linear difference equation is expressible as a 
linear function, whose coefficients are periodics, of the solutions of 
a fundamental system. To see that this is so, consider the general 
equation 


p„ u(x + n)+p„_ j «(* + »-1)+... +p j w(x + 1) +p 0 u{x) = 0. 


If iqfx), u 2 (x), ..., u n (x) be a fundamental system of solutions, 
we have 

p„u 1 (x+n)+p n _ 1 u l (x + n-\) + ...+p 0 u 1 {x) = 0, 

p rt u n (x+n) + p ri _ 1 u n (x + n-l) + ...+p 0 u n (x) = 0. 

Eliminating the coefficients, it follows that 

u(x) u 2 (x) w 2 (x) . . . u n (x) j 

u(x+l) w^x-fl) m 2 (x + 1) . . . u„(x+l) j 

I = °- 

u(x+n) u x (x + n) . u n (x-i-n) j 

Since the solutions Mj(x), , u„(x) form a fundamental set, the 
minors of the elements of the first column are all different from 
zero, provided that x be incongruent to a singular point, so that 
periodics w, m 1: ..., m n exist, such that 

ta u(x)+ m 1 u 1 (x)+ m 2 u 2 (x)+ ... + m„ u n {x) — 0, 
with ro 0. Obviously, every expression of the form 
u (x) = tUj (x) + ro 2 n 2 (x) +... + m„ u n (x) 

satisfies the given equation. Hence the result is established. 

It follows from this that the problem of solution of a linear 
difference equation consists in finding a set of fundamental solu¬ 
tions. In the case of the homogeneous linear equation of the first 




LINEAR DIFFERENCE EQUATION 


12 - 11 ] 


357 


order, if u x (x) be a particular solution, the general solution is 
ro«. 1 ( x) (cf. 11-1). 

The above result can also be used to form a difference equation 
with a given set of fundamental solutions. For example, the 
equation which has the solutions x, x(x- 1) is 


u(x) x x(x-\) 
w(a;+l) £+1 {x+\)x 

u(x+ 2) x+2 (x + 2)(x+l) 


= 0 , 


x{x+ 1) u{x + 2) - 2a:(a;+2) u(x+ 1) + {x+ l)(x+ 2) u(x) = 0. 
Here 

D(x) = x(x+ 1), 

which only vanishes when x = 0 or - 1, but these are congruent to 
singular points of the equation. The singular points are -2, - 1, 
1, 2. 


12*12. Heymann's Theorem.* Casorati’s determinant D(x) 
satisfies the linear equation of the first order, 

D(z+1) = (-l)" 7 " 0 J X \d(x). 

p„(x) 

From 12-11, 

u.,.(x+l) 
u n (x + 2) 

v„{x + v) 

- yo u(x) = yi u(x+\) + y - u(x + 2) + ...4"u(* + w). 

Pn P n Pn 

Multiply the first n - 1 rows of the above determinant by 

Pi Pi Pn -1 
Pn’ Pn’’"’ Pn 

and add to the last. 


i Mi(j+ 1) u 2 (r+ 1) 

m, (j + 2) m,(x+2) 

Z)(x+l) = i lV 1 ' 

! m 1 (x+h) u 2 (x+n) 

From the difference equation itself, 

n, a.* 


* W. Hcymann, J. f. reine u. anqew. Math. 109 (1892). 
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This row then becomes 

- «!(a-), - « a (*), • • •, 

Pn Pn Pn 

so that, moving this into the first row, we have 

( 1 ) B{x+\) = { ~^D(t). 

P n 

It follows at once from this, that if ^ be not congruent to a 
singular point, Z>(£) is simultaneously zero or not zero at all points 
congruent to 

Again, solving this first order equation by the method of 11-1, 
we have 

(2) I) (x) = ru exp [ X log ^ fl - A' ■ 

C 

The periodic m will depend upon the particular fundamental set 
which is chosen to form I)(x). 

An application of Heymann’s theorem arises in the equation of 
the second order when one member of a fundamental system is 
known. By means of this theorem a second member of the system 
can be found. 

Consider the equation 

]) 2 u(x-i 2) + p l u(x+l) + ]) a u(x) -■ 0. 

Let «i(x), u 2 {x) form a fundamental set and suppose u x (x) to be 
known. Then 

D (x) = Mj (x) u 2 (x + 1) — w 2 (x) u j (x + 1) 

= u J (x)u 1 (x+l)A”f*j- 

Thus 

u i( x ) = 6 _ iHy) * 

u^x) u «i(y)«i(y+ij Ay ’ 

and D{y) is given by (2), so that w 2 ( x) is determined. 

Thus, for example, the equation 

x(x+l)w(x+2)-2x(x + 2)u(x+l) + (x+])(x + 2)u(x) = 0 
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has the solution u(x) — x, and, from (2), 


D( x) = ro exp 


[§log 


x+2 




(, r(*+2)\ 

= m exp (jog pr . ) 


(x) 

by proper choice of c. Hence, taking n — 1, we have 
D( x) — x{x + 1), 

so that 


u 2 (x) = x 


+ JSj 1 A*] = m t x+x(x-£). 


If we wish to find a particular second member of the. set, we can 
take m l = 0. Then 

w 2 (r) = x(x-\). 


12-14. Relations between two Fundamental Systems. 
If 

«i(A u 2 (x) . u„(x), 

bW. «’„(•*) 

be two fundamental systems, each solution of one system must be 
expressible in terms of the members of the other system. 

Thus, for example, we must have 

*'i( x ) = ®i,i •••Tnj li „u„(a-), 

r 2 (ar) = n » 2>1 « a (x)+ ra 2t2 m 2 (j)+ ... + ro 2t „ u„(x), 


v„{x) = m ntl u l (x)+w ni2 u 2 (x)+... + m„ tn u n (x). 

The periodics ro r s are here not arbitrary, but depend solely on 
the two fundamental systems chosen. Moreover, the determinant 



m l. 1 

ro l, 2 

^1. « 

0 = 

m i, 1 

ro 2, 2 

ro 2. n 


ro n, 1 

m n ,2 ■ 

• ro n, n 
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cannot vanish. Conversely, if u^x), ..., u n (x) form a fundamental 
system and we take a determinant fi =£ 0 of periodics, the system 
v 1 (x ),..., v n (x) also forms a fundamental set. The proof is simple 
and is left to the reader. 


12*16. A Criterion for Linear Independence. 
Theorem. If n functions u^x), u 2 (x), ..., u n (x) be such that 


lim 

f —► 00 


u g {x+r) 0 


« = 1 , 2 ,... 


n~ 1, 


where r is a positive integer, then these functions are linearly inde¬ 
pendent. 

Suppose the functions all to exist in a half-plane limited of the 
left, and suppose if possible that they are not linearly independent, 
that is to say, that a relation of the form 


m 1 u 1 (x)+ m 2 u 2 (x) + ... + ro„ u n (x) = 0 


exists where the periodics m v tn 2 , ..., are not all sifhultaneously 
zero, x not being a singular point. Suppose that the last product 
which does not vanish is m m u m (x), so that 

m 1 u 1 (x)+ ... + w m u m (x) = 0. 

Write x + r for x and divide by u m (x+r). 

Then 




Wj(x + r) u 2 (x + r) 


. + m. 


u m {x + r) *u m (x + r) 


+... 4 ro,. 


0. 


If in this relation we let r —> oc , we have, from the enunciation, 


li m u *( x + r ) = ii m ™A x + r )_ . u '+&± r ) t ^ u 'n r i(^±r) 

r-¥ co r~>oo 

s = 1, 2, ..., m- 1. Thus we have 


= 0, 

which is contrary to the hypothesis. Thus a relation of the form 
stated cannot exist and the theorem is proved. 

We shall later make applications of this theorem to deduce the 
linear independence of solutions of a difference equation from their 
asymptotic forms. 
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12‘2. The Symbolic Highest Common Factor.* Consider 
the linear expressions 

(1) P[u(x)] = p i (x)u(x + 4) + p a (x) u(x+^)+p 2 (x)u{x + 2) 

+ p 1 (x)u{x+]) + p 0 (x)u(x), 

(2) Q[m(cc)] = q 3 {x)u(x+3) + q 2 (x)u(x + 2) 

+ q 1 (x)u(x+\) + q 0 (x)u(x). 

If we perform on Q[u(x)] the operation E of 2-4, we get 

(3) E Q[u (z)] = q 3 (%+ 1) u{x+$)-i-q 2 (x + 1) «(x+3) 

+ q 3 (x + 1) u(x + 2) + q 0 (x + 1) u(x+ 1). 

If we multiply (2) by r x (x) and (3) by r Q (x) and subtract from 
(1), we shall arrive at an expression of the form 

Qi [“(*)] = t. i (x)u(x + 2) + t 1 (x)u(x+\) + t 0 (x)u(x), 

in which u (x+ 3), u (x+ 4) do not appear, provided that r 0 (x), r t (x) 
be so chosen that 

(4) <73^+1) = 0, 
p 3 (x)-r 0 (x) q^x+^-r^q^x) = 0. 

Supposing this to have been done, we may write 

P[u(x)]-{r 0 (x)E' + r 1 (s)}Q[u(x)] = Q,[u(r)], 
or, symbolically, 

P[u(x)] = rt 1 {QI>0r)J} + <> 1 O(.r)], 

where R 3 { } is j>ut for the operator r 0 (x) E + r 3 (x). 

Evidently, for the more general expressions, 

(5) P l« (-r) ] = V} p s (•*') m (x + s), 

i «. o 

m 

(6) Q [u (x) ] = ^ q, (x) u (x + s), n > m, 

8 0 

we can find an operator 

Rl{ } = {'■ 0 ( 3 ') E n m + r 3 {x) E" m_1 + + r f 1 -m( a: )}t 


* Pinoherle and Anialdi, Le Opemzioni Distributive, (Bologna, 1901), chap. x. 
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where the functions r 0 (x), r x (x), , are determined by equations 
of the same type as (4), such that 

(7) P [«(*)] = #i{(Mtt(x)]} + Qi[w(x)], 
where 

m- 1 

Ql l«W] = S t s {x)u(x + S). 

* = 0 

The order of Q x [u (x) ] may, of course, be less than in - 1 since 
the coefficients t m _ 1 (x), t m _ 2 (x), ... may vanish identically. 

Now, if the difference equations 

(8) P[«(*)] = 0, <?[«(*)] = 0 

have a common solution u 1 (x), it is evident from (7) that u x (x) 
must also be a solution of 

Qi [«(*)] - 0 . 

Thus every solution which is common to the equations (8) is 
common also to the equations 

(9) Q [u (x) ] -- 0, <2, [u (x) 1 = 0. 

Treating the expressions Q[u(x)], Q x \u(x )] in the same way, 
we can obtain 

Q[u(x)] = R t {Q l [u(x)]} + Q i [u(x)), 
so that any solution common to (8), and therefore to (9), is common to 
£i[w(x}] = 0, &[«(*)] = 0. 

Proceeding in this way we continually lower the orders of the 
difference expressions, so that after a finite number of steps we 
must arrive at a pair of equations, say, 

(10) e* [«(*)] = o, & +1 [#(*)] = o, 

which have in common all the solutions common to (8), and which 
are such that the process cannot be continued. Thus the process 
must terminate with either 

(A) Q k ^[u(x)] = 0, 

or (B) Q kJrl [u(x)\ = t(x)u(x). 

In case (A), we say that Q k [u (x) J is the symbolic highest common 
factor of the expressions (5) and (6), and we see from (10) that the 
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equations (8) have common solutions which are the solutions of the 
equation 

Q k [u (x)] = 0, 

obtained by equating to zero the symbolic highest common factor. 

In case (B), we can say that the expressions (5) and (6) are mutually 
prime. In this case the only solution common to (8) is the trivial 
solution u (x) = 0. 

Corollary. If it so happen that all the solutions of Q[u(x)~\ = 0 
satisfy P |m ( x ) ] — 0, we must have the symbolic relation 

P[u(x)) = R{Q[u{x)}}. 

12*22. The Symbolic Lowest Common Multiple. As it 

is of some importance to ascertain whether two given equations 
have any common solutions we now introduce the notion of the 
symbolic lowest common multiple. 

Consider two difference expressions (see 12*2 (5), (6)), P[u(x)], 
<2[w(x)] of orders n, m respectively. The lowest common multiple 
of these expressions is the expression V[u (x)] of lowest order such 
that the difference equation F[m(x)] — 0 is satisfied by every 
solution of each of the equations P[u(x)] = 0, 4>[u(x)] = 0. 
First, suppose P[u (x)], <^[w(x)] to be mutually prime. Then 
F[m(x)J = 0 must be satisfied by the n solutions of P [ u (x)] = 0 
and the m solutions of Q [u (x) ] = 0, and since these equations 
have no common solution. F[w(x)j = 0 must be of order m + ». 
Then by the corollary of 12*2, we have 

r|«(x)] = R{Q[u(x))}, 

V[u(x)] = S{P[u(x)]}, 

where 

R{ } = {r 0 (x)E" + - + r n (x)}, 

S{ } = {*„(■»•) E"+ + }• 

Hence, if we perform these operations and equate the coefficients 
of u(x), u(x+l), ..., we obtain 

*m( x )Poi x ) = 

« m (*) Pi (*) + * mi {x)Vo(*+V = r n (x)q 1 (x) + r n _ 1 (x)q 0 {x+l), 
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S n (*) Pi ( X ) + S m _ 1 (x)p 1 (x+l) + S m ^ 2 {x)p„(x + 2) 

= r n (x) q 2 (x) + r„ _j (a:) q 1 (x + 1) + r „_ 2 (x) q 0 (x +2) , 


s 1 {x)p„(x+m- l) + s 0 (x)p n ^{x+m) 

= h(x) q n (x+n-\) + r 0 (x)q n _ x (x + m-\), 

s 0 (x)p n (x+m) = r 0 (x)g m (i + w). 

Thus we have m + n- f 1 homogeneous linear equations to deter¬ 
mine the m + n + 2 unknowns r,(x), s y (x) . The ratios of these 
functions can therefore be determined and we have the expression 
for V [w (as)], save for a factor which is a function of x. 

We have supposed that P[w(x)], Q[m(sc)] are mutually prime. 
If this be not the case, the equations P[u(x)] = 0, Q[u(x)'] — 0 
will have at least one solution in common, and V [w(a:)] will be 
of order less than m + n. The same method may be used to 
determine T[«(x)], but now we must suppose that r 0 (x), s 0 (x) 
vanish identically. 

Hence eliminating r { (x), s, (x) from the remaining equations, we 
have the condition that P [«(a:)] — 0, Q [w (x)] = 0 may have a 
common solution, namely, the vanishing of the determinant 

Poi x ) 0 0 . <]o( x ) 0 0 ... 0 

Pi( x )Po( x + 1)°. ?i(z) !?o( x + 1 ) 0 ••• 0 

0 0 0 ... p n (x + m- 1) 0 0 0 ... q m (x + n- 1) 

This condition is expressed directly in terms of the coefficients of 
the given equations. 

Consider, for example, the equations 

/[«(*) ] 

= x(x +1) u(x + 2) - 2x(x + 2) u{x + ]) + (x + ])(x+2) u(x) — 0, 
g[u(x)] 

= (x- 1) u(x + 2) - (3x-2) u(x+ \) + 2xu(x) = 0. 
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The condition for a common solution is the vanishing of 
(x + l)(x + 2) 0 2x0 

-2x(x+2) (x+2){x+3) -3x+2 2x+2 

x(x+l) -2(x+l)(x+3) x-1 ~3x-l 

0 (x+\)(x+2) 0 x 

Replace the second row by the sum of all four rows, and increase 
the third row by twice the last row, then subtract twice the last 
column from the second column and we then have a determinant 
which clearly vanishes. 

Thus the proposed equations have at least one solution in common. 
We now proceed to find the Highest Common Factor. Multiplying 
the first equation by (cc — 1) and the second by x(x+\) and sub¬ 
tracting, we get after suppressing a factor x 1 - x + 2, 

II [u(x)] rs x u(x+ 1) - (x+ 1) u(x) = 0. 

This must be the Highest Common Factor, since we know that 
the equations have at least one solution in common. That this is 
indeed the case is easily verified, for we can see at once that 

/[«(*)]- {*E ~(x+2)}H[u(x) ], 

The solution of H [u(x)] = 0 is u(x) = rax. 

The equation f[u(x)] = 0 has already been solved by Hey- 
mann’s theorem in 12-12. We can use the same method to solve 
p[u(*)] = 0. We have 

«,(*)=*,*+**§ {j, ( y +1) eX p[8 l0g 
O 1 2T(y) . 

= m.x+mx \ - r . — -r. A y 

1 O y(y+ 1) 1 (2/—1) 

X 

r / ovu 9V\ 

= *,*+»*£ y. 

Thus the primitive is 


u{x) = m 1 x+ m . 2 T . 
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12-24. Reducible Equations. A homogeneous linear differ¬ 
ence equation whose coefficients are rational functions of x is 
said to be reducible when it has solutions in common with an 
equation of lower order whose coefficients are likewise rational 
functions of x. An equation with rational coefficients which lacks 
this property is said to be irreducible. 

Given two difference expressions P [u (a-) ] of order « and Q [u ( x) ] 
of order m ( ^ n), we saw in 12-2 that we can form the operator 

R{ } = {ro(*) E n ~ m +.-.+ t„ _ w (*)}, 

such that 

P [«(*) ] = R {Q [w (*) ]} + Qi L« (?) ]• 

If the coefficients of P and Q be rational functions, so also are the 
coefficients of R and Q } . 

Also, if P[u{x)] = 0 and <?[u(x)] = 0 have a solution in com¬ 
mon, this solution satisfies <?j [m (x) ] = 0. It follows that if the 
equation Q\u(x)] — 0 be irreducible, the expression (f [u(x)j = 0 
must vanish identically and we have 

P[u(x)] = R{Q[u(x)]). 

Hence P [« (x) ] — 0 is satisfied by every solution of Q\u(x) J = 0. 
Thus we have proved the following : 

Theorem. When a homogeneous linear equation with rational 
coefficients has one solution in common with an irreducible equation 
whose coefficients are likewise rational, then the, given equation admits 
every solution of the irreducible equation. 

Let P[u(:r)] = 0 be a reducible equation. By hypothesis there 
exists an equation Q [u(x) ] = 0 also with rational coefficients which 
has solutions in common with P[u(z)] = 0. 

If R [«(*)] = 0 denote the symbolic highest common factor of 
P and Q, the solutions common to P — 0, Q — 0 also satisfy R — 0. 

If R = 0 be irreducible, all the solutions of R = 0 belong to P — 0. 
If R = 0 be itself reducible, we can continue the process until we 
arrive either at an equation of the first order or an irreducible 
equation. We regard an equation of the first order as irreducible. 
Thus we have the following : 
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Theorem. Given a reducible equation , there exists an equation 
of lower order all of whose solutions belong to the given equation , and 
there exist one or more irreducible equations all of whose solutions 
belong to the given equation. 

12*3. Reduction of Order when a Solution is known. 

Let u x (x) be a known particular solution of the general equation 

(1) P[w(x)] = p n u(x-t-n)+p„_,u(x+n- 1) 4- ... + p 0 u(x) - 0, 
so that 

P[«i(x)] = p„u 1 (x+n)+...+p 0 u 1 {x) = 0. 

Make the change of dependent variable 
u(x) - u 1 (x)v(x), 

so that 

p„u 1 (x+n) v(x+n) + p„__. 1 ^(x + n- \ ) v(x + n- \) + ... 

+ p 0 u 1 {x) v (x) = 0. 

Now, by Abel’s Identity, 10 07 (I), taking 

a, = P, «i (* + *')> b, = v (x + s), 

we have 

+ r{x + n) P[u 1 (x)] = 0, 

where 

?» = Po u i ( x ) + Pi u i( x + 1) +... + p, ufx + s). 

Now P [iq (x) ] — 0 by hypothesis. Hence, if we put 

A^W = «’(X), 

we have an equation of order n- 1 to determine w(x), namely, 

(2) q»-i w (x + n-\) + q n _„w(x+n-2)+... +q 0 w(x) — 0. 

We note incidentally that 

?o = Po M i ( x )> ?n -1 = ~Pn «i ( x + »)- 

If w 2 (x) be a particular solution of (2), we have 

A y = A **(*) = **i(*), 
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X 


Ut(x) = «! 



t. 


e 


which gives the corresponding solution of (1). 

Suppose now that we know m linearly independent solutions of 
(1), say, ^(x), u 2 (x), u m (x). Then (2) has the to- 1 solutions 

.u 2 (x) u 3 (x) u m (x) 

^ Mj (X) ' ^ U t (x) ’ ‘ “ ’ M x ( X ) ’ 


These solutions are themselves linearly independent, for if we 
had a relation 


we could deduce 


m 



# = 2 


u,(x) 

«j(x) 


= 0, 



U, (%) 

Mj(T) 


= w. 


which would contradict the hypothesis that the, m solutions are 
independent. 

If to > 1, we can therefore proceed by the same method to 
lower the order of (2) and we can in this way depress the order 
of the original equation (1) by m units. 

In particular, if we know one solution of the equation of the 
second order, we can reduce the equation to the first order and 
hence complete the solution by the methods of Chapter XI. 

Example. The equation 


(2x- 1) u(x+2) - (8x-2) u(x + }) + (Gx + 3) u(x) = 0 

has the particular solution w x (x) — 3*. 

Putting u(x) = 3* v{x), the equation becomes on application of 
the foregoing method 


or 


- ( 2x - 1) 3 I+Z w(x+ 1) + (6x + 3) 3 X w(x) = 0, 


w(x+l) = 



12-3] 

whence 
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w. 




so that 


A 3-«+» (-**), 


u 2 (x) 


3 ,-' = 

U 2 (x) = - {!x. 

Alternatively, u 2 (x) — x can also be used, as the constant has no 
special significance. 


12‘4. Functional Derivates. If P be a distributive operator, 
that is to say if 

P [u + v] = P [u] + P [t>], 

Pincherle * defines the functional derivate P' by the relation 
P' [it] -- P [xu] - x P [u]. 

The second derivate P" [u] is defined by 

P"\u] - P' [xu] — x P' [u] 

= P [x 2 u] - 2x P [xu] + x 2 P [«], 

and generally 

PC>lu] = P^-VtxuJ-xPC'-Viu], 

and it is easily proved by induction or by direct substitution that 
P<”> [m] = P [x"u] - (”) x P [a ;- 1 u] + (”') x 2 P [x"“ 2 u] - ... 

+ (- l)"X"P[u], 

If in this relation we put in turn for n the numbers 
n, n- 1, n-2,..., 2, 1, 0, 
multiply the resulting equations by 


>-®*®*. (:)*■ 


* Pincherle and Amaldi, Le Operazioni Distributive, p. 189. 
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and add the results, we get 

P [x« u] = P<"> [u] + (”) X [m] + (^'x 2 P<"- 2 > [«]+... 

+ x n P[u]. 

12*6. Multiple Solutions of a Difference Equation. Let 

P[«(x)] == y„M(x + n) + J5„_i u(x+w- 1) +... +p 0 u(x). 
Consider the difference equation 

P [u (x)] = 0. 

If a solution tq (x) exist, such that 

*q(x), x?q(x), x 2 2 q(x),..., x v 1 u 1 (x) 

are all solutions, the solution tq (x) is said to be a solution of 
multiplicity v. Since, from 12-4, 

P[x" -1 u(x)]=P< v-1) [w(x)] + ( V ~ J ) xP< r_2) [«(x)] +... + x* ,_1 [P«(x)], 

it follows that the necessary and sufficient conditions that tq (x) 
should be a solution of multiplicity v are that tq (:r) should satisfy 
each of the equations 

Pfu(x)] = 0, P'[u(x)] = 0, ..., P<—»»|_«(ar)j _ o 
and that P< v >[tq(x)] =/= 0. 

Evidently, then, the condition that the equation P[«(x)] =■ 0 
should have at least one multiple solution is that the equations 

P[w(x)] = 0, P' |w(x)] — 0 

should have a common solution. If H [u(x)] denote the symbolic 
highest common factor of the expressions 

P [«(*)], -P'lwWJ. 

the equation H [u (x)] = 0 will have as solutions all and only the 
multiple solutions of P [u(x)] = 0; and these multiple solutions will 
appear in H [«(x)] = 0 with one less order of multiplicity than in 
the equation P[w(x)] = 0. Suppose that P[m(x)] = 0 has r 
multiple solutions of orders v 1; v 2 , ... , v r respectively, where 
v lf v 2 ,..., v r are arranged in non-descending order of magnitude. 
If v r _ x ={- v r , we can find the solution of multiplicity v r . For 
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H [u(x)] = 0 has solutions of multiplicities v r j — 1 , v r - 1, and if we 
find H 2 [u(x)] the highest common factor of H fu(x)] and H' [u(x)], 
H t \u(x)~\ = 0 will have solutions of multiplicities v r _ x - 2, v r -2. 

If v f _.j = 2, H % [u(x)] = 0 has only one solution, of multiplicity 
v r - 2. If v r _j > 2, we can continue the process, until we arrive 
at an equation which has only a single multiple solution. We thus 
reduce the problem to finding the solutions of an equation which 
has only one multiple solution. 

Suppose this equation to be H s [«(x)] = 0, (s = with a 

multiple solution of order v r - s. This multiple solution will be a 
simple solution of H s ^ r ~ 8 ' } l) [u(x)j — 0, which is of the first order 
and can be solved. 

The order of the original equation can now be depressed by v r 
units, and if v r _ 2 v r _j, we can proceed to find the solution of 
multiplicity v r _j and thus further depress the order. 

Proceeding in this way we can find all the multiple solutions 
up to the stage if any at which v*_j = v*, when the process just 
described comes to an end. 

To carry out this process it is necessary to form the derivates. 
By the definition 

P'[u(x)] — P [x u(x)] - x P [u(x)] 

= (x+n)p„u(x+n) + (x+n- \)p n __ x u(x+n- 1)4-... 

4- (x 4- 1 )pj u (x 4 - 1) 4- x p 0 u (x) 
- x p„ u{x + n) - x p„ _ x u(x + n - 1 ) - xp x u(x 4 - 1 ) - xp 0 u(x) 
= n p n u(x + n)+ (n - l)p„_, u(x+n- 1)+ ... +p x u(x+l). 
P"[u(x)] = n 2 p„u(x + n) + (n- l) z p n - 1 «(x + n- 1)4-... 

4-p,u(x4-l), 

and generally 

P M l«(x)] = n v p n «(«+») + (« - \ Yp n , w(x4 n- 1)4-... 

4- 2 V p 2 u{x 4-2)4- p x u(x 4-1). 

As an illustration, consider 

P [«(*)] = (2x 2 4-4x 4- 1) u(x4 3) - (2x 2 4- 8x4- 3) u(x4-2) 

- (2x a -f 4x-3) «(x4- 1)4-(2 x 2 4-8x4-7)«(x) = 0. 

P' [tt(x)] = 3(2 x 2 4- 4x4-1) u(x4- 3)- 2(2 x 2 4- 8x4-3) m(x4-2) 

- (2x a 4-4x-3)u(x-t-l). 
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We find 

3 PMx)]-P' [«(z)]+^te?Tr E" 1 P' [«(*)] 


3 ( 2 * 2 - 1 ) 
16(x+1) (2* 2 + 4*- 3) 


{* u(x+1) - (x+1) u(x )}. 


3(2* 2 -1) 

We can proceed to show that * u (x +1) - (x +1) u (x) is the highest 
common factor. We can avoid the calculation by observing that 
xu(x+ 1) - (x+1) u(x) = 0 has the solution u(x) = x, which is easily 
seen to satisfy P [«(*)] = 0, P' [«(*)] = 0. Hence P [u (x)] = 0 
has the solutions x, x 2 . Knowing these solutions, we can depress 
the order by two units and so obtain an equation of the first order. 

The complete solution is u (x) — m 1 x + m 2 x 2 + m 3 (- 1 )*. 


12*6. Multipliers. If P [«{*)] be a linear form of order n, 
a function M(x), such that M (x) P [u (x)] = t\Q [u (*)], where 
Q [■!/(*)] is a linear form of order n- 1, is called a multiplier of 

P [«(*)]. 

For simplicity, take 

P[«(*)] —- p 3 u(x-f-3)-f p 2 u(x+2)+p 1 u(x + 1 ) + p 0 «(x), 
and let iq(x), « 2 (x), u 3 (x) be a fundamental set of solutions of the 
equation P[w(x)] = 0. 

Then, if u(x) be any other solution, we have 
u(x) — w 1 u l (x) + m 2 u 2 (x)+m 3 u 3 (x), 
m(x+1) = w 1 U 1 (x + 1)+ w 2 u 2 (x + 1)4- nJ 3 M 3 (*4-1), 

«(x+2) = v7 1 u l (x + 2) + w 2 u 2 (x + 2)-\-iu 3 u 3 (x + 2). 

Solving these equations for nq, w 2 , m 3 , we have 

cjj - m 2 


u 2 {x) 

u 3 (x) 

u(x) 


«l(*) 

m 3 (x) 

u(x) 

u 2 {x+ 1) 

t< 3 (x+l) 

u(x+ 1) 


Mj(x+ 1) 

« 3 (x+l) 

u(x+ 1) 

u 2 (x+ 2) 

u 3 {x + 2) 

w 3 

u(x+2) 


Mj(x + 2) 

u 3 (x + 2) 

1 

u{x + 2) 

^(x) 

u 2 (x) 

«(x) 

1 

u 2 (x) 

u 2 (x) 

u 3 (x) 

W 1 (x4'l) 

U 2 (x+ 1) 

w(x +1) 


u x {x+\) 

m 2 (x + 1) 

u 3 (x+l) 

iq(x + 2) 

m 2 (x + 2) 

u(x + 2) 


Uj(x + 2) 

m 2 (x + 2) u 3 (x + 2) 
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The last of these determinants is Casorati’s determinant D(x). 
Denote by the cofactor of the element in the ith row and jth 
column of this determinant, divided by D{x). Then 

m i = u i x ) + p' 21 « (x +1) + p< 3:1 u {x + 2) = Q t [u (a;)], 

ro 2 — M (at) + m (a: + 1 ) 4- p£ 3) u(x + 2) = Q i \u{x)], 

m 3 = u(x) + u(x + \) + ^ u{x + 2) = Q 3 [u{x)}. 

Hence 

AQi[w(*)] = 0, A &[«(*)] = A<?j[«(*)] = 0, 

provided that u(x) be a solution of P[w(x)] = 0, which we have 
supposed to be the case throughout. 

Thus taking Q 1 [u(x)], say, we see that A Qi \ u ( x ) J = 0 has the 
same fundamental solutions u 3 (x), w 2 (x), u 3 (x) as P[«(:r)]=0. 
Hence the expressions A Qi l u ( x ) ] and P [u(x) ] can only differ by 
a factor which is a function of x, and by comparing the coefficients 
of ii(x+3), which are respectively fj. < 1 '' ) (x+1) and p 3 , we have 

A [«(*)]. 

p-i 

Thus [jl f* (x + 1) — p 3 is a multiplier. Clearly we can prove the 
same thing for 

(4 3) (z+i)-p 3 , p^(x+i)-p 3 . 

If we denote these multipliers by v 1( v 2> v 3 , we have 

AQii*) = VjPfufx)]. 

Writing this relation in full, we have 
y-l 0 (x +1) u(x +1) + jj.[ 2> (x + 1) u(z + 2) + [z[ s> (x+l)u(z + 3) 

- pi l) (s) u (*) ~ p i 2) (-r) M (jo + 1) - p ( ! 3) (x) u (x- + 2) 
= Vi { p 3 u (x e 3)+p 2 u(x + 2) + Pi m (x +1) + /> 0 m (*) 1. 
so that, equating coefficients of u(x), u(x+ 1), ... , we obtain 

?oW v i(*)= -p'i'V). 

Pi( x ) Vj(x) = pi 1) (x+ 1)- 

Pi(x) M x ) = pi 2) (x+ l)-fii 3> (x), 

p 3 (x) V, (x) = p <3) (x+l). 
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In the first, replace x by a;+3, in the second x by a;+2, and in 
the third x by x+ 1 and add. We then get the equation satisfied 
by v 1 (a-), namely, 

p 0 (x + 3) w(x + 3)+pj(x+2)u(x+2)+p 2 (x + 1) w(x + l) 

+ p 3 (x)u(x) = 0, 

and clearly v 2 , v 3 satisfy the same equation. 

This last equation is called the adjoint equation of the given 
equation P[m(x)] — 0. Introducing the operator E> the given 
equation can be written 

[p 3 (x) E 3 +p 2 (*) Er+Pi{x) E+j» 0 (aT)]w(*) = 0. 

The adjoint equation is then 

[E 3 Po(^)+ E 2 Pi(*) + Ep 2 {x) + p 3 (x)]u(x) = 0, 
and we have the important theorem : 

The multipliers of a given homogeneous linear difference equation 
are the solutions of the corresponding adjoint equation. 

We also see that the multipliers v 1( v 2 , v 3 are the cofactors of the 
last row of the determinant: 

u 2 (x+ 1) u 3 (x +1) 

D{x+ 1) - uffx+2) m 2 (x+ 2) u 3 (x+2) , 

Wj(x+3) w 2 (x+3) m 3 (x+3) 

each divided by p 3 D(x+ 1). Thus we have 

Vj«j(x+ 1) + v 2 -u 2 (x+ 1)+ v 3 « 3 (x+l) = 0, 

V!Mj(x + 2)+ v 2 u 2 (x + 2) +v 3 ?i 3 (x-f 2) = 0, 
v 1 p 3 w 1 (x + 3) + v 2 p 3 w 2 (x + 3)+v 3 p 3 « 3 (x + 3) = 1. 

12-7. The Complete Linear Equation. Denoting as usual 
the homogeneous linear equation by P [u (x) ] = 0, the equation 

P [*(*)] =/(*), 

where f(x) is a given function of x, is called the complete Unear 
equation. 



12-7] LINEAR DIFFERENCE EQUATION 375 

Let u x (x), u 2 (x), ... , u„(x) be a fundamental system of solutions 
of P [u (x)J = 0, and let o(x) be a particular solution of the complete 
equation, so that P[v(x)] = f(x). 

Then the general solution of the complete equation is 

u(x) = v(x) + m 1 u 1 {x)+ m 2 u 2 (x) + ... + w n u n {x). 

The problem of the solution of the complete equation therefore 
reduces to the problem of obtaining a fundamental set of solutions 
of the corresponding homogeneous equation and a particular solution 
of the complete equation. For simplicity, we again consider the 
equation of the third order, 

(1) p 3 u (x + ?>) + p 2 u (x + 2) + p 1 u(x+))+p 0 u (x) = f(x), 

and vre suppose that we are in possession of a fundamental set of 
solutions iqfx), u 2 (x), u 3 (x) of the homogeneous equation 

(2) p 3 u(x+'S) + p a u(x±2) + p 1 u(x+\) + p 0 u(x) = 0. 

The multipliers Vj, v 2 , v 3 can then he found from Casorati’s 
determinant of the given solutions, or by solving the adjoint 
equation. Both methods have been explained in 12-6. 

To find a particular solution we use Lagrange’s method of 
variation of parameters. We seek to satisfy the complete equation 
by putting 

(3) v(x) = Oj(x) yq(x) + a 2 (x) u 2 (x) t a 3 (x) m 3 (x). 

As we have three disposable functions cq, « 2 , a 3 . we can make 
them satisfy two additional conditions. We therefore assume that 

v(x+\) = a 1 (.r)M 1 (.r+l)-fa 2 (x) u 2 (x + l) + a 3 (x)u 3 (x + 1), 
v(n- 2) = <q (x) iq (x + 2) + a 2 (x) u 2 (x + 2) + a 3 (x) u 3 (x + 2). 

The conditions for this are 

(4) « 1 (x+1)Aoi(J’) + m 2 (x+ l)A« 2 (-r) + «3(x+l)Aa s (x) = 0. 

(5) m 1 (*+2)A«i(*) + «,(* + 2)A«»{*) + m > (J'+ 2)A« s (*) = 0. 

Again, 

v(x+3) = <q (x) iq (x + 3) + a 2 (x) u 2 (x + 3)+ a 3 (x) u 3 (x+ 3) 

+ tq (x + 3) A (*) + «2 (x + 3) A « 2 (x) + « 3 (x + 3) A a, (x). 
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Substituting in the given equation for v(x+ 1), v(x+2), v(x+3) 
and noting that M*)> « 2 (x), u 3 (x) are solutions of the homogeneous 
equation, we obtain 

(6) Pa «i (* + 3) A a i (*) + p 3 w 2 (x + 3) A (*) 

+Ps M*+ 3 ) A M*) =f(x). 

Equations (4), (5), (6) are sufficient to determine 

AM*). AM*). AM*), 

but as a matter of fact we already know solutions of these equations 
from the property (given at the end of 12-6) of the multipliers 
Vj, v 2 , v 3) which shew at once that 

AM*) = v i /(*), 

AM*) = /(*). 

AM*) = v s/(*)> 

so that the required particular solution is 

XXX 

®(*) = «i(*) ^ Vj/(0A^ + «a(*) ^ v 2 /(0 A« + m 3 (*) ^ v 3 /(0 A<- 

<r c c 

For example, consider 

x(x + 1) u(x + 2) - 2x(x + 2)u(x +1) + (x + ])(x + 2 )u(x) 

= x(x + l)(x + 2). 

A fundamental set of solutions of the homogeneous equation is 
x, x(x- 1), so that 

° {x+i) H l + + l =(i+i)(i+2) - 

The multipliers are therefore 

-x(x+l) 1 x4-l 1 

D(x+1) *p 3 ’ D(x+ l) X p 3 ’ 

_1 __ _1 

(x+l)(x+2)’ x(x+ l)(x+2)' 


or 
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Hence a particular solution is 



t (t +1) (t + 2) 
(l + 1 j (t + 2) 


Al + x(x- 1) 


<(< + l)(< + 2) . 
+ 2 ) a 


= -X ^ t&{+x(x-]) Q 
o o 


1 A< 


= - \ x B 2 (x) + x (x - 1) B r (x) 
— ,’a (6.Z 3 - 12a; 2 + 5a.). 


12-72. Polynomial Coefficients. When the coefficients of 
the complete equation are polynomials, the search for a particular 
solution can often be simplified by the following method. 

Consider 


(l) P[u(x)] s p n (x) u(x+n) + ...-rp 0 (x)u(x) = p(x), 

where p (x) is a polynomial of degree m, and the coefficients 
Po( r ).J>i(*). — »*>«.(*) 

are polynomials of degree p at most where p in. 

Put 

u(x) — u 0 f a, a- f ... + M x m ~" + ja^a - ). 

Substituting, we obtain 

P[w(x)] = p{x)-J{x), 

where f(x) is a polynomial of degree in whose coefficients depend 
upon the m- p-f 1 constants a 0 , a v ... , a m _„. We can in general 
choose the constants so that the coefficients of x m , ... , a* 

on the right vanish, so that we are led to consider an equation of 
the same form as (1), but with the right-hand member a polynomial 
of degree p -1 at most. 

In the case of the equation 

n n - 1 

J»(l)A« + fn-lW A U+...+q 0 (x)u = q(x), 
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where q s (x) is a polynomial of degree not exceeding s and q(x) is a 
polynomial of degree m, we can in general find a particular solution 
by assuming that 

«W-t.+\(*) + »,© + ... + 4.(J 

and equating coefficients. 

12-8. Solution by Means of Continued Fractions.* The 

homogeneous linear difference equation of the second order may be 
exhibited in the form 

( 1 ) u x = a x u x _i + b x u x _ t , 

a x , b x being given functions of the variable x whose domain is the 
positive integers including zero. It is assumed that a x , b x do not 
become infinite for any value of x in this domain. The general 
solution of (1) is a function of x, containing two independent 
arbitrary constants, which when substituted for u x in (1) renders it 
an identity. The general solution is a homogeneous linear function 
of the arbitrary constants which we shall take to be the initial 
values of u x , in this case, u 0 , tq. 

Denote by the xth convergent of the continued fraction 
a 1 + \ - 3 .... 

Then 

Px = axPx-i + b x p x -z, 

q x “ i “t b x q x -2 • 

It follows that p x and q x are particular solutions of (1). 

Now 

?2 = °2 Pi + ^2 Po ' 

If we regard p 1 and p Q as arbitrary and denote them by iq and w 0 , 
we have 

P 2 = a 2 iq + & 2 « 0 . 

Assigning an arbitrary value w 0 to p 0 is actually equivalent to 
writing «q for <q and 6 2 m 0 for b 2 . 


* L. M. Milne-Thomson, Proc. Royal Soc. Edinburgh, ii (1831), 91-96. 
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If we write 1 for the (x-l)th convergent of the continued 

fraction —--— .... we have 

Px_ I ft»-l u 
9x 

and it is seen that p x is derived from p 2 by writing a,.] for a 2 and 
p I _ 1 for b 2 , so that 

p x = Ot z _j “Wj + $ 2—1 U 0 > 

and hence the general solution of (1) is 

U X — *2-1 u i + P 2-1 u o- 

We have thus expressed the general solution of (1) in terms of the 
components of the (x-l)th convergent of the continued fraction 

--—— . which contains no arbitrary elements and which is 

a 2 + ag+ J 

written down from the given equation. It will be observed that the 
values of a z , b x for x = 0, 1 are irrelevant. 

It is proposed to generalise the above result to the homogeneous 
equation of order m. 

Milne-Thomson’s matrix notation, described for the two dimen¬ 
sional fraction in 5-3, allows us to write the above residt in the form 

Such a matrix product is in fact equal to a matrix of one row 
and one column, that is, a scalar. 

This result is easily generalised, for consider the difference 
equation 

(3) u x — a x + b x u x _ 2 4- ... + ij. M z _ m+1 + j x M z _ m 

and the square matrix J x (containing m row's and columns) w'hich 

is equal to 

r a x 1 0 0 ... 0“ 

b t 0 1 0 ... 0 

c r 0 0 1 ... 0 


0 0 0 
0 0 0 
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We call the matrix product 

J1 J2 ^3 ••• Jx 

a generalised continued fraction of m dimensions. 
Now consider the product 



~ Pi.k 

P2,k 

Pi. k 

M k — J k — 

9l. k 

?2, k 

9a. k 

r l.k 

r 2, k 

r 3, k 

Writing £ 4-1 for £, we have 



M k+ i — M k 

J k+1’ 



which gives, on forming the product, 

Pl,k+1 ~ a k + lPl.k + b k + lP2.k + Pm.k’ 

P2,k+\ = Pl,k> P3,k+1 ~ P2,k’ > Pm.k+1 = Pm-1, k‘ 

If then we write p k for p lik , it follows at once that the top row 
of the matrix M k can be written 

Pk’ Pk- 1 > > Pk-m+l’ 

and similar results hold for every row. Thus 


where 

(3) 



Pn Pn- 1 

Pn-2 ■ ' ■ 

J x J 2 ... J n — 

?» 9n 1 

9n-i ■ ■ ■ 


- W n W n-1 

«’»-2 -J 

P n = a„P 

n—l Pn—2 ^ 

•* ^ JnPn-mj 



•* Jn Qn— m > 

w n = a n w n ^ + b n w „__ 2 + 

-+j n U' n _ m . 


We call p„, q n , ..., w n the components of the nth convergent of 
the continued fraction, and we have therefore for the xth convergent 
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It follows from (3) that p x , q x , ..., w x are particular solutions 

of (2). 

Now, from (3), 


Pm = amP m -l + b m p m - 2 +...+jmPo- 

If we regard p 0 , p l , ..., p m _j as arbitrary and denote them by 
u 0 , Uj, ..., u m _j, we have 

Pm “ 1 b m U m __ 2 4- ... J m ^ 0 * 

which can be written 


[?m] = lV 2 - W 0 ! 


I 3 —I 

Thus we can write the general solution of (2) in the form 


[ M x] — [ M m-1 ^ m-z ' ‘ ^ m ^ m + l • •• J x~l 


which is the required generalisation. 


EXAMPLES XII 

1. Form the difference equations whose fundamental systems are 

(i) a x , xa z , x?a x \ 

(ii) a*. ©«’, 

and explain why the result is the same in each case. 

2. Complete the proof of the statement in 12-14. 

3. Prove that the equations 

p i u{x + 2) + p 1 u(x+l) + p 0 u(x) - 0, 

h^^ + ll-JowW = 0 
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have a solution in common if 

Pi (*) ?o ( x ) 9a (* ■+1) + Pi (*) 9a (*) ?i (* +1) 

+ Po( x )9i( x )<h( x + l ) = °- 

4. Find the condition that 

p 2 u(x + 2)+pjU(x+l)+p 0 u(x) = 0, 
q 2 u(x + ‘l) + g> 1 w(a;+l)+ q 0 u(x) = 0 
should have a solution in common. 

5. Find the solution common to the equations 
(2a; 2 + 4x +1) m (a; + 3) - (2a: 2 + 8a; + 3) u (x + 2) 

- (2x* + 4a;- 3) u (x + l) + (2x 2 -f 8x + 7) u (x) = 0, 
u (x + 2) - u {x +1) - 2u (x) = 0. 

6. Given the expressions 

P[u x ] = (2x 2 + 4x+1) m i+3 - (2x 2 + 8x+ 3) u I+2 

- (2x 2 + 4x - 3) u r+1 + (2x 2 + 8x + 7) u x , 
Q[u x ] = x(x+ 1) m x+2 - 2x (x + 2) u, n + (x + 1) (x + 2) , 

prove that 

P[u x ] = R{Q K]}, 

and shew that 

_ 2x 2 -f- 4x + 1 r; -X 2 + 8x 4 - 7 
1 ~ x» ! 3x f 2 t 4 x 3 -t 3x + 2 ■ 

7. Prove that the adjoint of the adjoint equation reproduces the 
original equation. 

8. Prove that the sum or difference of the adjoints of two linear 
difference expression is the adjoint of their sum or difference. 

9. If p (x), q (x) be rational functions, shew that the equation 

w(x-f 2) + p(x) u(x+ 1) - q(x) { q(x+ l)-p(x)} m(x) = 0 

is reducible. Prove also that the most general equation of the second 
order which is reducible must have the above form. 

10. Obtain a fundamental system of solutions of the equation of 
example 9. 
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11. Prove that every equation which has multiple solutions is 
reducible. 

12. Prove that the equation 

u(x+ 2) - 2 X+ 1 u(x+ 1) + —— u(x) = 0 

X -f- 1 X 

is reducible. 

13. Find a particular solution of the equation 

3 2 

X 3 & u+x(x~ 1) A M + M = x i . 

14. Given that a particular solution of 

m i(2 - a(a x + 1 ) u x+l + a z+l u x = 0 
is u x = a iz(i ~ 1 \ 

deduce the general solution. 
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THE LINEAR DIFFERENCE EQUATION WITH 
CONSTANT COEFFICIENTS 

13*0. Homogeneous Equations. Consider the equation 

P[u(^)] = p„u(x+n) + p„^u(x + n- 1)+... 

+ p 1 u(x+ 1)f p 0 u(x) ~ 0, 

where p n> p „_ x ,..., p v p 0 are constants and p n 0, p 0 -f 0. 

There is evidently no loss of generality if we take j> n — 1. 

The equation can then he written 

(1) P[u(z)] = [E" + ?n-i E n_1 + — tPiE+PoM*) = °- 
Putting u(x) = p x v(x), we have 

P \_p x v (x) ] = p*[p n E" + Pn -1 p" 1 E" -1 + — + Pi pE J rPo\ v ( x )- 

Denote by f(p) = p M + p” " 1 p n -i + • •• + PPi + Po the characteristic 
function of the given equation. 

Then 

P[p x v{x)} = p x f(p E) e(r) 

= P x f( P + P A) v(x), 
since E = O A- 

Expanding by Taylor’s theorem, the equation is equivalent to 

(2) [/(p) + p/'(p) A + p" (p) A+...+£”/<">(?) A] v{x) = 0. 

This equation is evidently satisfied by v(x) = 1, provided that p 
be a root of the characteristic equation 

(3) /(p) « p n + p n ~ 1 Pn-i+--- + PP 3 +p 0 = 0. 

384 
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13 - 0 ] 

Let pj, p 2 ,..., p„ be the roots of the characteristic equation, 
which we suppose to be all different. 

Then we have n particular solutions of (1), namely, 

P?> Pf> Pn' 

These solutions form a fundamental system, since Casorati’s 


determinant 

P? 

P2 

• • 

rn 


I)(x) = 

pr 1 

pr 1 • 

Q x+l 

■ ■ Pn 

: 



1 pi + b ^ • 

. . p*+"-1 
“n 




i 

l 

1 



Pi 

p 2 

Pn 

= (P1P2- 

•Pn) 1 PT 

Pa 

p 2 



pr 1 

pr 1 ... 

P n ~ 1 

rn 


=■ [(-l)7oPn (p<-p,), (see 1-5). 
i>i 

Since p 0 ~=j~- 0 and p,- -f- p,• (i 4- j), D(x) never vanishes for any 
finite x. 


Example 1. u(x + 2) - lu(x~ 1) + 12u(x) = 0. 

The characteristic equation is 

p' 2 - 7p +12 = 0. 

Hence 

u(x) = rjj 3 Z + cj 2 4 Z . 

Suppose now that the characteristic equation has multiple roots. 
Let p t , say, be a root of multiplicity v. 

Then 


/(pi) = o. /'(*) = (>,..., /(-*>( Pj) = 0, /<‘>{ Pl ) tO. 
Putting p = pj in (2), we obtain 


p*; »■ p” n 

P 7 ( '>(p 1 )A+ / ;i T v,/<' +1 >(p 1 ) A + •■• +"i/ (,,, (pi) A 


■ v! 


(v+1)!- 


nr 


r(x) = 0. 


2b 


M.T.C. 
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We can satisfy this equation by taking v(x) to be any of 
1, x, x*, x*~\ 

Hence, corresponding to p = pj, we have the solutions 
pf, x pf, x'^pf, 

so that a multiple root of multiplicity v of the characteristic 
equation gives a set of v particular solutions, and these solutions 
contribute to the general solution the term 

ro i P* + ro 2 * Pf + ro 3 ^ Pf +..- + w„_i x- 1 pf = gjx) pf, 

where (x) is a “ polynomial ” in x whose coefficients are periodica. 
Thus, if the characteristic equation have k distinct roots, we have 
the general solution 

M (*) = <h (*) Pf + ?2 (*) Po + • • • + ?*(*) Pi, 

where the coefficients of the “ polynomials ” ?(x) are periodics. To 
shew that this is indeed the general solution, we must shew that 
it is impossible to choose the arbitrary periodics in such a way 
that, when they are not all zero, u{x) vanishes identically. 

For simplicity, take the case of three distinct roots p 1; p 2 , p 3 , and 
suppose, if possible, that we can choose the periodics (not all zero) 
so that 

?iW P f+? 2 (*) pJ+JaWps co¬ 
writing x+1, x+2 for x, we have 

^ (x + 1) pf + 1 + g 2 (x + 1) pf+ 1 + ?3 (x) 1 - 0, 

? 2 (x + 2) pf+ ? 2 (x + 2) pf+ 2 + ? 3 (x -t- 2) pf-* 2 = 0. 
Eliminating p/, p 2 x , p 3 x , 

| ?i(*) ?*(*) '/ 3 (*) 

| Pi?i(* + 1) p 2 ? 2 (a; + l) Paffs^ + l) = 0, 

! pUi( x+2 ) p|?»(* + 2 ) p3? 3 (^ + 2 ) 

that is 

?i(*) 

p 1 ? 1 (x)+p 1 A? t (x) . = o. 

V 

pf ?i (*) + 2pf A ?! (*) + P? A ?1 (*) ■ 
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The coefficient of the highest power of x in this is 

1 1 1 

m Pi p2 P3 

I PI P5 PI 

where m is a periodic which is not identically zero. The determinant 
never vanishes, so that the coefficient of the highest power of x 
cannot vanish identically and the supposition is untenable. 

Example 2. u (x 4 - 3) - 3u (x + 1) - 2u (x) — 0. 

The characteristic equation is 

p 3 -:5p-2 = (p+ l) 2 (p-2) = 0, 

so that 

u(x) — (njj -f m 2 x ) (— 1 )* + ro 3 2 X . 

Example 3. u(x+<i) + '2u(x + 3)-ru(x) — 0. 

The characteristic equation is 

p s f 2p 3 + 1 = (p l) 2 (p -f- e^" l ) 2 (p -tc S’") 2 — 0, 

so that each root is repeated once and 

u(x) = (njj-t- x ro 2 )(- l) x -‘ (m 3 r x rt> 4 ) eii’"' r + (cj 5 -f x m 6 ) e~ 

or in a real form 

2 4 2 "“X 

M (x) (m 1 -i- x ra 2 ) (- 1 Y -f (tTij • x ro 4 ) cos “ * -f (ro 5 + jc ra 9 ) sin “ ' . 

tJ o 

13’02. Boole's Symbolic Method. The general equation of 
13-0 can be written in the operational form 

/(E) w(j-) = 0, 

where /(p) is the characteristic function. 

Thus, factorising /(p), we can write the equation in the form 

(1) (E -?i) a (E - p 2 ) h ... (E - ?*)* u(x) = 0 , 

where p 4 , p 2 , ..., p*. are the distinct roots of the characteristic 
equation. The order in which the factors in (1) are written is 
immaterial, since all the coefficients are constants. 

If we choose u (x) to satisfy 

(2) (E -p*)*«(*) = 0 , 
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we have a solution of the given difference equation. Since any 
factor may be put last in the form (1) we obtain altogether 
k equations of the type (2). 

Now, by the theorem of 2-43, we have 

(E -Pi) A «(z) = pf(p* E ~Pk) h p**«(x) 

= P r * a [ P * *«(*)]• 

Hence, to satisfy (2), we must have 

A [p* ***(*)] = 

or p j- x u(x)= rn l + m 2 x+ ... m^.^x^- 1 , 

whence 

u(x) = p|(iu 1 + m»x-t ... + ror ft _ 1 x h - 1 ). 

Treating each factor of (1) in the same way, we arrive at the 
same solution as in 13 0. 

Corresponding to a root p of multiplicity v of the characteristic 
equation, we have the fundamental set of solutions 

P* zp T , ..., x'-'p*. 

By suitably combining these we obtain a second fundamental set 



so that we can write the general solution in the form 



which is sometimes convenient. 

13*1. The Complete Equation. Let the given equation be 
u(x+n) + p„_i«(x + n- 1) + ...+]) 1 u(x+l)+p 0 u{x) — <f>( x). 

As we have seen in 12-7, to obtain the general solution we need 
only find a particular solution of the complete equation and add to 
this the general solution of the homogeneous equation obtained by 
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putting (f>(x) zero. This latter may be called the complementary 
solution. 

Let/(p) be the characteristic function. If the roots p 1 , p 2 ,..., p„ 
of /(p) = 0 be all different, we have the fundamental set of solutions 
p?, p 2 , , p*. To obtain the required particular solution we use 

Lagrange’s method of variation of parameters. As we have seen in 
12-7, the solution is then 


Pi ^ v i<£WA«+--- + P* v„«£(/•)AC 

c c 

where Vj, v 2 , ... , v n are the multipliers corresponding to the funda¬ 
mental set of solutions. 

Forming Casorati’s determinant 


pr l 

p* m 

.1+] 

' • P« 


pJ + 2 

. . 2 

pr n 

P?*" 

0*+" 

“n 


wc know from 12-0, since ]>„ = ], that v 1; v 2 , ... , v„ are the 
cofactors of the elements of the last row, each divided by D(x + 1). 
Now we have, as in 13-0, 

D(x+ \) = pf H p;+*... p^ +i n (Pj- Pi). (*> j = L 2.«). 

j > i 

Consider the cofactor of Clearly this is of the same form 

as D(x+]), but formed from the elements p,, p 2 , ... , p„_j, and is 
therefore 

pf" — P5 ±3 n (pj-pih (*J = 1, 2,..., «-1), 

j > * 

and thus 

v » = P„ / Il(Pn-p,). (» - L 2,..., m — 1). 

» 

= P if i?n). 

The same argument shews that 

= P," 1 If'(Pk), (i= 1.2, 
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The required particular solution is therefore 

X 

c 

and thus the general solution is 

c 

Example 1 . u (x 4- 2 ) - u (x f 1 ) - f>» (u ) = x. 

Here 

/<p)=P*-p-fi = (p-3)(p + 2), 

so that a fundamental system of the homogeneous equation is 
3 X , (-2)*. Since /'(p) = 2p- 1, the corresponding multipliers are 
3 - 1-1 j 5 ; _ (_ 2)- 1 - 1 / 5, and the complete solution is 

.) + <-»-( 

Now, from 81, 



X 

u(x) = 3*(rer,+ ^ 


T 


Jll ,, T|1 


x a ' ‘ a 


t — — , — / ", , 2 + 1 ■ 

a - J (n - J y 


Taking c = 0, as is permissible since only a particular solution 
is required, we have 

u(x ) = ojj. 3 z +m 2 ( - 2) x - (2x-f 1 - 20.3 X *) 

- t '. (3x- 1 + 9 (- 2) x ! ), 

which is equivalent to 

u{x) - vs j 3 X + vj 2 ( - 2) x - Jx- ;i \„ 


where the terms 3 X ~ 1 , — 1 (— 2 )* —1 have been absorbed into the 
terms rer, 3 X , ro 2 (-2) x . In fact the constant c contributes nothing 
to the generality of the solution, so that wc can always omit 
any constant terms in the summation which may arise, from the 
particular value attributed to c. 
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Example 2. u(x+2)-5u(x+l) + 6u(x) = 5 X . 

/(p) = (p-2)(p-3), /'( P ) = 2p-5, 


Now 


A 5* A 5* 

«(*) = ®i2*+«t 2 3*-2* VJ 2»- +1 A< + 3* ^ 

c c 

X 

8 a 1 

a‘ At = -- T + constant, 

a-1 


whence we obtain 


Ox /PL\x /Tv \ 

.(*) = »,2'+w 2 3*-t 2 •(!) 


+ 


u(x) = ?nj 2 1 + ro 2 3 X + « 5 X . 


In the above discussion we have supposed the roots of the 
characteristic equation to be distinct. The method is still applicable 
if the equation present multiple roots, but the solution does not 
assume the very simple form which we have just found. 

We illustrate the method by considering the equation of the third 
order : 


w(x+ 3) - (2« + 6) u(x + 2)4- (a 2 + 2o/>) u(x+ 1) - a~b u(x) — <j>(x). 
The characteristic equation is 

(p-o) z (p-6) = 0. 

A fundamental system is a 1 , xa x , b x , and therefore 


a r+l 

(x4 l)a I+1 

fcx+l 

D(x+ 1) = j a x42 

(x 4 2)a x+2 

h x + 2 

i a 1 ' 3 

(z4 3)a x+3 

fc x + 3 


and the multipliers are therefore 

a x Z [(b-a) x- 2a + b\ -a 1-2 

(b-aj 2 ’ b-a ’ (b-a) 2 ’ 
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so that 

X 

u (t) = a* g a -‘~ 2 [ (b - a) I - 2 a + 6] <f> (f) A <■ 

C 

X 

+ ®o*^tsr 2 - g a-*- 2 <j>(t) & t 

C 

+ ra a + fiZ a f § b ~*~' $ (O A t] • 

C 

Example 3. u ($ + 3) - 5u (x + 2) + 8u(x + 1) - 4u (x) = x 2*. 

Here 

/(P) = P 3 - V + 8p - i = (p - 2)2(p - 1). 

A fundamental system is therefore 

1, 2®, x2 x , 

and the corresponding multipliers arc 

1, -2-*- 2 (x+3), 2~ x ~ 2 . 

Thus 

X X 

u(*) = (m I+ g 2'f A') + («**-! g t(M3)A<)^ 

r c 

x 

-t (Wf 1 g t &t)x2 T . 

r 

The first summation contributes terms of the form 2®, x 2 X , which 
already occur in the complementary solution and can he omitted. 
Taking c — 0, we have 

u{x) = GJj + tcjj,- J { J B 3 { x)+ \\ B 2 (x)) ]2® + [ro 3 4-i B s (x))x2 x . 

Omitting from the particular solution terms which occur in the 
complementary solution, we have finally 

u ( x ) = ojj + 2® (tu 2 + xm s -*x 2 + A x 3 ). 

13’2. Boole’s Operational Method. The methods hitherto 
explained have been of a general character and of universal appli¬ 
cation in so far as the sums exist. The labour of applying the 
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general methods even in simple cases may be very considerable. 
We now turn to operational methods which considerably shorten 
the work of finding a particular solution. Boole’s method, which 
we now proceed to explain, is of particularly simple application 
in three cases, namely, those in which the right-hand side of the 
complete equation is of one of the following forms : 

(I) a polynomial in x ; 

(II) a x ; 

(III) a* multiplied by a polynomial in x. 

The third form, of course, includes I and II. 

If/(p) be the characteristic function, the equation can be written 
in the form 

/(E) “W <M*)> 

where <f>(x) is a given function of x. 

For finding the solution of the homogeneous equation the genera] 
method is as simple as Boole’s, since both in practice merely 
involve finding the roots of the characteristic equation /(p) = 0. 
We therefore need only consider methods of finding the particular 
solution. To effect this Boole writes 


w (*0-r J"(f£) 

and proceeds to interpret the meaning to be attached to the 
operation on the right. 


13*21. Case I, /(x) = x m , ?n zero or a positive integer. 
Writing 1 i A for E> the symbolic solution is 


Now suppose that the characteristic equation does not admit 
the root unity. 

Then 

/(I+ X) -- a 0 i UjX f ... + a„ , X"~' ^ X", 


where a 0 / 0. 
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If we expand y^ f+xj * n ascm ^^ n 9 powers of X as far as X" 
we get 

/(1+X) - 6 o+^+-+^ + 7(1 +X) ’ 


where g(\) is a polynomial. 

Thus 

1 ^ /(l + X)(fi 0 + & 1 X+...+6 1n X*")+ 3 (X) X m+1 . 

Since the expression on the right is a polynomial in X we can 
associate with it a definite operation, which is equivalent to unity, 
by writing A for X. 

Thus 


x m s /(l+AK&o-t &iA + & 2 A+--- + frm A)^ m + 0(A) A * m - 

Now 

m 4 1 

A x m - o. 

Hence 

2 m 

(£> 0 + 6] A + ^2 A + — + A) x ' n 

satisfies the equation 

f{l+/\)u(x) - x m or /(E) M (- r ) - *'"> 

and is therefore a particular solution of the equation. The actual 

expansion of j^yy^ can as a rule be most rapidly performed by 

ordinary long division. An alternative is to express , ^ in 
partial fractions. J 

If 4>(x) be a polynomial of degree m the same method obviously 
applies. 

Example 1. 

u (x + 2) 4 - u (x +1) + u (x) — x 2 + x 4-1. 

Here /(p) = p 2 + p + 1, and therefore 
1 1 


/(1+X) X 2 + 3X + 3 


•T — ~ ?i X+ j| X 2 -( ... . 
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A particular solution is therefore 

«(*) = (J--J A + lAK^ + ar+l) 

— 1 r 2_ 1 o* 4- ^ 

— ;J** / J)‘ 

If the characteristic equation admit the root unity of multiplicity 
r, our equation becomes 

//EKE -i) r u(x) = x m , 

where/j(p) is a polynomial of degree w-r in p. 

Putting 

(E - l) f « (3") - u(x) — v(x), 
the equation for v(x) is 

//EM*) = 3* m * 

Now 


jfj (1 + X) — c 0 t Cj X + X' 4- . • • t e n _ r X" r , Cq y= : 0, 
so that we can apply the method already discussed and obtain 

2 m 

which is a polynomial of degree m in x. If we write this in the form 
(see 2-12), 


CMC,! ,)+-+■*.©. 

a particular solution of the given equation is obtained from 

A’*»M = *.(*)+<!. („*.,)+-+<«©+■*-. © - 

Since A ^ j) > the required particular solution is 

“w=</j + <,4©i) + - + *-©©)w;h 


Example 2. 

u(j+ 4) - J*m( a; + 3) + 9u (x 4 2) - 7u(z+ ] )-f 2«(x) = .r 3 + i. 
Here 


/(E) = (E ~ i) 3 (E -2), 
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and the equation can be written 

(A- 1 ) A.u(x) — 2^+1. 

3 

Putting A«(i) = v(x), we have 

V W = i^+ l ) = (-i-A-A-A)(* 3 +l) 

= -(* 3 +3ar ! + 92H-14). 

Thus we have 

A«(*) = -6(*)- 1-2(*) ^ 13 (*) ^ 14 | 
and a particular solution is 


[13-21 


x\ 

0/’ 


/ MG / 13 ©" 14 


x ). 

V 


The terms 1, x, x 2 belong to the complementary solution, so 
that we obtain for the general solution, after reduction, 

u(x) — etj 2*+ ro 2 + m z x-r m 4 x 2 . \ ■ x 3 - J x i + - i \,x 5 - , 1 fl 2 r®. 

13-22. Case II, <f>(x) = a x . Here we have 

/(EM*) = a r , 

and, symbolically, , 

u{x) 


/(E) 


or. 


Now, from 2-42, <f>(£)a x — <f>(a)a r , so that, if a be not a zero 
of /(E), we have the particular solution 


u(x) 


/(<*)’ 


since 


fIF) — * —£^ a ^a x — a x 

If, however, a be a zero of order r of /(p), we have 
/(p) = (p-«) r /i(p), 

/.w-'T 


where 
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13-22] 

Put u(x) = a x v(x). Then our equation becomes 
fi(E)(E~a) r a x v(x) = a x . 
Using the theorem of 2-43, this gives 

a x f 1 (a E)(« E -a} T v(x) — a x , 
whence, since A = E - 1. 


a'kv{x) - /j(aE) • 1 -fifa + a A)' 1 /,(«) 

by our former method in 13-21. Hence 

r a~ r r! a~ T r\ fx\ 

= Ar, (o) = nr) ia) 


so that 


7 (r) (a) / <r) («) 

_ /x\ «~ r r! 

“ (r//< r >(a)’ 


and the required particular solution is 


«(*) = 


a*~ r x< r > 


/ <r, ( a ) ' 


Example 1. u (x + 2) -f a 2 «(x) = cos m x. 

We have cos mx — R(e miI ) where R denotes the real part. 
Hence the particular solution is 


«(*) = E 2 + a 2 R{c mix ) = R 


o- + c-"“ 


a 2 cos mi + cos in (x - 2) 
a 4 + 2a 2 cos ’2m + 1 


Example 2. u (x + 3) - 6?t (x + 2) +1 2 m (x 4-1 ) - 8w (x) = 2 1 . 


Here 

/(p) = (p-2) 3 , /< 3 >(2) = 3!, 


w(x) -- 


X< 3 > 2 r ~ 3 
3! 
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13*23. Case III, <f> (x) = a x R (x), where R(x) is a poly¬ 
nomial of degree m, say. 

f(E)u(x) = a x R(x). 

Put u(x) — a x v{%). Then by 2-43, 

a x f(a E) v(x) = a x R(x), 

so that the equation becomes 

f(a EM*) = R{*), 

which can be treated as in Case I. 


Example. 

Write u(x) — 2 X v(x), then 

8(E-l) s (2E-l)r(*) = **, 

1 


At(x) = 


8(2 A+l) 

= J (1 — 2 A + 4 A) a ' 2 

= 1 (tr 2 -4a; + 6) 


Thus 


and the complete solution is 


1 /X \ 

3 (a 

>10 

4^2/ 

~ 8 41 

1 /£' 

) 3 /i 

> . 3 (x\ 

4 vrv 

8 l-j 

1/ 4 43/ 


. . 0 , ( „ 1 (x\ 3 (x\ 3 /x\} 

u(x)=n 1 + 2 x + + + 


13*24. The General Case. When the right-hand member 
of our equation is not one of the forms already considered we can 
proceed as follows. For simplicity of writing, we consider the 
equation of the third order, 

f(E)u(x) == u(x+3) + p 2 u(x+2) + p 1 u{x + 1) + p 0 u(x) = 4>(x), 
/(p) = P 3 + PzP 2 + PiP + Po- 
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13-24] 

Suppose /(p) to have a repeated root p x so that 
/(p) = (P-Pi) 2 (p-P 3 )- 

Then expressing 1 //(p) in partial fractions, we have 

m 1 _ A B , _C 

/(P) P Pi (p Pi) 2_r P ~ ?3 ' 

and we note for later use that 

(2) ^(P-P 3 )(p-Pi) + - B (p-P3) + ^'(P-Pi) 2 ^ !• 

The given equation has the symbolic solution 

M') = fi[£) Mo¬ 
using (1), we write this in the form 

(3) u x (x) = ^ A _ p - <f> (x) + pj2 ^(ar) + <t >(*)» 

and we proceed to justify this process by shewing that we can 
interpret the terms of (3) in such a way that the resulting function 
does in fact satisfy the given equation. 

With regard to the interpretation, we first postulate that the 
relation 

W *<*> = < E ■--»)’ 

implies that 

(5) (E-»«) r »/'(*) = <£(*)- 

AVith this law of interpretation, we have 

/(E) M*) = (E ~ Pi) 2 (E - p 3 ) u i( x ) 

= M (E - p 3 ) (E - pi) + B (E - p 3 )+c (E - Pi) 2 ] 

= 

since, by (2), the content, of the square bracket is unity. 

We have here made use of the commutative property expressed 

b y 

(E - Pi) 2 (E ~? 3 )v = (E- p 3 ) (E ~ Pl ) 2 *- 

Thus we have shewn that (3) does in fact satisfy the given 
equation if the operations be interpreted according to (4) and (5). 
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It remains to carry out the operation (4), in other words, we must 
find a (particular) solution of 

(E -m) r \fi(x) - 4>(x). 

Using the theorem of 2-43, this becomes 

m x (m E -m) r [ m~ x fi(x)]~ (f>(x), 

which gives, since A — E ~ 1» 

r 

A [rn~ x \f/ ( x ) ] = nr x r cf> (x ), 

whence, from 812, 

r 

V' (*) = «* x ^ ( X r [ j m-‘- r <f> (l) A t- 

c 

Thus to find a particular solution of the equation 
/(£)«(*) = <£(*), 

we express 1 //(p) *« partial fractions ; 

i _\ - 4 m - r * 

/(p) _ (P-W') r ’ 

the particular solution is then 

X ■ 

^A m , r m x ~ r ^ (‘ C r ^ 1 

C 

where c is arbitrary and may be chosen to have any convenient value. 
The case m = 0 is an apparent exception. 

If, however, m = 0, we have 

/(p) = p*/i(p) 

and the equation becomes 

/i(E )u{x+k) = 

Writing u(x + k) = e (z), we have an equation of the type already 
discussed. This case is really excluded, since we postulated in 13-0 
that p 0 4=0. No generality is gained by the contrary supposition. 
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Example. 

u(x + 4)-2it(x + 3) + 2u(x+l)-u(x) = - . 

X 

Here 

/(p) = (p-l)»(p + l), 

1 _ 1 1 1 1 
/(p)“2(p-1)» 4(p-l)* + 8'(p-l) 8(p +1) ’ 

and a particular solution u t (x) is therefore given by 


r r 



Also, we notice that the complementary solution is 
nr ( - 1 ) x + rtjj + X 4 - a> 3 X 2 , 
so that terms of this type may be ignored. Hence 


Mj ( x) = Jx 2 S' (x) - 'F (x) + 1 (x) 

- Jx^(x) + J'h(x) 
+-&'*' (a-)+ 'tg(s), 
Mj (x) - 'I' (x) (jx 2 - x +1) + g (x); 


for <7 (or) see 11-31. 


13-25. Broggi’s Method for the Particular Solution.* 

Consider the equation 

(1) P[«(*)] = wlx+nJ+pn^j u(x + n- 1 )+ ...+p 0 u(x) — <f>(x), 
where p 0 -f- 0. The characteristic function is 

/(P) = P n + lb.-i p n - 1 +...+p 0 . 

Let 

9 (P) = = «o + «i P + «2P 2 +- • 


* U. Broggi, Atti d. r. Acc. d. Lincei (6), xv (1932), p. 707. 
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Then 

(2) <x 0 p 0 =l, a 0 Pi + <*- 1 p 0 — 0, a. 0 p 2 + a. 1 p 1 + a. s p 0 = 0, ..., 
a o Pn -1 + «i f n -2 + • • • + *»-i J>o = 

i , + ««Pn-l + i H2j l n-2+ - + «nn?o = (« = 0, 1, 2, ...)• 

If then 

lim sup ’/\<f>(x + s) | 

8-+<X) 

be less than the modulus of the smallest zero of /(p), the series 

(3) F (x) =:a 0 ^(a:) + o( 1 ijlfr+l) + * 2 ^(r + 2) +... 

converges and F (x) is a particular solution of (1). 

In fact 

P[F{x )] = d a p 0 tf>(x)+ (a Q p l + otj p 0 ) <j>(xhl) + = <j>(x ) 

from the relations (2). Now let 

( 4 ) <£(*) = a x <l>{x). 

We have, from 2-5 (1), 

|(z-M) = (j)a<H*) + — + (*) A <!'(*•)■ 

If we substitute this in (3), after collecting the coefficients of the 
differences, 

(5) F{x) = a* g(a) 4* (*)+“, / (a) A'M*)+ ”,)?'» + > 

where it is supposed that a is not a zero of /(p). 

When t]>(x) is a polynomial, the series for F(x) terminates and 
F{x) is the product of a z and a polynomial. 

But the expression (5) for the particular solution can still be 
used even when ^ (x) is not a polynomial, provided that the series 
converges, which will be the case in particular if 

a’ 1 

lim sup */ A (*) <1- 

It will be seen that the method is equivalent to expanding 

l//(a+aA) 
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in ascending powers of A and contains the justification of this 
procedure when it is applicable. Broggi proceeds to examine forms 
which lead to factorial series, but we will not pursue the matter 
further. 


13*26. Solution by Undetermined Coefficients. In cases 
where the right-hand side of the equation has some particular form 
it may be possible to guess the form of the particular solution and 
obtain this by means of undetermined coefficients. This method 
will succeed in particular if <f> (x) = a x x (a polynomial in x). We 
illustrate the idea with a few examples. 

Example 1 . u (x + 2) - (iu (x i- 1 ) + 4 u (x) 1 0. 

Try Mj(ic) = c, a constant, 

c- 6 c + 4 c = 10, 

whence 

c — — 10, 

u(x) — (.3 + ,/5)*-t m 2 (3- s '5) I ~ 10. 

Example 2. «(jr + 2) - 4u (j+ 1) -i 4u (x) — x 2 X . 

Here 2 is a double zero of the characteristic function. Com¬ 
parison with 13-23 shews that we should expect 

(x) = 2 X (a + bx -r c (*) + d j ) . 


The terms 2 x (a • bx) will appear in the complementary solution, 
so that 

u,(x)^ 2 x (c (*) + </(*)). 

Hence we expect to find c and d, such that 

4 ( c (* + 2)(x 4l) + rf (i ;+ 2 ) fir+ 1 ) 

(x+i ) xfir- 1 )\ 


-81 c< I+ .j»' r + rf 


+ 4 


1 ) ,•*(•»• - l)fir- 2 ) 

*>. + (l 


X 
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Since there is no constant term, c = 0, and we see that d = f 
satisfies all the conditions. 

Thus 

u(x) = (ot 1 + xcj 2 ) 2 * + x(x- l)(x— 2 ) 2 IC ~ 3 . 

Example 3. 

<.(x + 3) + 2«(x + 2) + 2u(x + I) + «(x) = p*,,,,- 

6 x x + 3 x-l x + 2 


This suggests putting (x) 


-)-x, whence 

x x-l 


a b 2a 2b 2a 2b a b 
x + 3 + x + 2 + x+2 + x+l f x+l H x + x + x-l 

_1 1 1 

~x x + 3 x-l 


1 

x+ 2 ’ 


a — - l, a + 26 = 1, 
2a + b = - 1 , 6 = 1 , 

2 (a + 6) = 0. 


These equations are consistent and are satisfied by b ~ 1 , a = - 1. 


Also 


/(?) = (P + 1)(P 2 +P+1)- 


Hence 


u(x) = njj( - 1 ) I + ro 2 w 1 + m s io 2x + 


1 

x(x - 1 )’ 


where cn, to 2 are the imaginary cube roots of unity. This example is 
due to Markoff. 


13*3. Particular Solution by Contour Integrals. We 
consider the equation 

( 1 ) M(x+n) + p n _ 1 «(x+w- l)+...+p 0 w(x) = <f> (x), 
whose characteristic function is 

(2) f(?) ^ ? n + P n -i? n - 1 +-+P 0 - 

Let pj, p 2 , ..., p* be the distinct zeros of /(p). About each of 
these points we describe closed curves, say circles, which are exterior 
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to one another. Denote by C the contour consisting of the aggregate 
of the contours of these circles. We seek to satisfy (1) by 


(3) 


u ' {x) -‘L\ c px ~ i 9 np) )dp ’ 


where g(p, x), regarded as a function of p, is holomorphic inside and 
upon each of the circles round the points p x , p 2 , ..., p k . 

The above expression will satisfy (1) if we have 


«!(£+]) 


-11 
2m J 


J | 

f „« + »-*0(P> *) 

2m. 

lc P /(P) 

1 j 

f 0 ^„-i?(P- x ) 

2m. 

! c p /( p) 


(4) 


For, if this be the case we have, on substituting in the left-hand 
member of ( 1 ), 

pn_1+ - +po) 

which, from ( 2 ), is equal to 

*(* )+ 2LJ c e'“ 1 * ( p ’ d<? ’ 

and the integral vanishes, since gf(p, x) is holomorphic by sup¬ 
position. Thus we have proved that u^ar) satisfies (1), if (4) be 
true and if 

(5) u l (x + s) = ^ j c P x+ ’ _1 9 tf p f d P> « = 0, 11. 

Change x into #4-1, then 

But, from (5), 

«i(*+ s + 1) = ~ . f p I+s -f ’-p dp, s = 0, ],..., n - 2, 
vizi)? J (?) 
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and hence, by subtraction, 


( 6 ) 

while 


L.f df = 0, , = o, 1.»-2, 


2711J 


< 7 > Us-- l9( ’ ,x % 9 ^ d >=^ 

We can fulfil both these conditions if we take for g( p, x) a 
solution of the equation 

9 ( P. = p' x <£(*)> 

for 

sJ./tf*"*’ 5 = 0,1 .-*■ 

since/(p) is of degree n and the residue at p = oo of p *//(p) is zero - 
On the other hand, 


1 f P": 1 ^ (*).<*? 

/(p) 


- </>(*), 


since the residue is now unity at p = oo. Thus we have the theorem, 
due to Norlund : 


The linear difference, equation with constant coefficients 

/(E) «(*) = 

has the particular solution 




P /(p) dp, 


provided that g(p, x) be a solution of 


A xffip, z) = P~ x <t>(x), 

which is holomorphic inside the contour C, which consists of a set of 
non-overlapping circles each of which encloses one, and only one, of 
the distinct zeros of the characteristic function f( p). 


Example. u(i + 2)-5u(a:+l) + 6ii(r) 

Here 


1 

f(x+l)' 


/(p) = (p-2)(p-3) 
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and the equation for g(p, x) is 

Q~ X 

9 (?,x+l)-g( P ,x) = 

which is seen by direct addition to be satisfied by 

which is holomorphic in the neighbourhood of p = 2, p = 3. 


Thus 


-u^x) = 

s ! .f 

27 XI J c p 

1 1 \ 
~2 + i-V 

« p-»-i 

,¥ 0 T(x + s + l) dp 

Now, the residue 

of 




1 

1 

1 1 

P a 

p s 

“(p- 2) 18 

3»+i 2 #+1 ’ 

Thus 





- «i(e) - 

l 

p l 

1 

1 

: 3 

L r (a* a- 1) 

+ 3I> + 2) 

+ 3M> + 3) + -_ 


1 ] 

- 1 

1 

1 *1 


"2 


1 2 F(x-t 2) 

+ 2 2 F(*+3) 4 ‘"J 


A 3 11 P(z 

; h) 

-'P(s-l) 


i» ' rw ’ 

in terms of the Incomplete Gamma Function of 11-33. 

13*32. Laplace’s Integral. If can be expressed 

by means of Laplace’s integral in the form 

<t>(*) = 

where the path of integration L passes through none of the zeros 
of the characteristic function /(p), we have the particular solution 


for in this case 
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In particular, this method can be applied whenever <f> (x) can be 
expanded in a factorial series, for then <}>(x) can be represented 
by Laplace’s integral. 


Example. Consider the equation of 13-26, Ex. 3. 
We have, if R(x) > 1, 




1 | 1 1 


x(x+3) (x-l)(x + 2) x-1 x x + 2 x + 3 

= |' (p r - 2 + p 1 - 1 - p * +1 - p*+ 2 ) dp 

Jo 

= £ p *~ x (p +i ~ p2_p3 ) dp - 


Also, /(p) = (p+ l)(p 2 +p+1), so that we avoid the zeros of 
/(p) if we take for L the segment (0, 1) of the real axis. Hence 


u i 


fV- 2 (p-fl)(l-p») 
Jo(p + l)(p 2 +p+l) 

= f (p*- 2 -?*- 1 )^? = 

Jo 


dp 

1 

x-1 


1 

X ’ 


in agreement with the result obtained by trial in 13-26. The present 
method, which shews w r hy the trial succeeded, would be applicable 
even if the coefficients of the given fractions were not equal. 


13*4. Equations reducible to Equations with Constant 
Coefficients. Consider an equation of the type 

w(x+n) + A x (x) u{x + n - 1) + A 2 ty(x) <j;(x- 1) u(x -f n - 2) + ... 

+ A n <\i{x) t|/(x- 1) 2 ) ... ty(x- n + 11 w(xl = ^>(x). 

Let 

X 

^ log 4 1 (I - n) A 1 — yS x ~ n ) + constant. 

C 

Then 

y(x- n-t-1) = x(x- n) + log 4>(x- n+1), 


and 


e x(i n+i) _ n + 1) 
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If, therefore, we put 

u{x) = v(x), 

the equation reduces to 

v(x + n) + A l v(x + n-l) + ... + A n v(x) — <f>(x) 

and when A lt A 2 , ... , A„ are constants, this is an equation with 
constant coefficients. 

In the same way the equation 

1) ••• ^{x+n- \ )u(x+n) 

+ A 1 <]/(:£). fy(x t- 1)... ip(x-h n - 2) u(x + n - 1) +... 
+ A n ^^i(x) u(x+ ]) + A n u(x) = <f>(x), 

reduces to 

v(x+n) + A x v(x + n- 1) +... + A n v(x) = <f>(x)e x( ‘ x \ 
if we put 


where 


u(x) — v(x) e~*< r) , 


■jx 

^ log A t = X( x ) constant. 


Example. 

u(x + ‘3) + a x u(x+ 2) + a 2x u(x+\) + a 3x u(x) = a ixl . 
a 2x = a . a x . a x ~ 1 , a 3x = a 3 . a x . a xl . a x ~ 2 , 

X X 

jx| log a ( 3 A ^ = log a (/-3)A< 

c c 

= (| log a) (x - 3) ( x - 2) + constant. 

Put 

u(x) = aH x - 3 n x -Vv(x). 

Then 

v(x + 3)y i'(i + 2) + ai'(i+l) + a 3 t)( 3 :) = a~ ix , 
a particular solution of which is seen, by Boole’s method, to be 


so that 


< \ — a ~ ix 
ll 1 a^’ + a -1 + a 1 t a 3 ’ 

a i(x*-6x+6) 

Ul X o~5 + o _l + «! + «*' 
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13*6. Milne-Thomson's Operational Method.* We now 

consider an operational method of solution founded upon the 
operator P -1 , which was introduced in 2 - 6 . The method is 
applicable to those problems in which the variable x proceeds at 
constant (here taken as unit) intervals from an initial value which 
can be taken as zero without loss of generality. We then write 

(1) P^m* = «*_! + ««_* +...+«! + «„, 

when there is no risk of ambiguity. Otherwise we can use the 


notation 


(2) 

P (xj u t = Ux 1 + 2 t ... -1 «o • 

Then 

A P 1 u x = U x , 

but 

P" 1 A U I - AVi + A«i- 2 + + A M 0 , and thus 

(3) 

P 1 A u x = u x -u 0 . 


Thus A P -1 m* = P 1 A u x if. and only if, u 0 = 0 , in which case 
no arbitrary elements are introduced and the operators A. P -1 
are completely commutative. It follows that A~ lw * - P 1 u x , if 
the result of each operation vanish with x. 

Let X be a given function of x. Consider the function u x defined 
by the three conditions : 

(i) (A - o) r «* = X ; 

(ii) u 0 = 0 ; 

(iii) u x contains no arbitrary elements. 

Operating with P r , we get from (i), 

(l-«P -1 ) r «*= P~ T X, 

so that we can write 

(4) u x = (P -a) r X. 

Now, from 2-52, we have 

X = (A-a) T w* = (1 +«) wr A t( 1 +«)“*«*] 


* Milno-Thomson, foe. c it. p. 38. 
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and therefore comparing with (4) 

(P - a)~' X = (1 + a)* P [(1 + a)—* 1 X ], 

and hence, from 2-6 ( 6 ), we have the fundamental theorem of the 
operator P, namely, 

(5) (p - a)~' X(x) = (l+ a )*P[ x l rli) ( X ~ t _~ i r )(\+ X ( t), 

where X(x) is any function of x. 

13-61. Operations on Unity. From the definition 

( 1 ) p-U =* = (*), 

and, from 2-71, by repeated applications, 

C2) P-M=(*J. 

Since x is a positive integer, 

(3) p-»-U=0. 

From 13-5 (5), putting X --- 1 , 

(P-o)-M = (1 + a) x p-^l+a )-*- 1 

(4) =[(l+o)*-l]a-». 

Again, 

(1 -a P -1 )(] +a p-' + fl 2 P~ 2 + ...+a x P~ x ) 1 

= (1 - a r+1 P -1 ' 1 ) 1 = 1, 

and hence 

p^ a 1 = (1 +a p - 1 + ...+o*p-')l 

(5) =(!+«)*, 

from ( 2 ). 

Differentiating r - 1 times with respect to a, we have 

<°> 

This result can also be proved without difficulty by induction. 
Again, from (6), 

p 

q- : 1 = (1 + ai) 1 = (1 + a 2 )* 1 exp (ix tan -1 o). 
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Hence 


1 = (1 + a 2 ) 1 * cos (x tan -1 a). 


p 2 + o 2 


1 = (l+a 2 ) ,a: 8in(a;tan _1 o). 


The operation 1 where <f> and \]s are polynomials, and the 

degree of (f> is not greater than the degree of \/r, can be interpreted 
by expressing p^^j in partial fractions. If ^p~'^y he a typical 
partial fraction, we have 


^(P) AP_ 

V'(P) ^(P-o) 


;i = S^C! 1 )(i+«r r+1 - 


from (6). This is the extension to finite differences of Heaviside’s 
Partial Fraction Theorem for the differential * operator p. 

13-52. Operations on a given Function X. The inter¬ 
pretation of - p --- ^ y X is given by 13-5 (5). Let 


*(P) _ v B 
V'(P)~ (P-«) v 


MPY 


S (P-a)^- 


To each of the operations on the right 13-5 (5) may be applied. 
Another method may be used if X be of the form (1 + a) x j[x), where 
f(x) is a polynomial. We can expand f(x) in factorials so that 


X = (l + a)*ZA r _ 1 ( r * ] ) 

= XB r { r X _ l ) ( 1 + «)-”+» 




* See H. Jeffreys, Operational Methods in Mathematical Physics (1931), for 
the corresponding theory of the differential operator. 
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13-52] 

Hence 


^(P)V_VR *(P) P 
f(P) ' V'(P)(P-«r 

p 

— 2 c r • ^ p~ by 8a y> 


1 


which is interpreted in terms of operations on unity. For example, 


9(P-D 
P + 2 


2 x x 2 


9(P-1) 
P + 2 



2 I_2 + 2 a;. 2 I_1 ) 


9(P-1)/ 8P 2P \ 

P+2 vrp-i)*' 1 ''(p-i)*/ 1 


24 P 2P 

(P ~ l) 2 1 ' P -1 


1 + 


2P 

P + 2 


- 3x. 2 I+2 - 2 I+1 + 2 (- 1)+ 


13-63. Application to Linear Difference Equations with 
Constant Coefficients. The general equation of order n in one 
dependent variable is 

n n-1 r 

(1) a„A«* + «n-l A « I +...+« r A^+-+»o«x = X, 

where the a r are constant and A is a function of x only. Since 
A«* = [(l+A)-l] r W* = «x+r-(j)«*+r-l + — + (- 1 ) T Mx, 

(!) can also be exhibited in the form 

^x+n + ^n~l ^x+n—1 + • • • + ^x+r + - * • + ^0 ^x - 

This is the form which generally arises in practice. It may be 
converted into the form (1) by the formula u x+r = (1 + A) r u x - 
Taking the form (1), we obtain the operational solution in terms 
of the initial conditions 

r 

A«o = «r,o (r = 0, 1, 2, ..., n-1) 
by continually operating with p _1 until wc arrive at an equation in 
which the operation A docs not occur. Each operation with p _1 
introduces initial values and depresses the order by unity. The 
final equation in which A does not occur is solved for u x in terms 
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of p. The interpretation of the operations gives the value of u x in 
terms of the initial values. 

The method, which is quite general and which applies also to 
simultaneous equations, is best illustrated by examples. 

The equation of the first order. 

A = a u x + X, 


u x -u Q = p~ 1 (au x + X), 


P 1 v 

U x — —' Ur\ t __-A 

* P-a 0 P-a 


= Uq (1 +o)'+( 1 + a) x P _1 [(1 + a)~ x ~ l A]. 
The equation of the second order. 

o 

A u x ~(a+b) A w* + ab u x — X. 


Denote by t> 0 the initial value of A u i ■ 

A u x ~ i'o ~(a + b) (u x - m 0 ) + p - 1 ai> u x = P 1 X, 
u x -u 0 -p- l v 0 -P - 1 (a + b){u x -u 0 )+ p- 2 abu x = P 2 X, 

„ _ PS:P( a+fc ) u o+P r o 4 1 x 
z ~ ' (P-«)(P -b) .. (P-«)(P-h) A 

= P*__ r o-« M «. P _ , 1 / i _ 1 ' 

a-b P~a a-b P- b< a-b\p~ a p-in 


v 0 -bu 
a-b 


-°(l+o)»- 


_ a 

a-b 


0 + 6 )* 


(1 + a) x 
a-b 


P ’|(1 • «) * 1 


A'J 


If a = b, 


u x 


- (1 0 t*V l l(Ub)- x -'X). 

K-««o)P , P«o , 1 y 

(P-«) 2 P-« (P -a)* 

(v 0 - a u 0 ) x(l +a) x ' 1 -(-« u (l +a) x 

4-(l +a) x P“ 2 L(1 +a)~ x ~ 2 X]. 


* When no operand is given, unity is to be understood. 
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13*54. Simultaneous Equations. 

A u x + av x = X, 

&v x + bu x = 0 , 
u x -u 0 +P~ 1 av x = P- 1 ^, 
v x -v 0 + P^bu x = 0, 

„ _ P 2 « 0 -P«*’o+ P^ , _P 2 v «-P iw or^ 

1 ~ P 2 -ab ’ P 2 - ah 

which can be interpreted as before. 

13*55. Applications of the Method. Probability. 

A coin is .spun n times. The probability of its shewing head at 
the first spin is p' ; while at any subsequent spin the probability 
that the coin shews Ike same face as at the previous spin is p. What 
is the probability that the coin shews head at the nth spin ? * 

Let u n _ 1 lie the required probability. Then u 0 ~ p', 
u„.! =pv 2 r(l-p)(l - u„_ 2 ), 

Av 2 1 -]>, 

u n -v‘ = P «»+ P J (1 -p), 

” P-(2p-2) p-(2p-2 ) 11 V) 

— v' (-P ~ 1)" + ofijo [(“^ ~ 1 ) M ~ 1 ]> 

«»-i = I + (2p - 1 )"- 1 {p -V). 

If p J, this is 1 for all values of n and p. 

Geometry. 

A, B, V are three spheres each outside the other two, and a 
point P is taken inside A. The inverses P', P" of P are taken in 
B and C. The inverses of P' are taken in C and A, and of P" in 
A and B, and this process is continued. Shew that of the 2" points 
which arise from P by n inversions, § (- 1)" + J- 2" lie inside. Afi 

* W. Burnside, Theory of Probability (192S), chap. ii. 

I This problem is taken from an examination paper set by Professor W. 
Burnside at the Itoyal Naval College. 
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Let u n , v n , w„ be the number of points which lie inside A, B, C 
respectively and which have arisen at the nth stage. 

Then u 0 = 1, v 0 — 0, w 0 = 0, 

Wfi+l U n7 ^nn — 

80 that A u n + U„- V„- W„ — 0 , 

-Mn + A*’n + V„-W„ = 0, 

-U n -V n - Aw n ~W n = 0, 

( 1 + P - 1 )«n~ P -1 «»- P _ 1 W n = 1 , 

- P- 1 «„ + (l+ P" 1 )^- P 1 w n = 0 , 

~ P " 1 « n - P ' 1 1>„ + (1 + P _1 M'n) = 0. 

Solving for u„, 

_ P (P 2 + 2P) 

" “ (P + 2) 2 (P-1) 

P . 2 P 

3(P-T) + 3(P + 2j 

= J 2 *+i(-i)*. 

Dynamics. 

Two equal perfectly clastic spheres of masses M, m [M > m) lie on 
a smooth horizontal surface with their line of centres perpendicular to 
a smooth perfectly elastic wall. The sphere of mass M is projected 
towards the wall so as to impinge directly with velocity V on the 
sphere of mass m. Find the velocities of the spheres after the nth 
impact between them. 

Let u n , v n be the required velocities of M. m respectively measured 
positive when towards the wall. 

Here u 0 — V, v 0 = 0 and 

M (w „ +1 - u n ) + m (i’„ + i + v n ) = 0, 

^n+l (^n +1 — V n ) 

M A + m (A + 2 ) v„ — 0 , 

(A+ 2) u n -Av n - o, 

M u n + m{\ + 2 P -1 ) v n -MV = 0, 

(1 +2P -1 ) u n - v„ - V = 0, 


That is 
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so that 

(P 2 + 2P)mV+P t MV 
M " (M + m) p 2 + 4m P + 4m’ 
(P 2 +2P)MV- P 2 M V 
Vn ~ (M + m) P 2 -|- 4 m P + 4m ‘ 

Now 

(M + m) P 2 + 4m p + 4m = (M + m) (P - a.) (P 


where 


- 2m + 2i J Mm 

M + m 

- 2 m - 2t jMm 

M + m 


P). 


w„ = 


(M + m)a + 2m PF (M + m) (3 + 2m p V 
(M + m) (a - (J) P - a (M + m) (a - (3) P - [i 5 


= 


2 M 


f P_F _ P F 

-pjLP-* P- 


(M + m) (a - (i) 
u « = $F[(l + a) n +(l +ji)"], 
[M 


If cos 0 = 


so that 


1 ' W 

n = 2Wm [(1+a)n - (1 + ‘ j) ’ ,] - 

M - m 


M + m’ 


1 + a = cos 0 + i sin 0 , 
1 + P = cos 0 - i sin 0 , 
u n — V cos ?i0, 

v n = a/ F sin w0, 

V m 


417 


and the total energy is 4 MF 2 , as it should be. It will be noticed 
that when n 0 first exceeds 4 - the more massive sphere is moving 
away from the wall. 

Energy. 

A particle starts from a point A g with energy E and passes 

successively through the points ,4j, A 2 , A 3 . At the points A 2r+} 

it absorbs a quantity q of energy, while at the points A 2r it loses 
half its energy. Find the energy at the point A x . 

M.T.O. 2» 
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If u x be the required energy, 

w 2r+l — h U 2r-l + ?> 

«2r= £ U 2r-2+k- 

Hence u x+2 = i ^+^[3-(- 1)'], 

P 4- 3 

or 2A 2 w* + 4Aw* +m, = ?p-^, 

u 0 = E, A«o = 7- 

Operating successively with P *, 

_ 2E P 2 + (iE + 2q)p_ P+3 

U *~ 2p 2 + 4p + l + (2p2 + 4P + l)(P+2) f/ 

2(a + 2) i?- 2(a+2) q P 2(|3 +2) E- 2(p f 2) q P 
2 (a- (3) P -a 2 (a -- 2) ~~ P - fi 

2? p ^'2"^ 


where 


- 2 + v'2 


« = P = 


- 2 - v'2 


After reduction, 

u x = l(E-q) ( Ml+(-!)■]} 

+ !?[»-(- 1 )' ]• 

Hence for large values of x the energy is alternately ij and 2 q, 
nearly. 

The linear oscillator with discontinuous time. 

The Hamiltonian of a linear oscillator of mass m, momentum p 
and displacement q is 

the equations of motion being 

dH _dq _ p 
dp dt in ’ 


dH 

dq 
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If we suppose a minimum time interval to exist so that time 
can only increase by integral multiples of this minimum interval 
a, we may tentatively generalise the above equations into 

A*q = ^ > 

J m 

A = - kq, 

where u t = Ul+a - Ut . 

G 

Changing the independent variable to x = l j a, these become 

a P G 

A q — - > 

' m 


Thus 

These give 


A p = - a kq 
-i V G _ 


m 


<7+?o = °. 


P + P -'akq-po = 0. 


= 1 ?'% -**,.■ 

p 2 I- - - 
w 

_ P'~ f /n . 


p 

7^’ 


m 


p2 . h ^'' w p * + «5** 

' /' tO . . tO, 

V = r<r W'o cos W* sin o j, 


/0 p 0 . 10 

(7 = r' U 0 cos 4 % sin 

' v o v niX- cr 


/* 

" CT \m ’ 


where r 2 = 1 -F, tan 0 

m 

* . 2tt . 

The coefficients of r a are in general not periodic, smce -0 is 

not in general integral. But we recover the ordinary periodic 
solution for continuous time when a -> 0 . If we calculate the 
Hamiltonian, we get 

/ „ 2 \ 21 « 
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which increases with t. It may be observed that the function 

Hr- 2 *!’ 

remains constant and might tentatively be called energy. This 
suggests replacing p and q by 

p' = pr~ tla , q' — qr~ i l' r . 

13*6. Simultaneous Equations. In 13-54, 13-55 we have 
seen how simultaneous equations can be solved by means of the 
operator P when the variable is an integer. In general, to solve 
such equations in, say, two dependent variables, we could proceed 
to eliminate one of them and then solve the difference equation 
satisfied by the other. We illustrate the procedure by an example. 
Consider 

u I+ i + 2 Uj. + j — Uj = 0, 

»*+i - 2w* - v x = a 1 . 

We write these in the form 

(E-i)«.+2Et>, = 0, 

-2u,+ (E-l)v* = a x , 

whence [ (E - 1) 2 + 4E] u x — ~ 2E « x > 

or (E + l) 2 u x — -2a Ifl . 

2 Q, x ^ ^ 

Thus u x - (ro + * cq) (- 1 )* - - 

From the first equation, 

2v x+1 = - A u x , 

and therefore 

v x =(w + lm 1 +m i 

13*7. Sylvester’s Non-linear Equations. The solution of 

two types of non-linear equations has been deduced by Sylvester 
from the solution of linear equations with constant coefficients. 
Consider 

(1) «,.H, + Pn-lU, + „_i + ...+p 0 U* = 0, 

where the coefficients are constant. The solution is 

* = £ ro » a *‘ r > 

J-l 


( 2 ) 


u. 
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where the a, are the zeros of the characteristic function, so that 


«1«2 —«n = 

If we write down (1) for x+1, x+2, ..., x+n and eliminate p 0 , 
Pi> > Pn-i > we obtain the non-linear difference equation 


“x+n 

u z+n-l 

... u, 

“x+n+J 

^x+n 

... u, 

1 “x+2n 

U x+2n-l 

... u, 


Since (2) satisfies (1), it also satisfies (3), but since p 0 , p x , ... , p n ~ v 
on which the values of the «, depend, do not appear in (3), 
we may regard the values of a, as arbitrary. Thus (2) furnishes 
a solution of (3), the values of a s being now arbitrary constants. 
The formal character of the solution given by (2) will not be altered 
if we replace the a, by arbitrary periodica. Thus we have a solution 
which contains 2w arbitrary periodica. 

The other type of equation is obtained by writing down (1) for the 
values x+1, x + 2, ..., x + n-1 and then eliminating p v p t ,..., p„_ t . 

This gives 


“x+n 

M i4n 1 ' 

■ • w x+i ! 


“x+n—1 

“x+n—2 ■ ■ 

. U x 

j “x+n+1 

“x+n ■ 

■ ' “x+2 j 

= (-l) n Po 

“x+n 

“x+n-1 • • 

• ^x+1 

1 “x-,2n-l 

“x+2n-2 • 

• • “x+n : 


“x+2»-2 

“x+2n-3 • 

• • W X4„-1 


Calling the last determinant K (x), we have 


whence 


K (*+ 3) = ocj a 2 ... oc„ K(r). 
K(x) = w . (ocj ... oc n ) J . 


Now, using (2), we have for K(x) the determinantal product 


®i a i 


. VJ n CL n 


n - 1 

„« “ 2 
a l 

• a i 

1 


r { l 

TUo Qto . 

„x{ 1 

X 

« - I 
Oto 

„«-2 

Oto 

. 02 

1 


x-\ n - 1 

0J2 OC 2 . . 

• ro n a n 


1 

0 C - 2 • 

• «» 

1 
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so that 

K(x) = - m 1 w 2 ... TD n (a, a 2 ... a ,,) 1 f] K“ «y) 2 - 

i>j 

Comparing the two expressions for K (x), we see that the differ¬ 
ence equation 


U x+n-l 

U x+ n-2 

■ 

U x+2lt-2 

M *+2n-3 1 

M x+n-l 


where ro is a given periodic, has the solution (2) w r here 
njj, ro 2 , , or„ are periodics and oq, a 2 , ..., a„ are constants, which 
can be arbitrarily chosen subject to the two conditions 

- 07, ot 2 ... or n J] (a, - a ; ) 2 - m, 

i >j 

a, a 2 ... a n — rn. 

Thus n - 1 of the constants can be replaced by periodica and we 
have a solution involving 2n - 2 arbitrary periodica. 

Example. u x . 2 u x - v‘j +l — a, 

where a is a constant or a periodic. 

This can be written 


'V+l 


and therefore has the solution 


where 


so that we have 


Mj, — 07, a 3- -I m., [i r , 

= 1 , 

or, 07 2 (a - fi ) 2 = a, 


u x — 07 a 1 -f 


a a 


X|2 


(a 2 - 1 ) 2 or ’ 


where 07 is an arbitrary periodic and a an arbitrary constant. 
If this be a solution when a is an arbitrary constant, it is likewise 
a solution when a is an arbitrary periodic. The solution may 
therefore be regarded as containing two arbitrary periodics. 
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The equation can be regarded as arising from 

u x+ t+pu x + u x _ t = 0 , 

whence 

u x+2 + pu x+t +u x = 0, 

so that, eliminating p, 

u x+1 2 - u x u x+2 = u x ~ - u x ^j u x+1 = constant. 

13*8. Partial Difference Equations with Constant Co¬ 
efficients. Let u be a function of the two independent variables 
x, y. Taking the increments of x, y to be unity in each case we 
have, as in 2-105, 

A *u = u(x+\,y)-u(x, y), \ v u = u(x, y+ \)~u{x, y). 

It is also convenient to introduce operations Ex> E« defined by 
E*m = u{x+\,y), E»« = w(x, y+\). 

Then 

i tAi v Exi i + Av -■ Ev 

It is clear that the operators Ax- Av are commutative, that is, 

Ax Av u - A» Ax«- 

If then F(X, p) be a bilinear form in a, p whose coefficients are 
independent of s and y, a difference equation of any of the forms 

(i) *’(Ax> Av) m - o, F(E*- Ev ) u = o, 

-f’lAx, Ev) m = o. ^(Ex. A»)« = o, 

is a partial difference equation with constant coefficients. A more 
general type of such equations is 

Ax, A»)«=./>- y)> 
where f(x, y) is a given function. 

We can obtain formal symbolic solutions of equations of the 
forms (I) by the following device. We first replace Av or Ev by a. 
There results an ordinary difference equation in which a figures 
as a parameter. Having obtained the solution of this we replace 
a by the operator which a represents and interpret the solution. 
The method will be understood by considering some examples. 
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Example 1. u(x+\, y)-u(x, y+1) = 0. 

This is equivalent to 

E* u ~ E» u — 0. 

Writing a for E y , we have 

E„,u-au = 0, 

a solution of which is 

u = a x <j>{y), 

where <f>(y) is an arbitrary function of y and is written after the 
symbol a x . 

Thus 

« = (E v ) x <Hy) = Hx+y), 

which clearly satisfies the given equation. 

If ro 1 (x), ro 2 (y) denote arbitrary periodic functions of x, y of 
period unity, it is evident that 

u = m x {x) w t (y)4>(x + y) 

is also a solution, which is more general, in that m 1 (x) m 2 {y) is not 
necessarily a function of x + y. We can replace this product by 
m(x, y), an arbitrary function periodic in both variables. 

Arbitrary periodic functions can always be introduced in this way 
into the solution of an equation of the types ( 1 ), but, for simplicity, 
we shall ignore them. 

Example 2 . u(x+ 1, y+ 1) - u(x, y+l)-u(x, y) = 0 . 

This equation can be written 

E» Ai«~ w = 0. 

Replacing Ev by a, we have 

a A x ii-u = 0, 

a solution of which is 

u = (1 + a~ 1 ) x <f>(y), 

where <j> {y) is an arbitrary function, again written last. Thus 

(2) u = (i + E v ~ : ) x <Hy). 
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Developing by the binomial theorem, we have 

The series terminates when x is an integer. 

If, for example, we are given the initial condition that, when 
x = 0 , u — e my , we have 

u = e mv + + 

- c mv (\+C' m ) z . 

An alternative form of the solution is obtainable as follows. We 
can write ( 2 ) in the form 

u = (E.+i)' E v * <i>{y) 

= (Ev+i )* <£(*/-*)> 

whence, developing as before, 

(3) u = <j>(y-x) + Q<f>(y-x+l) + Q)<f>(y-x + 2)+... . 

13-81. An Alternative Method. Let us again consider the 
equation 

u{x f 1 , y+ 1 ) -u{x, y + 1 )- u(x, y) = 0 . 

Assume that 

u = 'LCa*bv, 

where the summation extends to an unspecified range of values 
of a and b. Substituting, we have 

D ( ab - b - 1 ) C a 1 b v — 0 , 

so that the postulated form is a solution, provided that 

ab-b — 1 = 0, 

which gives a = (1 + 6 ) b ~ 1 and we have the solution 
w = EC (1 +b) x b v ~ x . 
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Since C is perfectly arbitrary, we may replace C by < j>{b), where 
< j>(b) is an arbitrary function, and the summation may be replaced 
by an integration. Thus w'e have 

w=f b v ~ x (l + b) x <f>(b) db. 

J — CO 

In this expression <f> (b) being perfectly arbitrary may be taken 
to vanish outside any specified interval of b, so that we can take 
for limits of integration any pair of arbitrarily assigned numbers 
and still obtain a formal solution. If we expand (1 +b) r and then 
write 

Y'(-) = | b- <f>(b) <lb, 

we obtain 

u = \f,{y - x) + (jj Y'O /~ x f ■) + (oj i'(y~ x + 2) f ... 
which agrees with 13-8 (3). 

13*82. Equations Resolvable into First Order Equa¬ 
tions. Consider the equation 

o o 

i, y) - A y~. l). 

Replacing u(x, y ) by u, we have successively 

(Ax Ez 1 - Av E* ') w 0, 

2 2 

(Ax E v “ Av E x) ^ ~ ih 
(E; Ev + Ey- Ej Ex - Ex)« = b> 

(Ex E v ~ ! )(Ex- E v ) m ~ () - 
The last equation is resolvable into the two equations 

(Ex Ev“ !) « -- 0, (Ex Ev) « = 0. 

The first gives 

Ex« = Ev 1 u. 

of which a solution is 

w = (Ei/ _, ) x Y(.y) r -= My~ x ) 
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and the second, see 13-8, example 1, gives 

u -= \js{y + x). 

Thus the general solution is 

u = w, (r, y)f(y-x) fro 2 (.r, y) i /,(y + x), 

where ex,, m 2 are arbitrary functions periodic in both x and y with 
period unity. 

13-83. Lap! ace’s Method. Consider the equation 

A 0 u(x, y) + A t u{x - 1, y ~ 1) + A 2 u(x - 2, y - 2) b... = V(x, y), 

where A (l , A lt A 2 , ... are independent of the variables and V(x, y) 
is a given function. The characteristic property of this equation 
lies in the fact that the difference of the arguments in any one 
of the functions u(x-s, y-s) is invariant for s — 0 , 1 , 2, ... and 
equal to x- y. Putting 

x-y=. k, u(x, y) - u (x, x - k) = v x , 

the equation becomes 

A o r zK ?- x _, + A., + ... A", 

which is an ordinary equation with constant coefficients. We solve 
this and then replace k by x-y and the arbitrary periodics by 
arbitrary functions of the form 

C7(x. y)4>(x- y), 

where ra(.r, y) is periodic in x and y with period unity. 

Example. A and B engage in a game, each step of which consists 
in one of them winning a counter from the other. At the beginning 
A has x counters and B has y counters , and in each successive 
step the probability of A's winning a counter from B is p, and 
therefore of B’s winning a counter from A is 1 - p. The game is 
to terminate when cither of the two has n counters. What is the 
probability of A winning ? 

Let « x , „ be the probability that A will win, any positive integral 
values being assigned to x and y. 
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Now A’s winning the game may be resolved into two alternatives, 
namely, 

(i) his winning the first step and afterwards winning the game, or 

(ii) his losing the first step and afterwards winning the game. 
Thus 

U X, V — P u x+l, v-l + (1 ~ p) u x-l, v+l- 

In this equation the sum of the arguments in any particular 
term is x + y. We therefore use Laplace’s method and put 

x + y = k, u Xt v = v x , 
which gives the equation 

Vx-pv x +i~{ = 0 , 

which has the solution 

(\ - p \ x 

r «= ® 1 +8 «1 y J ' 

and hence 

«*,» = ®i(*. y)<H x +y)+*i( x > y)(--- ? ) V'(«+y)- 

In the present case the variables are positive integers, so that 
the arbitrary periodics are constant and can be absorbed into the 
arbitrary functions <f>, \fr. Thus 

u x ,v = <tt x +y)+(~^) 'l'( x +y), 

and we have to determine the arbitrary functions. 

The number of counters k is invariable throughout the game. 
Now A’s success is certain if he be ever in possession of n counters. 
Hence, if x — n, u Xi „ = 1, and therefore 

1 = WW 1 ”*)"*<*>• 

Again, A loses the game if ever he have k - n counters, for 
then B has n. Hence, if x = k — n, u x<y = 0, and therefore 

0 = *(*) + (^ ? )‘"’V(*). 
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13-83] 

Putting 

we obtain 

whence 


— />*-« 1 

<f>(k) = ' \ls(Jc)=: -r- i 

' q n -q k ~ n ' Yy ’ q n -q k ~ n 

qn-v _ 1 

Mz ’ * qin-x-v _ 2 

_ {p n ~»-(l - p) n ' J }p n 1 

pin-x-y _ ’ 


which is the probability that ^4 will win. 


EXAMPLES XIII 
Solve the difference equations : 

1. u x+ 2 — — 4wj. m x . 

2. u x+2 + iu x+1 + hi x = x. 

3. w I+2 + 2w x+1 + u x = x(x- l)(x-2) + x( - l) 1 

4. w I+2 - 2m u x+1 -f (m 2 + n 2 ) «j. — m z . 

A u x + A u x = x + sin x. 

6. u x+i -6u x+2 + 8u x+l -3u x = x 2 + (-3) x . 

3 

7. A u x ~ 5 A Wj + IUj. = 2*(1 4 -cosx). 

8 8 

8 - A u *+i-2 A Ml = x+3*. 

9" m x+2± ,i2 “i — COS mx - 

10- M*+ 4 ± 2 n 2 M x+2 + n 4 u, = 0. 

11 . 4" f n— 2 4" ... 4" 0. 

12. «z+2 «£% < = «• 

13 . V x+ 1 -u x = ( l-m)x, 
w x+1 -v x - (m-n) x, 
u x+l - w x = (» -1) x. 
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14. u x+1 -v x = 2m(a;4-1), 
v x+1 -u x = - 2m(x+ 1). 

15. m *+2 + 2r’* +1 - 8u x = a*, 
v x +s~ u x+i-‘2v x - a,-*. 

16. Solve the equation 

V x — U {^x L ^ 42) 

by assuming u x — a- tan v x . 

17. Shew that the general solution of the equation of Ex. 16 
is included in that of the equation u x+3 - u x = 0, and hence 
deduce the former. 

18. Solve the equation 

U x+1 M x+2~! U xi2 Mjr+ ~ nl “- 

19. Solve the equations 

Wx+l = (W- W 2 ) »',-rM x , 

v x+J = (2m 4 -1) v x + u x , 

and shew that if m be the integral part of N /w, u x jv x converges 
as x increases to the decimal part of v 'n. 

20. If «j be a fourth proportional to 0 , b, c ; b 1 a fourth pro¬ 
portional to b, c, a ; and Cj to c, a. b ; and if a.,, b 2 , c 2 depend in 
the same manner on cq, iq, Cj, find the linear difference equation 
on which a„ depends, and hence shew that 

a n — a(5ca 2 ) i-S( ~ J) ". 

21. Solve the equation 


j M x-| 5 

U x+4 

W *l3 

I 

j U X J r\ 

u x+3 

M x 1 2 

i = 

1 ^X+3 

w x+2 

M x +1 

j 


and consider in particular the case C — 0. 

22. If v 0 , Vj , v 2 , ... be a sequence, the successive terms of which 
are connected by the relation 


^m+l 7fi Vm- 1> 
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and if t> 0 , i\ be given, prove that 

_ 2 cos « cos m a — v 0 sin (m- 1) a 

^ m " ..~ - > 

sin a 

where = 2 cos a. [Smith’s Prize]. 

23. If n integers be taken at random and multiplied together in 
the denary scale, shew that the chance that the digit in the units 
place will be 2 is 


24. Shew that a solution of 

4 n~l •••«*= «(w* + n + M x+n-l + ... 4 U x ) 

is included in that of u x l n fl - u T = 0, and is consequently 
u x =- cjj «*+ cT.,a 2z T ... + w„ +1 a (n+1)I , 

where a is an imaginary (»+l)th root of unity, the n+l periodica 
being subject to an equation of condition. 

25. A person finds that his professional income, which for the 
first year was £a, increases in Arithmetical Progression, the common 
difference being £h. He saves every year 1/ m of his income from 
all sources, laying it out at the end of each year at r per cent, 
per annum. What will be his income when he has been x years 
in practice ? 


26. The seeds of a certain plant when one year old produce 
ten-fold, and when two years old and upwards produce eighteen-fold. 
A seed is planted and every seed subsequently 7 produced is planted 
as soon as it is produced. Prove that the number of grains at 
the end of the «th year is 


1 

a 



where a = 3 N /17. 

27. A series is formed by taking each term as the arithmetic 
mean of the three terms preceding it. Shew 7 , if u„ be the nth term, 
that when n is large 

u„ — ,'iiq-t- J,w 2 + ]u 3 , nearly. 
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28. Three vessels contain water. Of the contents of the first, 1 / p 
is transferred to the second, 1 / q of the second is then transferred to 
the third, and then 1 / r of the third is transferred to the first. The 
cycle of operations is repeated many times. Shew that the fraction 
of the whole volume of water which the first vessel then contains is 
nearly 

_ P _. 

p + q + r- 2' 

29. Two closed vessels A and B each containing gas are connected 

by a sliding shutter which is opened for t seconds and then closed. 
This operation is repeated a large number of times. Each time the 
shutter is open 1 / a of the molecules in A penetrate into B, while 
1 /b of the molecules in B penetrate into A. Initially there are 
p molecules in A, and q in B. Find the number of molecules in 
each vessel after the shutter has been opened n times. Shew that 
after a long time has elapsed the number of molecules in A and B 
are in a fixed ratio, nearly. [Royal Naval College.] 

30. A circulating library is started with b books. During each 
year 5 per cent, of the number of books which were in the library 
at the beginning of the year are added to it. At the end of every 
third year 10 per cent, of the books aie worn out and are destroyed. 
Shew that at the end of n years the number of books is 

$ bk n [1 +co" + w 2n + c(l +<u ,1+2 + M 2n ' fl ) + c 2 (l +a) n+1 + fa) 3r,+2 ) ], 

where 9c 3 =10, k = 21 /(20c) and w is an imaginary cube root of 
unity. [Royal Naval College.] 

31. A large number of equal particles are attached at equal 
intervals h to a massless inextensible string. The first particle is 
projected vertically with velocity V and the particles start one by 
one into vertical motion. Shew that the nth particle will rise from 
the table if 

3F 2 > ghn(n- l)(2n- 1). 

32. A curve is such that, if a system of n straight lines, origin¬ 
ating in a fixed point and terminating on the curve, revolve about 
that point making always equal angles with each other, their sum 
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is invariable. Shew that the polar equation of the curve is of 
the form 

r = a+OT 1 cos0 + w 2 cos29+...-t-ro n _ 1 cos(n-l) 0, 
the fixed point being the pole. Shew in particular that the curve 
( x 2 -bx+ y 2 ) 2 = a 2 (x 2 + y 2 ) 
satisfies the required condition. 

33. Find the curves in which, the abscissae increasing by the 
constant quantity unity, the subnormals increase in the ratio 
1 /«, and shew that 

y 2 = bx x + c 

is such a curve. 

34. Find the general equation of curves in which the chord drawn 
through the origin is of constant length. 

35. Find the general equation of the curve in which the product 
of the two segments of a chord drawn through a fixed point shall 
be invariable, and shew in particular that 

r = a e 9ln s 

is such a curve, a 2 being the invariable product. 

36. «*+!,„-«*, »+i = x + y. 

37. M I+ i,v+n = «* -v - 

38. u x+ 2, m b u+ 2 ■— 0* 

39. W I+ 3 i v — 3 U x+ 2 , v+i + 3 u x+l, »+2 — v+3 = 

40. u(x+l,y+l)-au(x+l,y)-bu(x,y+l) + abu(x,y) = c I+l '. 

41. u (a; + 3, y) - 3 a 2 u (ar+1, y + 2) + a 3 u (x, j/ + 3) = xy. 

42. The probability of a coin falling head is p. What is the pro¬ 

bability that at some stage in w consecutive spins the number of 
heads exceeds the number of tails by r ? [Burnside.] 


M.T.O. 



CHAPTER XIV 


THE LINEAR DIFFERENCE EQUATION WITH RATIONAL 
COEFFICIENTS. OPERATIONAL METHODS 

After equations with constant coefficients the linear equation 
whose coefficients are rational functions of the independent variable 
ranks next in order of simplicity. Boole devised a method of 
symbolic operators for attacking the problem of solution of such 
equations. By generalising the definitions * of these operators it 
is possible to apply the method to a well-defined class of such 
equations and to obtain solutions in Newton’s factorial series in 
much the same manner as power series solutions of differential 
equations are obtained by the method of Frobenius. 


14-0. The Operator p. Given a fixed number r and an arbi¬ 
trary number m, the operator p is defined by the relation 

(1) p m U (X) = -^J X ~ r+ l l u (*). 

This is a generalisation of the definition given by Boole which 
corresponds to the case r — 0, m an integer. In particular, for 
»i = 1, 0, -1, we have 


pu(x) = (x~r)u{x- 1), 
p° u(x)-u (*), 


* L. M. Milne-Thomson, On Boole’s operational solution of linear finite 
difference equations, Proc. Cambridge Phil. Sue. xxviii (1932), p. 311. 
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If, for brevity, we write 
(2) x- r = as', 

the above definition becomes 


The operator p m is clearly distributive. That the index law is 
obeyed is easily seen, for 


, v rv+i) _ t P(/+n . 

P ro 1) E {r ( i'-"»+lj tt( *" W) 


/ 


r(a-'-H) 


u (x - in - n) — p m+ ” u (x). 


Pf-e' - m - n + 1) 

If the operand be unity, we shall omit it and write 

0 ,... 1 V + 1 ) 

1 r (x' -ml 1) " 

Hence, when n is a positive integer, we have 
p m,n — (x 1 - m)(x' - vi (x - m - m 4-1) F( x' t-1) /T {x - m + 1), 

1 rbr' + l) 

^ (x‘ - in f l) (x - in -r 2)... (x - m i ») F (x' - in -f 1) 

It follows that a series of the form 

... -t «y p"‘ r b l p" 1 1 + b 3 2! ... 


O-n (I. , , 

n in- n 1 .. 0 mtii 1 

! r ^ /.», _ i \l r r • 


li ! 1 ( n - 1)! 

is equivalent to 

I’far'd-1) L (''->» 


l \*. ~r t i i / u — in \ / X — )H\ 

IV-m+uM n ) + a "An-l) 


. t 0 l! 

+ fl 0-e-7——T + 


6 2 2 ! 


- w + 1 1 (.r' - m +1) (x' - m • + 2) + ' “ J ’ 


while a series of the form 
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is equivalent to 


[14-0 


IV'+ 1) 
IV'-m-l-l) 


f fx' - m\ fx' - m\ lx' -m\ I 

\ a o + a i{ 1 J + M 2 j + a 3 ( 3 ) + •••}• 


In this way we can, apart from the Gamma functions, express 
factorial series as series of powers of p operating on unity. Con¬ 
versely, a series of powers of p can be interpreted by means of the 
above results. 


14*01. The Operator n. The definition of it is 

rt u (x) — (x - r) A « (x) ~ x' (u {x) - u (x - 1)). 

- i 

Boole’s definition corresponds to r — 0. It should be particularly 
noted that just as a fixed number r is associated with the operator p, 
so we associate the same number with the operator n in all cases 
where tt and p both occur in the same work. 

The operator n is distributive and can be repeated. Thus we can 
interpret rz 2 u (x ), 7r" u (x) where n is a positive integer. The index 
law is clearly obeyed, and 7t commutes with constants. Thus, if / (X) 
be a polynomial, the operation /(r:) has a perfectly determinate 
meaning. Moreover 

f(n)g(n)u(x) = g(7z)f(n)u(x), 

where/ (X) and g (X) are any polynomials. 

We can now prove that, if n be a positive integer, 

7T n p n U (x) = p” 1 (7T + m) n u(x). 

We have from the definitions 


7t p m u(x) = x 


, f r(x' +1) 
l r (x' - m +1) 


u (x - to) - 


IV) 

r (x‘ - m) 


U (x - TO - 1) 


1 

J 


iV'fi) 
r(x' -»»+i) 


{x' u (x - m) ~ (x - to) u (x - to - 1)} 


r(x'+i) 

T(x' - TO+ 1) 


E m {(%’+ m)u(x)~ x'u(x~ ])} 


= p m (n + m)u(x). 
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Repeating the operation, 

u 2 p m u (x) = 7r [p m (n + m) u (x) ] = p m (n + m) [ (n + m) u (x ) ] 

— p m (7t + m) 2 u(x), 

and continuing thus, the required result is proved for any positive 
integral index n. 

From this we can infer the more general result that, if / (X) be a 
polynomial, 

/(tt) p”‘ u (x) p m /( 7 T + m)u(x). 


14-02. Inverse Operations with tc. The equation 

7T U (z) = (j> ( X) 

has the symbolic solution it(x) == tt -1 <f>(x) and also the particular 
solution 

7 

M*) - Sj 


so that a possible interpretation of n 1 is given by 

7 

n~'4>(x)= § t+C, 

c 

which gives 

7t 7T _1 <f>(x) = <f>(X). 

If we use this interpretation, we have, from 81 (6), 


Tt- 1 7t<£(x) ^ [^- r (^-r) A *«] A t + C = <f>(x)+K, 

r 

where K is a constant whose value depends on the particular 
value attributed to C. We shall suppose C to be so determined 
that K is zero. If this be done, tt and tt - 1 are commutative 
operations. 

We therefore make the following definition : 


-- 1 <£(*)= § - t l _ r M)At + C, 


(1) 
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where the constant C is given a particular value which makes 
•re -1 7 i(j>(x) — 

In practice it will seldom be necessary to determine C, but the 
above definition enables us to attach a precise meaning to tz ' 1 and 
thereby gives a wider range of application to this operation. 

We can now interpret 7r n when n is a positive or negative integer, 
and we have for all integral values of p and n 

n v 7z n <f>(x) = n v+n <f>(x). 

To interpret (u + m) _1 u(x), we have, from 11 01, 

(n + m) p~ m [77 -1 p m «(x)] rr; p~ m 77 77 -1 p”‘ u(x) ~ u(x). 

Thus a possible interpretation of ( 7 : + »i) 1 u(x) is 
(2) ( 7 Z + my 1 u(x) rzr. p _m 71 1 p m u(x), 

and if we adopt this we have just proved that 
(n + m) (n + 7>i)- 1 u (x) — u(x). 

Moreover, (2) gives 

( 7 : + m)~ 1 (7t + m) u(x) =. p~ m 7T * 1 p”‘ [ (n + vt) u(x) ] 
i p ~ m 7t~' 77 p m U(X) — U(x). 

Thus, with the interpretation (2), we have 

(Tz + m)~ 1 (u J rm)u(x) = ( 7 z f m)( tz m) 1 u(x) u(x), 

so that the interpretation (2) makes the operators tz -i m, (77 -fm) -1 
commute, and this interpretation is therefore suitable inasmuch as 
it preserves the commutative property of tz and tt~ 3 when m — 0. 

It follows at once that, when p and n are integers, 

(77 + w) p (77 + m) n u — (77 + m )" 1 ’ 1 u. 

From the commutative property of the direct and inverse opera¬ 
tions we have the important result that if /(X), y(X) be two rational 
functions of X, then 

f(n)g(n)u = g(n)f{n) u, 

and further that, to interpret /(tz)u(x), we may express /(X) as 
the sum of terms of the form A X n , B(X-b) m (that is, we may 
use the method of partial fractions). Thus we see that f(n) u(x) 
is the sum of terms like A 77 n u(x), B(n-b) m u(x). 
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14*03. The Operators n 1 and p r These are defined by the 
relations 

7T| U (x) — x' ^u{x) = x’ {u{x+\)-U (x) }, 

PT U ( X ) = r E m u(x), x' = x-r. 

With the necessary modifications in the definitions the results 
which we have already obtained for the operators n and p apply 
to the operators 7Cj and p,, and it will be unnecessary to repeat the 
arguments. 

Further generalisation can be made by substituting A for A * n 

hi 

the definition of 7t, and a corresponding change in the definition of p. 
The cases which we consider are those in which co = 1 or w = - 1. 

We shall now proceed to prove some general theorems for the 
four operators r., p, tcj, p,. The theorems will be stated for both 
sets of operators, but will be proved only for r. and p. The reader 
will have no difficulty in supplying the proofs for and p t . 


14*1. Theorem I. ///(X) be a rational function, then 
/(<*) P m « f- P m f(n-rm) u, 
fi~i) p’r M 1 + >») M- 

The theorem has already been proved for the case of a polynomial 
(see 11-01). 

Suppose /(X) expressed in partial fractions, say, 


/(X) = P(X)+V 


A 

(X-aj" 


where (X) is a polynomial. From 14 01, 

(K-n)’ 1 p ra [(7i-« + w) "w] — p”‘(7T-a f m)"[(it-a + »n) - "«] = p m u. 
Operating with (u-a) ", we have 


(tc - a) " p m u = p m (iz — o + m) _n u. 

The theorem is therefore true for /(X) = (X-a) _B and is there¬ 
fore true for anv rational function. 
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14*11. Theorem II. 

it(7t- 1 )(tc — 2)... (rc — n+ l)w =: x'(x' - l)(x' — 2)... (x' — « +1) A u 

TC i(‘ K i~ - 2)...(7c 1 — n+ l)w == x’(x'+ l)(x' + 2)... (x’ + »- 1) A w - 
From Theorem I, we have 

(n — k)u=z(n- k) p k p~ k p~ k u, 

so that 

(tv- n+ l)(w- n + 2)... ( 71 -1) w u 

— p" -1 7V p~ B+1 p n_2 7C P“ n+2 ... p -2 p 7V p -1 TV U 

— p n (p~ 1 w)” u. 

Now 

7 zu(x) = x' [u(x)-u(x- 1) ], 

and therefore 

p -1 tcu(x) = (x' + 1) [n(x+ l)-u(x) ] -f- (x'+ 1) 

= A «(*+!) = E A «(*)• 

- 1 - 1 

Hence 

n 

(p- 1 k)”«(i) = E n A «(*)> 

- 1 

p"(p - ' 1 7v) n u(x) =- x'(x' - 1) ... (x' - «+ 1) E~" E" A u ( x )> 

-1 

so that 

n 

(n- w+ l)(7r-n + 2)... (tv- 1) izu = x'(x' - 1)... (x’ - n -(-1) A u > 

-1 

which is the required result. 

14-12. Theorem III. If F (>.) be a polynomial, 

F(it + p) u = JV(tv) + Fj (re) p + ^ F 2 (tv) p 2 + ^, F s ( tt) p 3 + . -. J u, 

Pi) w = K)“ Pi + 2! F 2 ^i) Pf- 31 *’s(*i) P* + —] u > 

where 

FnW=AF(X), n= 1,2,3. 

-1 
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The theorem is clearly true for 
( 1 ) = 

Suppose it to be true for 

(2) W = (i). 

that is to say, 


” +i >).± (('")+ yf-)'■;}«, 

n / • [ n/ -n—s/s! ) 


since 


Af X ) = (>-*). 

... x ft/ 'ft-S/ 

Operating with (re + p — n) / (ft + 1), we obtain 



/r-s+l, P- 1 .'] 

\ - a f 1 / (s - 1)! J ' («+!)! / 


From Theorem I, the second term in the square brackets is seen 
to be 

7T-S j p* 

n - s + 1 ) (s - 1)! ’ 

so that we at once obtain 


( 



i( 71 
0« +1 



<-l 


7T - A 

n 11 -s 



«. 


The theorem thus follows by induction, from (1), when F(X) is 
of the form (2). Since any polynomial can be expressed as the 
sum of terms of the form (2), the theorem is proved. 

The application of this theorem is as follows : 

We have, from the definitions, 


7t u x = (x - r ) (u x - u x _,), p u x = (a- - r) u x _ x , 
whence, by addition, 

(TT+plu, = ( x-r)u x . 

Thus multiplication by a;' or i-r is equivalent to operation with 
k + p. Symbolically, 


x' — X- r jr. 7T + p. 
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We can now express any polynomial as an operator for, if /( x) 
be a polynomial, 

f(x)u=f{Ti+p + r)u, 

and we can apply Theorem III to developing the right-hand member. 
Thus, for example, 

2 c 3 u i_ (7t + p + r) 3 u. 

Here 

F( X) = (X-f-r) 3 

= (X + r)(X+r-l)(X4-r-2) + 3(X + r)(X + r-l) + (X+r), 
F^X) = 3(X-t-r-l)(X + r-2) + 6(X4r-l)+I, 

F,(X) = 6(X + r-2) + 6, F a (X) = C. 

Thus 

{(7r + r) 3 + [ 3(Tr-fr) 2 -.'5(7t-f r) + 1 ] p 4 3(tc hr— 1) p 2 + p 3 } u. 

14-13. Theorem IV. ///(X) be a rational function, then 
/(Ttjp” 1 .! =f(m) p m 1, 

/(«i) p r- 1 =/(»») pr i- 

By Theorem I, 

/(7t) P”‘ 1 = P m /(uPw) 1. 

By Taylor’s theorem, we have 

/(X+ m) = f(tn) -rf'(in) X t /"(m) 
and therefore 

/(7r-f m) 1 = /(»») 1 +f'(m) n . 1 4-... . 

But 7t. 1 — 0, 7T 2 .1 =0, and so on, so that the theorem is true 
for a polynomial. 

To prove the theorem for any rational function, since we may 
express the function in partial fractions, it is only necessary to 
consider the case /(X) = (X-t -a)~ n . By the first part, 

(tc + o)" p™ 1 = ( m + a) n p 1H 1. 

Operate with (m + a)~"(7r + a)~ B ) and we have 

(m + a)~ n p m 1 = (7t + a)~ n p m 1. 

Thus the theorem is true for any rational function. 
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14 "14. Theorem V. Every linear difference equation whose 
coefficients are rational functions of x can be expressed in either of 
the forms 

C/o ( rt ) + f \(") P + h (*) P 2 + • • • + fm fr) ?'”3 « (X) = f{x), 

Pi +^2(^1) PI +—+ 9 m(n 1 ) pH «(*) = S'(a), 
wAere /„(X), <jr s (X), (.s = 0, ], 2,..., m) are polynomials and f(x), 
g(x) are known functions of x. 

Suppose the equation to be given in the form 

(1) X 0 u(x) + Xy u(x - 1) + X 2 u(x- 2)+ ... 4- X n u(x-n) = X, 

where the coefficients are rational functions of x, which may, without 
loss of generality, be supposed polynomials, since multiplication of 
the equation by a suitable polynomial will produce this case. 

Multiply the equation by x'(x' - 1 )(x' - 2) ... (x' - n+ 1) and 
observe that x’u(x- 1) = p u(x), x' (x' - 1) u(x- 2) = p 2 w(x), and 
so on. The equation then assumes the form 

4> 0 (*) u (*) + <f>i ( x ) P u(x)+ (x) p" u(x) = f{x), 

where the coefficients are polynomials in x. 

Now we have seen that multiplication by x is the equivalent of 
operation with 71 +p, and therefore that multiplication by x is 
equivalent to the operation 7 i+p + r. If then we replace x in the 
coefficients by rr-f p -i r and expand these coefficients by using 
Theorem III, we obtain the form stated in the enunciation. 

If the equation be given in the form 

(2) X 0 u(x) + X 1 u(x+ 1) +...+ X„ u(x + n) — X, 
we can multiply by x'(x'-l-1)... (x' + n — 1) and put 

x u (x + 1) = pi u (x), x (x' -f- 1) u (x + 2) = pi u (x), 

and so on. If we then replace x in the coefficients by -Ttj+pj + r 
und again use Theorem 111, we have the second of the forms stated. 

Since equation (1) can be transformed into the form (2) and 
vice versa, each of these equations can be expressed iu either of 
the forms given in the enunciation. 

We shall call the forms given in the enunciation the first and 
second canonical forms respectively. 
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The above theorem is fundamental in Boole’s method and gives 
rise to the following remarks : 

If the equation be given in the form 

-XoA«(z) + Xi A tt(r)+...+I„«(r) = I, 

-l -l 

the simplest procedure is often, not to reduce it to one of the forms 
used in the proof of Theorem V, but to multiply by 

x'(x' - l)(x'- 2)... (x' - n +1). 

Then, by Theorem II, the equation assumes the form 
(f> 0 (x) 7t(7t - 1)... (71 — n +1) u (x) 

+ <f> 1 (x) tz(tz- 1)... (n- w + 2) u(x)+ ... = f(x). 

If we then replace x in the coefficients by 71 + p + r and effect 
the proper reductions by use of Theorem I, we arrive at the first 
canonical form of Theorem V. 

It might also be noticed that another way of reducing the equation 
X 0 u(x) + X 1 u(x-l) + ...+X n u(x-n) - X 
is to make the change of variable 

u(x) - v(x)l F(x' + 1), 

which gives 

u{x-\) = r(x , + 1) pi’(z), 

w<»- 2) = F(ac'Hh I) P * "(**)* 
and so on, so that we obtain 

X 0 v(x) + X lP v(x) + ... + X nP ”v(x) = X r(x' + l), 

which can be reduced to the first canonical form by the method 
already explained. 

In the same way the equation 

Jl 0 m(x) + Z 1 w(x+1) + ... + .Y b u(x + «.) = X 

becomes by the substitution u(x) — v(x) F(x'), 

X 0 v(x) + X lPl v(x)+... + X nP n l v(x) = XI r(x'). 
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It must, however, be clearly understood that a change of the 
dependent variable of the kind just described jnay so affect the 
solutions of the transformed equation as to render the method of 
solution in series jvhich will presently be described inoperative. On 
the other hand, should an equation when reduced by Theorem V 
prove intractable, the change of variable may lead to an equation to 
which our method will apply. 

14*2. Formal Solution in Series. Consider the homo¬ 
geneous equation 

(1) X 0 u(x) + X 1 u(x- l)+ ...+X„u(x- n) = 0, 

where the coefficients are polynomials. We first make the change of 
variable u(x) = p. x v(x ). The equation then becomes 

p" Y 0 «(x) +(i."” 1 Zj t'(x- 1) + ... 

+ (i-n+l) + I„D (x-n) — 0. 

If this equation be reduced to the first canonical form, we have 

(2) r/o( 7t ) + /i( 7t )P + /2( 7t )P 2+ — + /m(TC)p Tn ]v(a!) = 0, 
where f 0 (n), fi(n), ... , / m (7t) involve the parameter p rationally. 
For the moment we shall leave p undetermined, and we seek to 
satisfy the equation for v (x) by a series of the form 

(3) t’(:c) = a 0 p i + a 1 p t ~ 1 + a 2 p*" 2 +... + a, p ,t_ *+ ... , 

where the operand unity is understood. Substituting this series in 
(2), we shall have a formal solution of the equation if the coefficients 
of the several powers of p vanish. Using Theorem IV, we thus 
obtain 

(4) a o/m (»» + *') = °> 

®i (m + k- 1) + a 0 f m l {m 4- k - 1) = 0, 

“a /m(»» + * “ 2) + a x f m ^{m + k- 2) + a 0 / m _ 8 (m + k- 2) = 0, 


(5) a, f m (m + k - s) + / m _ x (m + i-s)+... 

+ a ,~ m M m + k ~ s ) = 0 (s>m). 

If we suppose a 0 0, equation (4) yields a certain number of 
values of k, say, k v k?, ... , k\, which for the present we shall 
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suppose to be all different, and such that no two of them differ by 
an integer. The equation 

(6) /«(» + *) = 0 

will be called the indicial equation. 

To each root of the indicial equation there corresponds a series of 
the form (3), whose coefficients are determined successively by the 
above recurrence relations, which can be successively evaluated, 
since, by hypothesis, no two roots of (6) differ by an integer, and 

therefore, if k lie a root of (6), /,„(»« + k - s) -/-(), s = 1, 2, 3. 

Each series obtained in this way is a formal solution of (2). 

Denote the solutions corresponding to A\,. k v by 

M J ). , tv(r). 

We have then the formal solutions 

V- x 'iW, n x <’ 2 (z), •••. !’,(*) 

of (1). Whether these solutions converge can of course be examined 
in atiy particular case. Whether they are linearly independent is as 
yet undecided. 

If v = n we have obtained n solutions, but if v < n the equation 
has other solutions which we have yet to determine. Leaving 
these questions for the present, it may happen that the indicial 
equation does not contain m + k, in other words, that / m (re) is 
independent of re. If ( 71 ) be also independent of p the method 
fails completely, but if f while independent of re, be not 
independent of p we choose, if possible, a non-zero value of p 
such that / m (re) vanishes Let p J; p 2 , ..., p x be the distinct non¬ 
zero values of p which cause / m (re) to vanish. 

To each such value of p we have an equation of the form 

[/o(^)+/i( TC )P+”- + /m- 1 (^)p'” _1 ]’’W = 0, 
and we attempt to satisfy this equation by a series of the form (3). 
If corresponding to p = pj this equation yields formal solutions 
Cj(x), ..., v„ (z), we have as solutions of (1) 

pf^(x), ..., tfvjx). 

Similarly for p 2 , p 3 , ..., p x we may obtain corresponding sets of 
solutions. 
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Thus we see that if equation (1) have a particular solution of the 
form 

f* I {«oP* + «i P*' 1 + « 2 P* : ~ 2 +---}, 

this solution will in general he detected by the above method. Since 

0 * = .JV+IL = r(x-T+i)_ 

P r(x'-rn+\) P (x — r - m + 1) ’ 

we shall expect our method to determine any solution of the form 

p* T (a; - r + 1) / a, a 2 \ 

r{x-k~r+}){ 0 (x-r-k + l) (x-r-k + \)(x-r-k + 2) 

Example, (x - 2) u (x) - (2x - 3)«(x - 1) - 3 (x - 1) u(x- 2) = 0. 
Putting u(x) = p* r(x), we have 

p 2 (x-2)n(x)-p(2x-3)r(x- l)-3(x-1) r(*-2) = 0. 

If we take r — 0, so that 

xv(x- 1) -- pt>(x), x(x- 1) v(x-2) = p 2 r(x), 
the equation becomes, on multiplication by x, 

f P- 2 (x-2)x-[i (2 x - 3) p - 3 p- J v (x) - 0 . 

Writing t: + p for r, we get, by Theorem III, 

[ p 2 {7i 2 - 2tt + (27T - 3) p t p 2 } - p(2- - 3 -f 2p) p - 3 p 2 J r(r) = 0, 

I p 2 (tc 2 - 2te) 4- (p* - p) ~ - 3) p r (p 2 - 2p-3) p 2 ] v(x) = 0. 

Since /»(-) = p 2 -2p-3 is independent of tc, we choose p so 
that p 2 -2p-3 — 0. This gives p — 3 or-1. With either of 
these values for p the equation becomes 

[p(~ 2— -”) r (p— 1 )(2~ - 3) p] r(j ) - 0. 

Assume 

r(s) = «op* + «i p k l +a 2 p k - 2 i-.... 

The indicia! equation is 

2(k + 1) - 3 = 0, whence k — k. 

The recurrence relation for the coefficients is 

(p - 1) (2k + 2-2 s- 3) a, + p(Jt + 1 - s) (k - 1 - s) o 5 _, = 0, 
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which gives, since k — 


[14-2 


a. = P 


(2s-3) (2s+ 1) 


P 


8((i-T)’ 


dj — — 3 po^, u 2 


— — 


3.5 

— rz — a 


01 


- 


-r 


3.3.5.7 

2.3 ' 


*0 i 


a, = -J>’o 0 [(2s- 3)(2s- 5)... 5.3(2s + l)(2s- 1)... 3]/s!. 
When n = 3, p = ■,“«•> and when u = -1, p — £ V. 

Hence we have the formal solutions 


3* T(x+1) | 3.3 3 2 3.5 1 

Ul[X) = r(x +1) l 16 ( 1 + f) 16 2 (*+!)(*+jj2 

(-l)*r(x+l)/ 3 3.5 1 

Ui(X) r(* + i) L 1C(X . I) 16 2 (x + \)(x + ii)2 


where the successive values of the coefficients are determined by 
the formula above for a,. 

If t>-v t s denote successive terms of either series, 


J, p_(2s - 3) (2s +1) 4p (1 - :! s' 1 ) (1 + 1 *->) 
_ s(x-i + s) — l + fx-^s- 1 


Thus, for ttj(x), 


t. 


I, 


■J, and for w 2 (x), 

‘■ b - i i : ‘sj 

Thus both series are absolutely convergent. 


t. 


t. 


>1 


14*21. Solution in Newton's Series. The method of opera¬ 
tional solution can also be applied to finding a solution in the form 

u (x) = fx* r ^ + k ^ a, (x'-k)(x'-k-l)...(z'-k-s+l). 

The equation having been reduced, after the substitution 

u(x) = n x v(z), 

to the form 

[/o( 7r ) + /i(*)P + — + /«(*) p m ]v{x) ~ 0, 

and p, chosen, if possible, so as to make the term f m (n) vanish, we 
substitute 

v (x) = a 0 p* + Oj p* +1 + ... + a s p t+ * + .... 
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Equating to zero the several powers of p, we obtain the indicial 
equation 

/«(*) = 0 , 

together with the recurrence relations 

a,fo(k + s) + a^ l f l ( k + s ) + a >-iMk + s) + --- = 0, 

by means of which the coefficients can be successively determined 
when the value of k has been found from the indicial equation. 

If the series obtained in this way be convergent, we have a 
solution of the equation in the required form. The following example 
illustrates the method: 

Example. 

(x-oc)(x- fi) u (x) - [2-r (x- 1) - 8 (x - 1) r« (}] u (x- 1) 

+ (x — 2) (x - y — 1) u (x — 2) = 0, 

where 

8 --- x - + y + 1. 

Take x' — x-\. Putting u (s) — p.* v (x) and multiplying by 
x - 1, we get 

P 2 (tt-+ p)(rr -(■ 1 - a -t- p)(~ r\-$ + p) v (x) 

- ix [2 (tt + p) (rt +1 + p) - 8 (t. + p) -i- a {3] p v(x) 

-f (~-rp-y)p 2 r(x) - 0. 

The coefficient of p :i is (p - 1 ) 2 . Wc therefore take p — 1, so that 
u(s) — v (x), and the equation reduces to 

[ 7 : (t: - x + 1) (it - !J + 1) -r 7t - a - (i + y) p] u (x) = 0. 

Put 

u (x) = a 0 p* + a 1 p* +1 + ... -f a, p* t,, -f.... 

The indicial equation is then 

*(*-«+ l)(/t-p+l) = 0, 

whence 

k — 0, «— 1, p-1. 

The recurrence relation for the coefficients is 

o, {& + s) (& 4- s — a-f-l)(i + s— (i 4 -1) 4- df-i (k 4 - s) (k 4 - s — a — [i + y) = 0, 
m.t.c. 
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so that we have for o, the expression 

(-l)*(&-l-l-a -!3 + Y)(& + 2 -a-p + Y)---(& + s-a-p + Y)a 0 
<4+2-a)(*+3-a) ...(* + *+!-«)(*+ 2-p)(*+3-p)... (*+#+l-p)' 


Putting in turn £ = 0, & = a- l,A:=(3-l, we have the three 
solutions 

u t x \ - j + v lr 1)‘ (1 -a-p + Y )- .(s-a-p + Y)*! ( x ~ l \ 

11 M (2-«)...(* + i-aj(2-P)...(*+l-P) V s 1' 




r(x) 


a-f 1 ) 


[ 00 

i+ 2 

< =-1 


(-1)*(Y~ P) ” -(y-fi + s-l) (x-a.) 

i 


(a-(3+1)... (a -p + s) 


(v): 


„ (x) _ __ n*L_ [j v (-i) 8 (y~ a )••• (y~ a 

s(,) i>-! 3+1)L 1+ & (p-« + i)...(p-« 

The ratio of the sth term to the preceding term is 

( k + s- a.- $ + y)(s-x + k ) _ . x - y + 2 
(k + s- x + 1 ) (k + s - [3 + 1 ) s 

All three series are therefore absolutely convergent if 


+ s_- 1) (x- (3 
+ s) 


\ s 


R(x)>R( y-1). 

In the case of tq (x), neither a nor (3 may be a positive integer 
greater than 1. 

For u 2 (x), a - (3 must not be a negative integer, and in the case 
of u 3 (x), (3-a must not be a negative integer. 

These three solutions cannot be linearly independent. 

If a = (3 = 1, the indicial equation has a multiple root and the 
three solutions coincide. The method of dealing with multiple roots 
of the indicial equation is discussed in section 14-22. 

This equation can also be satisfied by factorial series of the first 
kind, for, putting 

u(x) = 6 0 p* + hiP^ + .-.+h, p*~*+..., 


we have the indicial equation 

(k + l)(k+l-*-£, + y) = 0, 


whence A; = — 1 or a + [3 - y - 1. 


The recurrence relation is 


fc,(A;-s-j-l-a- (3-f y) + b,_ 1 (k-s + 2-x)(k-s + 2- (3) = 0, 
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which gives for b B the expression 

(8 — 2 — k + a.)... ( — I - 1c 4- a) (s — 2 - fc + p)... ( - 1 - & + p) 6 0 
(s- k- 1 +a+ (3i — y")(s - k — 2 + a + (S — y) ••• (- & + a + (3 — y)' 

Writing, for brevity, c = a+ [3 — y+1, we have the solutions 

„ fr) _ 1 , , . a(«+l)P(P + l) 

4 ' ' x cx(x + 1) ’ c(c+l)x(x+l)(x+2) 

«(a+l)(x + 2)p([i+l)((i + 2) 
c (c +l)(c + 2) x(x-i- l)(x+2)(x+3) ’ 

“ . (y-«)(t-P) 

LI! (x-c-f2) 

. (v -_*) <y - a -f-1) (Y_- p) (Y - ? + 1) . " 

2! (x-f + 2)(x-c +3) ’ 

so that in terms of the liypergeometric function 

u a( x ) = + Y ~! i; x ~ c + ' 2 '> *)• 

Thus, using 9-82, we have 

u(x) - rwrcr-y+i) 
bK '' ~ r(x-p+i)r(x-«+i)‘ 

The series for (x), w 3 (x) converge for R(x) > Il(y - 1). When 
| x) —> oo in the half-plane of convergence we have the asymptotic 
relations 

m 1 (x)~x- 1 , « 5 (x) - x c - 2 , 

the latter result following from 1013. 

It follows, from 12-10, that u 4 (x), w 5 (x) form a fundamental 
system of solutions. 

14-22. Exceptional Cases. In the preceding discussion we 
excepted the eases in which the indicial equation has multiple roots 
or roots which differ by an integer. In the case of a multiple 
root the method only gives one series corresponding to that root, 
while in the case where two roots differ by an integer, the 
equations 14-2 (5) may lead to infinite coefficients, owing to the 
possible vanishing of f m (m + k-s) for certain values of s. To 
discuss these cases we shall suppose that the given equation 
Z 0 u(x) + A'j u(x- 1)+ ... + X n u(x-n) — 0 


u 5 (x) 


r(x) 

r(x-c+2) 
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has been transformed by the substitution u (x) — pt® v (x) and that 
the value of [jl has been assigned in the manner previously described, 
so that for the value of y. in question the equation assumes the first 
canonical form 

(1) [/oM + /i( 7t ) P + fz( n ) p 2 + ••• + /m( rt ) P m J v(x) = 0. 

The indicial equation is 

f m (m+fc) = 0. 

If the indicial equation have roots which differ by zero or an 
integer, we begin by arranging all the roots in groups such that 
any pair of roots of the same group differ by zero or an integer. 
The roots of such a group will be called congruent. Let p be the 
greatest positive integer by which a pair of roots of the indicial 
equation differ. 

Consider the non-homogeneous equation 

(2) [A(^) + /i(tc)p+••• + /„>(*) P”\|v ( x ) = a (*)/ m (m + A-) p* +m , 
where 

a(k) = b 0 f m {m + k- l)f m (m + k- 2) ...f m (m + k-p). 

If round each of the roots of the indicial equation we describe 
circles of radius y, we can make y so small that when k 
varies in the domain Ii formed by these circles the function 
f m (m + k-s), s>p, does not vanish at all. Under these condi¬ 
tions we can find a formal solution of (2) by putting 

v (x) = a(k) p k + b i p* -1 + b 2 p 1-2 +... . 

For if we substitute this series in (2) we see that the coefficients 
of p fc+m are equal, while the coefficients b lt b 2 , ..., b,, ... are found 
from the recurrence relations 

b l f m {m + k-i) + a[k) + = 0, 

b 2 f m (m+k- 2) ■+b l f m ^ 1 {m+k-‘2)-i-a(k) / m _ 2 (tn + k-2) = 0, 


b,f m {m+k-p) + b p _ 1 f n _ 1 (m + k-p) + ... = 0, 


b t f m (m + k-8) + b,_ 1 f m _ l (m + k-s) + ... = 0, 
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and these equations lead to determinate values of the coefficients, 
for should any of the coefficients f m (m + k-s), s = l,2,...,p 
vanish, we can first remove the vanishing coefficient which also 
appears in a(k) and therefore in b v b 2 , ... . 

Moreover, f m (m + k-s), s> p, cannot vanish for any value of 
k in K. We thus obtain a formal solution of (2) in the form 


v k (x) = a(k) 


+ x' 


W 

-k 


l + (x'- 


k i l)(x'-k -2) 


V(x'+ 1) 

I’ - k + I) ■ 


If the factorial series 


Uj v 2 Uq 

z +1 + (2+1) (2 + 2)" (z-i 1) (z + 2)(7+ 3) 
converge uniformly with respect to z for It(z) > X, the series 
for v k (x) will converge uniformly with respect to k for R(x) > X', 
where X' > X depends on the exact disposition of the region K. 
Consequently, for /?(*)> X' and k in K we can differentiate 
the factorial series term by term, and we thus obtain the result 
that d‘ v k (x) I dk" exists as an analytic function and satisfies the 
difference equation 

(3) [/oW + - + /m(-) P’ n ] t’(-r) - gj., |a(A-)/ m (m+ k) p m ^| . 
Now consider 

a{k)f m (>n~k). 

Let a 0 , a 2 , ..., ot (1 be the congruent roots which constitute 

the first group of the roots of the indicial equation and suppose 
them arranged in non-descending order of their real parts, so that 

R(x 0 ) s^R(<x j) < R( a,) ^ ... < ^(x,^). 

Let a 0 , a x , a M , ... , a, denote those roots which are distinct. 
Then 

a o = — *2 = •■• = -1 > 

so that a 0 is of multiplicity X. 

Again, 

= «vn = -..= i, 

so that cx x is of multiplicity p. - X, and so on. Thus 

a(k) = h 0 (i-a x ) x (i-aj' 1 ... (k-<z y ) r f(k). 
where f(k) does not vanish for any root of this group. 
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Now 

f 0 (m + k) = (k-tx 0 ) k (k-a K )*- k ... (k- 0 L v ) l ~ r g{k). 

Thus 

a(k)f 0 (m+k) - (A-a fl ) x (A- ■■■ (*-a„) 1 <f>{k), 
where <f> (k) does not vanish for any root of the group. 

It follows that 

l k , i a U C ) f rn( m + k) p m + *] 

vanishes when 

k = a 0 , s — 0, 1, '2, ... , X- 1, 
k = x x , s = X, X+1, ... , p. — 1, 


A: = a„ s ~ v, v+l, ... ,1-1, 


and in these cases the equation (3) coincides with (1) and therefore 


we have l solutions of 


(1), namely, 



corresponding to 


the above set of values of k and .<f. 

That these solutions are linearly distinct will be proved later from 
a consideration of their asymptotic values. The corresponding 
solutions of the equation in u(x) are obtained by multiplying the 
d 3 

values of gjjj [®* (*)] by M- 1 . 


Example 1. 

(a5® +1) u(x) - (2x- I )(x- 1 ){x- a) u(x- 1) 

+ (x - 2) (x - a) (x- a - I ) u(x - 2) -- 0. 
Writing u(x) = v(x) p x and taking x' — x-a, we have 
P 2 [(tt + o+ p) 3 + l]u(x) - p [2(7T-i a +- p) 2 - 3(- + a-r p) + 1] p v(x) 

+ (tc -r a - 2 + p) p 2 v (x) 0. 

The coefficient of p 3 is p 2 -2p-t-l. We therefore take p1, 
and the equation reduces to 

[(7r+a) 3 + 1 + (iz + a) 2 p] u (x) — 0. 


u(z) = a 0 p fc + a, p k ~ l +... 


Putting 
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we have the indicial equation 

(& + a +1) 2 = 0. 

We therefore consider the equation 

[ (tt + a) 3 +14- (tc + o) 2 p] w(x) = a 0 (fc.+ a+ l) 2 p t+1 , 
which gives 


(t + a) 2 a 1 + a 0 (l + (k + a) 3 ) — 0, 

(k + a- s+ l) 2 a, + o,_,(l + (k + a-s+ 1) 3 ) = 0. 

Writing l = k + a +1, 

~ l ) 3 ~ 1 ] [(* -1 - 1 ) 3 - 11 K ' -1 - 2) 3 - 1 ] ■ • • [ (1 - If - 11 
(«-/)*(jr-T-j)*(i'-T-2T*...T ]-If .. °' 

Putting k — — a — I, that is, 1 = 0, we see that a x = 0 and 
therefore =0, s = 2, 3, 1 ,.... One solution is therefore 

u x (x) = p -0 ' 1 — V(x- a-r 1) / P(a; + 2). 

A second solution is the value when l = 0 of 


0 a / 1 


‘a / 1 


^ dl P dl ' ’ 


and from the form of a, we see that, when 1 = 0, 

0«, 

dl " .2 2 °‘ 

Thus a second solution is 

r(r-a+l)t(r + 2) _ <->(«»-1)... (2 s -1_) T(r-o+l) 

, _ ' T(x+ 2) ' «*(*- i')*... ‘i* r(»+«+2)• 

The series converges if H(x) > 0. 

The following example illustrates the application of the method 
to solutions in factorial series of the second kind. 


Example 2. 

(x- 1) u(x) - (2x- 1) u(x- 1) + (x - 1) «(x-2) = 0. 
Multiply by x and take i’ — x. The equation becomes 
[x(x- l)-(2x- 1) p + p 2 ] « (x) = 0, 
which reduces at once to 

1) - pi «(-r) = 0. 
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Clearly this has no solutions by factorial series of the first kind. 
We therefore put 

u(x) — a 0 p fc -f- a 2 p*+ 2 +.... 

The indicial equation has the roots 0 and 1 which differ by an 
integer. 

We therefore consider the non-homogeneous equation 
[tc(tc- 1)- p] «(#) = k(k- 1) a 0 (k) p k , 

where 

«oM=/o(*+l)&o = *(*+In¬ 
putting 

u{x) = a 0 (k) p k + b 1 p iHl 4 -h 2 p* f 2 4 - ... , 
we obtain the recurrence relations 


whence 


(k 4-1) k b t = a 0 (k) = b 0 k(k + 1). 
(k 4- 2) (k +1) h 2 — b x , 

(k + s){k + s-l)b, = b t . x , 


b x — b 0 , 


b tt 


(A' + s) (i 4 s - 1)... (k 4~ 2) (k -)■ X — 1)... (Ic -I J) 

Thus 

v__ _*!. ... (x-k\ 

~^ x (k-r s )... (k + 2). \k + s — 1)... (k 4- 1) V s 

The series in the bracket converges in the whole plane so that u(x) 
is a meromorphic function with poles at the poles of F(i + ]). 

We get one solution by putting k — 0, whence 




To obtain a second solution we differentiate u(x) with respect 
to k and then put k = 0. Now 


u(x) 


k{k + 1) r(x+1) 

V(x-k+]) 


y, r(4+2)r(i+i)n*+i) 

f r (k 4 .V t 1 ) f (k + .V) P(x - k - .V 4 1) ■ 
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Writing t, for the term under the summation sign and taking the 
logarithmic differential coefficient with respect to k, we have 

1 |^ = 'lr(ifc+ 2 ) + ^(ifc+i)-^(t+« + i) 

- 'P (& + s) +'P (x - k- s +1). 
Putting k = 0, we obtain the solution 


“*<*> = 1 + £ (.-\)iC) 

x {'P(x~S+l)- 'P(.s)- 'P(s -}- 1) r 'P(2) -> 'P(l)}. 

14*3. Asymptotic Forms of the Solutions. We have 
found that when the indicial equation presents roots which differ by 
zero or an integer, the solutions are obtained by differentiating 
partially with respect to k the expression 


where 


»’*(*•) = w k (x) 


\'(x- r -f 1) 
V(x~r- k + 1 j’ 


W k (x) - a(k) f - r ' r " k ~ j } ^ I r ~J + •>) 


a(k) = b 0 (k-x K ) x (k-x li )“... (k-x y )"f(k). 


Now, by Leibniz’ theorem, we have 

d’v k (x) • /s \ d ( r{:r-jr-el) d s 

dt "rtW/ dk i rv-T-x +T) ’ 

and by 10-43, 

, t F(x-r+ I) r . . 

(a: r ]) at* r(j--r-*+i) “ n ° (T 

+ r i- l ) lo 8 - x _ l + •■• + (! + n«(x)) (log^i^i) - 


where Q 0 , Q 1( ..., O t are inverse factorial series without a constant 
term. 

It follows that for large values of | x j we can replace the right- 
hand member by its largest term, namely, ( log {1 / (x- r+ 1) } ]‘. 
Thus we have 


d’v k (x) 

dt 


(x - r - 



rf® - * a (A:) 
dt « 



1 y. 

x- r +-1/ 
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For the X roots equal to a 0 we have therefore, if we retain only 
the largest term on the right, 




(as-r + lp (log^^rj) a K) 


x a ° (log ”) a (ocq), s = 0, 1, 2,..., X- 1. 


For the roots equal to a x , we observe that a K is a root of 
a(k) = 0, of multiplicity' X, so that o (,) (a x ) = 0, t — 0, 1, 2,, X- 1. 
Thus for these roots, 



^(log*) (*)a (x) (*J, * = X + l,... , jx— 1. 


Proceeding in this way we have finally for the roots equal to a,, 



~*%(log*) (paC >(*„). 


s = v, v+1, 


We have thus obtained asymptotic expressions for the solutions 
belonging to the same group of roots of the indicial equation. 

Since the roots a 0 , a x ,... , a„ were arranged according to non¬ 
descending order of their real parts, if V T ,.(a;), y m (a;) denote 
successive solutions belonging to the same group of roots, it 
follows that 


lim 

X i —*■ 00 


* i (^) 


= 0, 


provided that x —> oo by a path inside the half-plane of convergence. 
More generally when V,(x), V t (s) are two solutions belonging to 
the same group, then 


lim 

! *1 —* oo 




V t {x) 


provided that s < t. 

If we consider all the solutions to which the indicial equation 
gives rise, it follows that we can, in general, so number them, in 
the order v x (x), v 2 (x),..., v n (x), say, that 


lim 




lit-® v, +1 (x) 


= 0, s = 1, 2,..., n - I. 
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The linear independence of these solutions then follows from the 
. theorem of 12-16. We can therefore make the following state¬ 
ments : 

(I) The solutions corresponding to a congruent set of roots of the 
indicial equation are linearly independent. . 

(II) When n solutions of a linear difference equation of order n 
satisfy the conditions of 12-16, they form a fundamental set. 

(III) If the indicial equation of a linear difference equation of 
order n be of degree n, the corresponding set of solutions in general 
forms a fundamental system of solutions. For, in general, they can 
be so numbered as to satisfy the conditions of 12-16. 

14*31. Series Solution Convergent in a Half Plane on 
the Left. The solutions in series obtained by the use of the 
operators r. and p, if they do not converge everywhere or nowhere, 
converge in a half plane on the right, that is to say, in a half plane 
which contains the point x = + ao . Any difference equation with 
rational coefficients can also be prepared by means of the operators 
7q and for reduction to the second canonical form of Theorem V. 
The series obtained from the equation so reduced will converge 
everywhere or nowhere or in a half plane on the left, that is to say, 
in a half plane which contains the point x — - x . The types of 
solution obtainable in this way are 

(j. J F (x' -f- k) J a, a 2 

r (x) 1°° / , k - 1 * (x' k- 1 )(x' • - 2) 

4 - «3 . 1 

(x' + k-\)(x’ + k--2)(x' + k-'i) f 

^ IV) k) {V'A(■*•' + *) rb. i (x.' + k-)(z' + k4. 1) 

4 b 3 (x 1 + k) (x 't k + 1) (x' 4- k + 2) 4 -... j , 

where x' = x - r. 

Example. 

4x(x + 1) u(x \ 2) - 1 (x 2 4 j- 4 1) u(J‘+ 1) 4- x(x + 1) u(x) = 0. 

Put u(x) — g- r i:(iO> x> - x and multiply by x, then 

4g ‘"x p'f r(x) -4 p (x 2 + x h 1)pj v(x) + x 2 (»+ 1) r (r) = 0. 
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With - tcj + pj for x, we have, from Theorem III, 
a? + x + l = (it 1 -p 1 ) 2 -(7T 1 -p 1 ) + l = 7r 2 —7t 1 + l-(27E 1 -2)p 1 -f p 2 , 

-**(*+1) = fal - Pi) 3 - (TTj - Pi) 2 

= (nf - Stcj + 2) p 1 + (3^ - 4) p~ - p 2 . 

The coefficient of pf is 4[i. 2 -4p. + l. We therefore take \i — \ 
and the equation reduces to 

[7T*-7t 2 + (7*2 + 3*!) pj] v(x) 0. 

For factorial series of the first kind, put 

v {x) = a 0 p*+ Oj p*~ 1 + o 2 p*“ 2 + .... 

The indicial equation is 

(fc-f l)(jfe + 4) = 0, 

whence k = - 1 or - 4. 

Series of factorials of the second kind can also he obtained by 
putting 

v(x) = b 0? k x + 6, pt +1 + 6 2 pf + 2 +... ■ 

14-4. The Complete Equation. Take the complete equation 

(1) X 0 u(x) + X x u(x- 1) + ... + X n u(x-n) — X, 
where A' 0 , X lt ..., X n , X are all functions of x. 

To obtain solutions we can of course consider the corresponding 
homogeneous equation and, by the use of Lagrange’s method, 12-7, 
deduce a special solution of the complete equation from the general 
solution of the homogeneous equation. Another method which is 
more direct, when it is applicable, is the following : 

Make the substitution w(x) = p* v(x) and reduce the equation 
by means of the operators and p to the form 

(2) [fo{*)+fi(*)P+fa(*) P*+ ■■•+/«{*) P n ]v(*>) = [L~ T X, 
the parameter p being at our choice. 

If possible, we expand the right-hand side in one or other of the 
forms 

(3) p.~ x X ~ c 0 p k + c 1 p k ~ 1 + c 2 p <! ’ 2 +..., 

(4) p -1 X — d 0 p k + d x p fc+1 -td 2 p*= +2 -f ..., 
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where the index k and the coefficients are of course known numbers. 
When | i~ x X has an expansion of the form (3), we assume that 

v(x) = a 0 p* I “ m + o 1 p fc_m_1 + a 2 p fc ~ m “ 2 +... . 

Equating coefficients of like powers of p we obtain 

fmity a o ~ c o> 

f m (k ~ 1) "t ®o f m-1 ~ 1) — ^1 > 

a z f m (k-2) + a l f m _ 1 (k-2) + a 0 f m _ 2 (k-2) = c 2 , 


whence the coefficients can be determined successively. 

If the resulting series converge we have a special solution of the 
complete equation. To this we add the general solution of the 
homogeneous equation. The given equation is then completely 
solved. 

When [i.~* X has an expansion of the form (4) we put 
i>(;r) = b 0 p k + b 1 p* +1 + h 2 p k,2 -t-..., 

and equate coefficients as before. 

If |j.~*A r have expansions of the above types convergent in a 
half-plane on the left we use the operators ttj, p x . 

14’6. Monomial Difference Equations. A difference 
equation which after reduction by Theorem V assumes the form 
( 1 ) f(tz) u x — X 

is said to be monomial. 

It is evidently sufficient to assume that /(X) is a polynomial, 
for the case in which /(X) is a rational function can evidently be 
reduced to this. 

Let /(tt) = a„n(Ti- 1)... (tc-?! + 1) 

+ a n-i 7r ( 7T ' - 1) ••• (<r-w + 2)-f ...+o 0 . 

It follows at once, from Theorem II, that (1) can be exhibited in 
the form 

n 

a n (x-a )... (x-a-n + 1) A u 

-1 

n - 1 

+ ° n -i (x-a) ...(x-a-n+2) A « +... -ta 0 u = X, 

- i 

which is therefore the general type of monomial equation. 
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The monomial equation can be completely solved as follows. 
Consider first the homogeneous equation 

(2) /(*)«, = 0. 

This is satisfied by u x — p k , provided that k be a root of the 
equation f(k) = 0. If the roots of this equation be denoted by 
aq, oq, ... , a„ when these are all distinct, we have for the comple¬ 
mentary function 

rv+i) rv+i) 

^r+- + P- = , v < 1) + ••• i>'-« s+ 1)■ 

If the equation f{k) — 0 present a multiple root, we have 

m = (k-*y<f>(k), 

where a is a root of multiplicity s. We then consider the equation 

/(~) « x = f(k) P k , 

which gives on partial differentiation 


v d "P k 

J[ } dk< " dk i • dt • 


"o " v/ d&‘- 
Since d t ~' , J{k)j dk t ~ v vanishes when 

k = a, f- v = 0, 1, 2,..., s — 1, 

we see that, corresponding to k — a, (2) has as solutions the values 


of p* 


’ dk [ 


p fc 

dk?~* w ^ cn k — a, that is to say, the solutions 


rv + i) a r(x-'+i) a- 1 r(*'+i) 

r(a:'-a+])’ da V(x’ - a + 1) ’ ’ da 5 1 F(x'- a 1 1)' 

We can thus find the complementary function in all cases. 
To find a particular solution of (1) wc have, symbolically, 


Mx •/(*)*' 

Let us express 1 //(X) in partial fractions, so that 


1 _ V .. 

/( X ) < x-«r 
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Then 

*. = S ( /' a y x = 2p°A‘ K~'(p- a X), 
by Theorem I. 

To interpret the expression on the right, we have 

*-*<*> = r r ^V MMW 

say. Then we can take 

X 

71" 1 <f>(x) - | (f)(1) A t, 

e 

x 

Sy S / 

J'lO 1 2 - 1 - 1 

c e 

and so on, so that n~ s <f)(x) = (o), say. 

Hence, finally, 

... I (■£* + 1) , , . 

The process simplifies if A' can be expanded in the form 
X = c 0 p» + c, p“- 1 + .... 

We have then 


«(*) = f!-\ X 


’/(«)" /(<x) P ‘ + /(«-l)' 

by Theorem IV, provided that /(a) ± 0. 

If, however, a be a zero of order s of f(k), we have 

/(*) = (*-«)’*(*), 


1 P a_, + — . 


so that 


1 

vA P“ =? 


1 


/(*) 


(tc - a) 3 <^(7r) ^ • (rt-a) 5 <£(a) 


= ?* 1 l 

' <£(*) 7T* ’ 

where the operation tc - ’ is now interpreted as explained above. 
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Example. 

3 2 

2x(x- l)(x-2) A u(x) + x(x- 1) A u(x) + x A «(*)-«( x) = x 3 . 

-l -l -l 

Taking x' = x, this becomes 

[2lt(n~ l)(7t- 2) + 7t(7T- 1) + 7T- 1] u(x) 

= x(x - l)(x-2) + 3x(x - l) + x, 
(7c-l) 2 (27r-l)u(x) = p + 3p 2 +p 3 . 

For the complementary solution, we consider 

(7t-l) 2 (27r-l)u(x) = (/fc-l) 2 (2/5;- 1) p* 
which is satisfied by 


u(x) 


r(ac+l) 


r(*-jfe+i) - 

Putting Jc — l, k = we have 

F(x+ 1) F(x+1) 

F(xj ’ F(x + |) 

Also 

d F(x+1) __ F(x -t-1) 

atr(*-*+i)“ F(*-*+i) 1 '■ 

Putting k = 1, we get x V P (x). 

The complementary solution is therefore 

x (cjj + 'P (x)) + B7 3 T (x +1) / T (x 4 \). 
For the particular solution, we have 

«(*) = (tc- 1)- 2 (2tt- 1)~'(P 3 +V+P) 

= A. (5 3 +p 2 +(7T- 1 ) 2 p. 

To interpret this we have 

(x:-l)- 2 p = p tv- 2 . 1, 

7T- 1 ! = 'P(xj-l), 


X 

TC ~ 2 1 = § 

z~l 

?*-n = x g 
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Hence the complete solution is 
u(x) = x ( ta 1 + m 2 'P (x)) + ro 3 


n*+i) 

r'(i+i) 


+ l)(*-2) + *(*-i) + * § 


14-6. Binomial Equations. An equation which can be re¬ 
duced to the form 

t/oW+/mW P™]« = 0 
is called a binomial equation. 

Putting u = o 0 p* + a, p* 1 f ... , 

we have a x — a a — ... — a m -i = 0. 

Thus we can assume that 

u -= 5 0 p* + p fc_m + b a p* 1-2 ™ +■... 
and we obtain the indicial equation 

f m (k + m) = 0, 
and the recurrence relation 


b,f m (k-(s-l)m) f b s _J 0 {k-(s- l)w) = 0, 

which gives 

b. (-l)*/o i k -(* - 1) »»)/o {*_-(«-2) 
b 0 J m { k -{s-\)m}j n {k-\s-->)m}...J n {k) 

If one of the factors in the numerator vanish, the solution is given 
by a finite series. 

Thus we can always obtain an explicit expression for the coeffi¬ 
cients of the series which satisfy a binomial equation. 

The particular binomial equation 


being at once reducible to an equation of the first order, can always 
be solved in compact form.* 


* We say that, the solution is in compact form when expressed by a finite 
number of operat ions of the form S' 


M.T.C. 


2o 
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Again, the binomial equation 

[1 - a n <f>(n) p n ] u = X, 

where 

<f>{n) — {(n-b)(n-b-l)... (Tt-b-n + l)}- 1 , 
can be written (see below) in the form 


l ae i „ 

-b*. 


a Eo 1 i”l as n 


u = X, 


where c ls e 2 , ••• > e « are the wth roots of unity. 

If we put 

[> - a o] [> - 6 p] - - S, p] “ = V.W. 

the given equation is equivalent to the n linear equations of the 
first order: 

r 

1 


~ V ] «,(*•) = *, 


[ 1_ ^-6 P ] U(X ) = 


This is a particular application of the more general theorem that 
the equation 

[1 4-0, 4>(tz) p + a 2 cf>(n)4>(n- l)p 2 4-... 

+ a n <f>(n) <f>{K- I) ... n 4 1) p"] w(j-) — X 

can be resolved into n linear equations of the type 

[1 -q r <f>(n) p]u r (x) = « r _j(x), r = 1, 2, ..., n, 

where u Q {x) — X, u n (x) — u(x), and q lt q 2 , ..., q n are the roots of 
the equation 

q” + a 1 q n ~ 1 + a 2 q n 2 + ,..-f a n - 0. 

We have in fact 

[1 -a(f>(n) p] [1 -b<f>(n:) p] u 

— [1 - (a4 -b) <f>{ tt) p + ab(f>(-K) p <^>(tt) pju 
= [1 — (a4-6) p 4 ab <f>(n) <f>{n- 1) p 2 J w, 
and so on, whence the theorem follows by a simple induction. 
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14*7. Transformation of Equations. The following problem 
has been investigated by Boole. Given rational functions <p(X), 
i^(a), F (X) to determine, if possible, /_(>.), such that 
f{cp(7i) p”}x(7i)Z = x(it)f{<l»W p"}A. 

For the special case F(X) = a, the above relation becomes 
?(*) P" 7.W A = x(tt) 4-(tt) p" X, 
or, by Theorem I, 

9(7t)x(7r-n) p n X — X(rr) (tt) p"X. 

This will be satisfied if 

9(X) x(X- n) = y v (>')<>(>•). 

which gives 

v ,m _ ?(X)j>(X_^n)?(X-2»)„_. _ „ ?(X) 

(X) (X- «) <]>(X- 2«)... AA ”^(X) • 

Since Theorem I has only been established for rational functions, 
we shall assume 9 (A) and ({/(X) to be so related that -/(X) is a 
rational function. 

With this value of y(X) we have then, denoting 1 /y(X) by y - 1 (X), 
9 ( TC ) P n A = ?(') P" x(*) X -1 (~) A' 

= T'(*)x(“-»)p"x~ 1 (*)A’ 

= x(~)v(~)P n X -1 (*)A. 

Repeating the operation 

l?(”) P"J 2 X = y (7z) <p(~) p" x _1 (~) Xl 71 ) 'v(~) P" X _1 (“) A 
^ X(^) {'!'(-) P" } 2 X" 1 (~) A. 

Continuing in this way we see that 

!?(-) P’M’” A = x(tt) {'J'( 7t ) P"}"X _1 («)X. 

The problem has thus been solved for F(X) — X m and hence for 
any rational function F('a). Thus wc have proved the following : 

Theorem VI. // ?(X), ^(X). F(X) be rational functions, and if 

_ ?(X)<?(*-«)?(X-2»)_ _ 9 JX) 

X( ’ - *(X) <{,(X- «) ^(X—"2m) ... U " *(X) ’ 

then, provided that /(X) he rational, 

F [<P M P"] A X X(* )-F [+ (*) P B ] X _I (*) A. 
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A more general form of this theorem is obtained by assuming 
F((i, X) to be a rational function of two variables p, X. 

In this case we have 

<pfr) P B ]xW^ = x( 7t )- f ’U t ’4'( 7t ) P"]x _1 (rc)A. 

If we now replace p by it, wc have 

Theorem VII. If <p(X), <|>(X), F(p, X) be rational functions, 
and if 

_ 9(X)y(X-w)q>(X-2n)... 

’ iji(X) <j>(X- n) ^(X-2n)... ’ 

then, provided that y (X) be rational, 

F [tt, <?(tc) p”] X -A x(7r) F [-re, ^(u) p B ] x' 1 (u) X. 

The reader will have no difficulty in proving the following: 
Theorem VIII, If F(\), cp(X) be rational functions, then 
F [<p(7t) p”] A’ p' n F [cp (z + m) p n ] p~ m A'. 

We now apply these considerations to the transformation of 
equations. 

The equation 

(1) u + <p (tt) p n u — X, 
can be transformed into the equation 

(2) v + <\i(iz)p n v = U n ['j t )(i:)l<?{iz)}X 
by the substitution 

(A) u = n n [qp(7r)/4>(7i)]n = x{it)v. 

For making this substitution the equation becomes 
X (*) v + 9 (*) P” X ( n ) v - x - 
Operate with y _1 (tt), then 

v + X -1 (*) 9 (*) P” l( n ) v = X -1 ( n ) 
which by Theorem VI is equivalent to (2). 

Similarly, by means of Theorem VII, wc can shew that the 
substitution 

« = ni [?(«)/+(«)]» 

will reduce the equation 

[/o( 7r )+/i( 7T ) 9( 7t ) P+Zsfa) 9( 7T ) 9( Tt ~ 1) P 2 ] w = X 
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to the form 

[/o(*)+/iM 'M 7t )p+/2(tt)'M’ T ) <K TC ~1) P 2 J W = Hi ['H 7t )/?( 7t )]- X - 

Again, the substitution 
(B) u — p m v 

will reduce the equation 

w 4 - 9 (tc) p" u — X 

to the form 

t> + <p(u 4-m) p" v = p _m X. 

This follows at once from Theorem VIII or can be proved inde¬ 
pendently by means of Theorem I. 

Boole has applied the foregoing considerations to the discovery 
of conditions for compact solution, that is to say, solution by means 
of a finite number of operations of summation, of certain equations of 
the second order. We reproduce these discussions in full, as they 
throw an interesting light on the structure of certain classes of 
difference equations. 

14-71. The Equation with Linear Coefficients. Let the 
equation be 

(1) (ax + b) u (x) 4- (cx + e) u (x - 1) -t- (fx + g) u(x - 2) = X. 

If / =f~ 0, the linear change of variable fx + g = j(x - 1) brings^ 
the equation into the form 

{ax' -p b') u' (x') 4- (ex' + c') u'(x' - 1)4- f(x' - 1) u' (x' ~ 2) = X', 
where b' = b-a{g+f) / /, e' = e-c(g+f) j f. 

Suppressing the primes wc may therefore consider the equation 

(2) (ax + b) u(x) + (cx + e) u(x - \) xf (x- \ ) u(x-2) = X. 

Putting u(x) — (jl x v(o'), p u(x) = xu(x- 1), we obtain 

(3) (x 2 (an 2 + br.) v(x) + p [(2ap4-c) tt+ (b- a) p4-e] p v(x) 

4- («p 2 4- cp -t/) p 2 v(x) = x p~ x + 2 X. 

If we determine p so that 

(4) ap 2 4- cp +/ = 0, 
the equation assumes the binomial form 

A (n 4- m) 
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where 

A = 2 + ca -1 [x _1 , m = [(b-a) p + e] [2ap + c] -1 , » = fea- 1 , 

V = [(ap) 7c(7t + m)] -1 (-Xx 

and where we have assumed a=j= 0, 2<zjx + c =j= 0. 

We have here two cases of compact solution. 

(I) Let m be an integer. 

In this case the equation can be reduced by the substitution (A) 
(6) «(x) = ^[(71 + m) Tt _1 ]M’(a;) 

to the form 

w(x) + A (tt + »)-* p iv(x) = Ilj [ 71 ( 71 + wr) -1 ] V 

or 

{x-Y tt) w(x)~ (1 - A) xw(x- 1) = (r + n) IT, [tt(tc+ w)- 1 ] V = W, 

which is an equation of the first order whose complementary 
solution is 

w,(l-J)«r(*+l)/r(*+»+l). 

To this we must add a particular solution. From (6), we then 
determine v{x) and finally u{x) = p* v (x) or pif v(x), where p 5 and 
p 2 are the roots of (4). 

(II) Let m-n be an integer. 

In this case we again use substitution (A) in the form 
v(x) = n i [(rr + wi)(7: + «)- , ]w(a-), 

which yields 

w(x) + A 7t _1 pw(x) = II 2 [(7r + n)(it + m) x ] V, 
or 

m>(x)-(1 - A) w(x- 1) = x~ l tz Ilj [(7: + n)(7i + m) -1 ] V 
with the complementary solution (1 - Ay. 

(III) Returning to (3), let us, if possible, so choose p that the 
coefficient of pv(x) vanishes. 

This is only possible if 2ap + c = 0, (6-a)p + e = 0, which 
imposes the condition 

2ae- (6-o)c = 0. 

Supposing this to be satisfied, we obtain, with p ~ - cj (2a), 
v(x) - h 2 7r~ 1 (n + «) 1 p 2 v(x) = V, 
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where 

k 2 = (c 2 - 4a/) / c 2 , V — a' 1 7r“ a (n + n)- 1 x \x~ x X. 

This equation has compact solutions if n be an odd integer 
positive or negative, for with the substitution (A) in the form 

v(x) = n 2 [(7t + n)- 1 (7r- \)]w(x) 

(7c + »)(tc + »-2)... ' h 

the operator is rational if n be odd. 

The equation then reduces to 

w(x) — h? 7r - * (tt — 1 ) -1 p 2 w(x) = n 2 [(r- lJ-^Tc + n)] V — 14'. 
Now 


[1 - h 2 7: -1 (tt - 1 ) _I p 2 ] w(x) = f 1 — (A 7t 1 p) (h t: -1 p)] w(x) 

— [1 + h T.~ l p] [ 1 —h TZ~ 1 p] w(x). 

The further substitution 


t{x) - [1 pj U'(x) 

gives 

[\ + hr. - 1 p]f(jr) = W, 

so that the solution is made to depend on two equations of the first 
order. 

This case is an illustration of the method explained in 14-6. 


Exam pic. 

(if -f 2) « (x) - (x + 2) u(x- 1) - 2(x- 1) u(x-'2) = 0. 

Putting u(x) — \jL r v(x), we have p 2 -p-2 = 0, whence 
p, = - 1 or 2. 

Taking p = - 1, rn . = 1, .4 = 3, n — 2. we get 


Substitute r (a:) 


, , 3 (tt ~f-1) , , „ 

' (J ' ) + i(i + 2j l>r( ' r) = 0 - 

ITj [(^ + 1) xr 1 ] ic (a - ) = (tt+1)m’(x), then 


iv(x) + 3(jt+ 2) -1 p w(x) = 0, 


(x + 2) w(x) + 2x w(x - 1) = 0, 

U’(x) = (-2 )*r(x + 1) / T(ar + 3) = (- 2)'(ar+ 2)- 1 (* + l)-\ 
t’(x) = (jt4-1)«’(x) = -(-2)' -l (3x+4)(x+l) _, (x + 2) -1 . 
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[14-71 


Therefore 

u(x) =£2*(3 z + 4)(x+ 1)- 1 (2; + 2)- 1 . 
Taking pi = 2, m — 0, A — #, n = 2, we have 
v ( x ) -f- s! (•:: + 2) -1 p (a:) = 0, 
r(x) = (-2)-*(x+2)- 1 (z+l)- 1 , 
u(x) — (- l) I (x + 2) _1 (x-f 1) _1 . 

The general solution is therefore 


u(x) = 


nq 2*(3x + 4) ta 2 ( - 1 ) x 
(x + 1) (x + 2) + (x+ 1 ) (x+ 2)' 


14*73. Discussion of the Equation 

(ax 2 + 6x + c) w(x) + (ex-f/) w(x- l)+pu(x-2) = 0. 

Write u(x) = [l x v(x) / F(x + ]), p = xE' ! ; then the equation 
becomes 

pL 2 (ax 2 4-bx + e) v(x) + p.(ex+/) p v(x) + g p 2 v(x) = 0, 
whence, writing 7i + p for x, we obtain 

{g. 2 (an 2 + bn + c) + p.[ (2a pi + e) k+ (b + a) pi 4-/] p 

+ (pi 2 a + pi e + g) p 2 }v{x) = 0. 

(I) Choose pi so that 

a|x 2 + cpi + ^7 — 0. 

The equation then assumes the form 

[an 2 + bn + c+ (An+ B) p]i>(x) — 0, 

where 

A[L = 2ap+e, Bp. = (6 +a) p.+f. 

This equation is formally satisfied by one factorial series of the 
first kind and two of the second kind, all of which can easily be 
obtained by our general methods. 

If we put ak 2 + bk + c = a[k-x)[k -(}), the equation can be 
written 

[ 1+c ra"S p ]” ( ' ) = 0 ' 

where 

C = Aa-\ '= BA X . 
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If either c-a or c-p be an integer, a compact solution, exists. 
If, for example, c - (3 = n, an integer, the substitution 

v(x) — III [(tc + c) (71 - (3) -1 ] ix (x) 

leads to the equation 

w(x) = C( 7t - a) -1 p w{x), 
which is of the first order. 

(II) When the coefficients are related by the equation 
2af + (a - b) e — 0, 
we can choose p so that 

2ap + e = 0, (b~a)[L+f = 0. 

Thus putting p — - e / (2a), hr = (e 2 - \ag) / e 2 , the equation 
becomes 

v(x) - a) _1 (7r- p) _1 p 2 v(x) — 0. 

If (3- a be an odd integer (positive or negative), the substitution 
(A) in the form 

v{x)~ II 2 [(t= - p) _1 (~-«-!)]«’(*) 
leads to the equation 

w(x) - h-(n - a) -1 (7c — a - 1) _1 p 2 «’(x) = 0, 

which can be resolved into two equations of the first order as 
in 14-0. 

Example, (x 2 + x - 2) u (x) -f 5x u(x- 1) + 4u (x) = 0. 

Putting u(x) = p x e(x) / T(x+1), the equation becomes 
[p 2 ( 7 r 2 + TC-2) + p(2p (-5) Trp f (p 2 + 5p + 4) p 2 ] r(x) ~ 0. 

If p = - this gives 

[1 - -A (Tt -11- 1 (tt + 2) 1 p=] v (a;) = 0. 

Put 

v(x) = n i [(7t+l)(«-IJ^Jwfx) - (r+l)«(x). 

Then 

H- a * s (" + 2)- I (w + l)- 1 p*J«’(x) = 0, 
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which gives the pair of equations 

[1 - -J(it + 2) _1 p]«(®) = 0, 

[l+'l(7t + 2)- 1 p] w(x) = t(x). 

The first of these gives 

v /8\*r(*+l) /8\« m 

((x) = ro i(.5/ IW3) = U 


(x+ l)(x+ 2) 


The second then becomes 

/Bn*- 1 i 

(x + 2)w(x)~ lxw[x- 1) = 


3 TV, 


i(*+l)’ 

which can be solved by summation. We then have 
u(x) = (- S)*(tc+ 1 )w(x). 


14-75. Discussion of the Equation 

2 

(a,3? + bx + c) fau(x) + (ex+f) fau(x) + g u(x) = 0. 

This equation can be written in the form 

o 

a(x - a) (x - p) fa u(x) + c(x- y) fa u (r) + <) u(x) = 0. 

Here it is convenient to use the operators ^ and p,. 

Taking x’ = x-cl- 1 and multiplying by x\ we obtain 
a(x’ + a- j3 + l) Tt,(7t, - l)u(a:) 

+ e(x' + a- y+ 1) ttj u(x) + x’gu(x) = 0. 
Write - 7TJ+ px for a:', we then obtain 
[a (— 7tj + a - (S + 1 + pj) 7ij (tTj - 1) + e (- 7r, + a - y + 1 + p x ) jtj 

+ <7(-*i+Pi)]«(*) = 0, 

which, using Theorem I, becomes 

7C i[ a ( 7t i _a + 1 )(t^x — l) + e(7Ti-a + y- \ )+g]u(x) 

-[«(«!- l)(7ii-2) + e(7rx- l) + «[]p 1 u(x) = 0, 

which is a binomial equation formally satisfied by three series in 
ascending powers of and by two series in descending powers 
of pj, all of which can be found by the usual method. 
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14*8. Bronwin’s Method. Certain forms of linear equation 
nan be solved by performing A upon them one or more times. 
Consider the equation 

2 

(a + bx) A u + (e + dx) A « + eu = 0. 

» 

Operate with A- Then by the analogue of Leibniz’ theorem, 2-51, 
we obtain 

nt2 n+1 

fa + 6(x + w)] A u + nb A u 

n+1 n n 

+ [c + <i(r-Hi)] A u + nd A« +eA M = 0. 

If we take n — - e / d, supposing that to be a positive integer, 

n + 1 

we have a linear equation of the first order for A «• 


2 

Example, x A u + (x - 2) A u - w = 0. 
Performing A. we have 

3 2 

(i+i)A« + iA u - + 

whence 


A 


m 

~ f(x+l)’ 




Substituting in the given equation, we have 


u - -r 


x m 

r (*+i)' 


•(x-2)m 1 4 (a -2)V* j A< 


14*9. Linear Partial Difference Equations. The prin¬ 
ciples of solution enunciated in 15-8 are applicable to partial 
equations of the following forms, namely, 

E(x, A„ Av ) u = o, F(y, Ax. Av)« ~ o> 

^(x, y, Ax)« = 0, /’(x. y, A,)« = 0. 

In each of these equations one of the independent variables 
or one of the partial operators is absent. If y or A* be absent, 
we treat y as constant and the equation as an ordinary equation 
in x and thereafter interpret the solution. 


i 
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Example. u x< v - x _ v _ x = 0. 

This equation can be expressed in the form 

u-x E* 1 Ey 1 u — 0. 

Replacing Ey 1 by a, we have 

u-ax E* 1 u — 0, 

which is equivalent to 

v x -ax i>*_j = 0, 

where v x = u Xt v . We thus obtain 

v x - a x T(x + \)<j>(y) y 

and therefore 

«*, Ey _:c r{x+l)^(y) = T(x+\)<f>(y-x) y 

where <f> is an arbitrary function. t 

14-91. Laplace's Method. The method of 13-83 is appli¬ 
cable to equations of the form 

A 0 u(x, y) + A 1 u(x- 1, y-l) + A z u(x-2, y- 2) + ...= V{x, y), 

in which the difference of the arguments in u(x~ s, y - s) is in¬ 
variant for s = 0, 1 , 2, ... . 

Putting x-y = k, we obtain 

B 0 v(x) + B X v(x- 1) + ... = V(r, x— k), 

in which the coefficients are functions of x and of the parameter k. 
Thus in the equation 

W SC( y “ X U x _2 J y —2 “ 

we have ' 

v x -xv x _ x =■■ 0, 

whence » ( = cr(i+l). 

Replacing c by an arbitrary function of k, we get 
w*. * = T(x+ \ )<j>(x-y) 


as before. 
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EXAMPLES XIV 

Investigate the solution of the following difference equations: 

1 . (x + 2)u(x + 2)-xu(x+l)-u(x) = 0 . 

2. (x~a)u x ~(2x-a-\)u JC _ 1 + (l-(f)(x-l)u x _ z - 0. 

3. (x + 3)w x+2 -(x + 3)m x+1 -2xm x = 0. 

2 

4. x(x+l) ^u-2x ^.u + 2u = x(x+l)(x + 2). 

5. x(x +1) u x+% - 2 (x + 2) x u x+1 + (x+1) (x - 2) u x — 0. 

G. (x 3 - 1) (x P 1) W x , 2 - (x 2 -f X f 1) (x 2 +X~ 1) U xn + X 2 (x-‘- 2) U x 
= 0. 

7. = 

8. (xf 2)(2x-f ])m x+2 - l(s |-1) 2 « xtl + x(2x f 3)w* = 0. 

9. u(x + 2) - x-u(x+ 1) - c(c - x 2 ) u(z) = 0. 

10. m i+ 2 -w x+1 -x 2 u x = 0. 


11. (x 3 + ax) A u ~ (2x-t o - 1 ) A m -i- 2« = bx + cx 2 . 

12. w x = x(m x _! + u x _ 2 ). 


13. u x+1 = X(M x +u x _i). 

2(x + 2) 3 

14. (x + 3) 3 U x+2 - x4 , 



15. Shew that the equation 

«x+l «I + «x «X+1 + 6 X U x = C x 

can he reduced to a linear equation of the second order by the 
substitution 

U x V x — t’x+i — l x > 

and shew that the two periodics w'hich appear in the value of v x 
effectively produce only one periodic in the value of w x . 

16. m x+2 -2(x- 1)w i+ i + (x- 1)(x-2)u x = T(x+ 1). 

2 

17. x(x + 1) A u + A(l-x) A u + ku — 0. 

18. u x+lt „ +1 - (o - x - 2y - 2) « Xl „ +1 + (x + y) u x> y = 0. 



CHAPTER XV 

THE LINEAR DIFFERENCE EQUATION WITH RATIONAL 
COEFFICIENTS. LAPLACE’S TRANSFORMATION 

In this chapter we discuss the application of Laplace’s transform¬ 
ation to the linear equation and the solution by means of contour 
integrals. 

15*0. Laplace’s Transformation. Another method of 
solving difference equations with rational coefficients is founded 
upon the substitution 

(1) u(x) — | v(t)dt, 

where l is a line of integration suitably determined and where the 
function v(l) is found from a certain differential equation. As 
all the essential points of the method are illustrated by the equation 
of the second order we shall consider the equation 

(2) p i (x)u{x+2) + p i (z)u(x + ])-t p 0 (r)«(r) - 0, 

where p 2 (x), p 1 (x), p 0 (x) are polynomials. 

An equation of this type will be called “ normal ” if the following 
conditions be satisfied. 

(i) The extreme coefficients have the same degree p while 
that of the remaining coefficients does not exceed p. 

(ii) The differential equation satisfied by v(l) is of Fuchsian type, 
that is to say, all the singular points of the differential equation arc 
regular.* 


* The somewhat unfortunate term “ regular ” is here used in the sense in 
which the term is applied in the theory of linear differential equations. See 
e.g. L. Goursat, (Jours tl'Analyse, t. ii (2nd edition), chap. xx. The term 
regular must not be confused with hoiomorpluc. 

478 
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We shall suppose equation (2) to be normal. 

We then write the coefficients in the following form : 

p 2 (x) = A P (x+2)(x + 3) ...(x + p+l) +... 

+ A 2 (x -t 2) (x+Z) + A 2 (x + 2) + A 0> 

Pifr) = B P (x+\)(x + 2) {x + p) + ... 

+ B 2 (x + l)(x + 2) + Bj (x + 1) + B 0 , 

p 0 (x) = C p x(x + l)(x + 2)... (x+p- I) + ... 

+ C r 2 & (x 4 -1) -f 0 2 x -• Oq , 

where A v =p 0, C P =(=■ 0. 

Putting 

4*v (0 — A v l 2 + B P l + C v , 

(») h{t)=A i fi+B,t + C„ i — 0, 1, 2 ,..., p-\, 

the equation 

4,(t) = 0 

is called the characteristic equation. By our hypothesis the roots of 
the characteristic equation are both different from zero. We shall 
denote these roots by a 1 , a 2 . 

With the value (1) for u(x), we have by successive partial in¬ 
tegrations 

a?(a; + 1)... (x + s - 1) u(x) — (- l) s J t x ^ s 1 v< s> (t) dt 

+ l(x + S- 1) ... (x-r 1) t x !.’(/) - (x-i-s- 1)... (*4-2) l xt1 v'(t) + ... 

Substituting for u(x) in (2), we obtain for the left-hand member 
the expression 

f t T ~ l V ( - t) S </>„(<) l' (,) (t) dt + [/ (X, I)];, 

J l I - u 

where 

( 4 ) /(*,<) = 

i.y at i-o“‘ 

+ ( - l)”- 1 1 *>-»(t) [ 

It follows that (1) provides a solution of the difference equation 
(2) if v(t) be a solution of the differential equation 

(5) K- -i(0^r+- + (- = o. 
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and if the line of integration l be chosen so that I ( x, t) has the 
same value at each extremity of the line, when the line is open. If 
the line be closed, I (x, t) must return to the same value after t has 
described the line. 

The singular points of the differential equation arc t = 0, t = oo 
and the zeros of cf> p (t), that is to say, the points ( = aq, t = a 2 . 

To find the solutions of (5) in the neighbourhood of the origin, 
we substitute 

v(t) = c 0 l m +c 1 t m + 1 + c 2 l m+2 +..., 

and equate to zero the coefficient of t m . This gives, as indicial 
equation for m, 

c 0 [C v m(m- 1)... (m-]> + 1)-1)... (m -p + 2) + ... 

+ (- 1 )® _1 Cj tn t- (— 1 ) v O 0 ] = 0, 

which, by the definition of yj 0 (-c), is equivalent to 

p 0 (-m) - 0. 

Thus if, as in 12-0, we denote the zeros of p 0 (x) by oq, oc 2 , ..., a,, 
we have as values of m, -oq, — Oj, ... , -a„. We shall suppose 
these values arranged so that 

R( oq) ^ < lt( a 3 ) < ... < R(x v ). 

The differential equation has then p solutions in the neighbour¬ 
hood of the origin of the form 

(6) v,(t) = f aa [f 0 (t) +£{1) log (+ ... +/ r (f)(log t) T ], 

s - 1, li,..., p, rt^p- 1, 

where the functions / o (0>/i(0» ••• > f T (0 ar c liolomorphic at t = 0. 
If no two of the numbers oq, Oj,..., oq, be congruent, no logarithmic 
terms occur. In the extreme case where all the a, are congruent, 
r — p - 1, when s = p. 

Again, the product t x v,{t) vanishes when l — 0, provided that 
R(x-7.,)> 0. This condition is satisfied for every s, provided 
that R(x-ol v ) > 0. 

Now, the functions v,(l), (.? — 1, 2, ..., p) form a fundamental 

system of integrals of (5). It follows that any integral v(t) is of 
the form 

(7) v(t) = b 1 v 1 (l) + b 2 v 2 (t)+ ... + b v v v (t), 
where b x , b 2 ,, b v are constants. 
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Thus t x v(t) vanishes when t — 0, provided that R(x - a„) > 0. 
It follows, from (4), that I ( x, t) vanishes when t = 0, provided 
that R(x-cl„) > 0. 

To examine the point t — oo , we put 

v(l) = c 0 t m + c 1 t m ~ 1 +c 2 t m -*+ .... 

This yields the indicial equation 

A v m(m- 1)... 1) - A„ x m(m- 1)... (m- p + 2) + ... 

+ (- 1 Y'~ Y A x m+{- 1)M 0 = 0, 

which is equivalent to 

Pti-m- 2) = 0. 

If we denote the zeros of p 2 (x- 2) by Yd Y 2 > > Y»> arranged 

so that R(Yi) R (y 2 ) ^ ... ^ *(Y„)> we have for m the values 
— Yj, - y 2 , ... , - y„ and a fundamental set of solutions of the form 

F a (/) = + log t+...+g r (t) (log t) r ], 

s = 1, 2...., p, 1, 

where g 0 (l), ... , g r (t) are holomorphic at infinity. 

It is clear then that t*V t (t) vanishes at t — cc, provided that 

R{x + 2 - y„) < 0, s = 1, 2,..., p, 

and, if this be so, we conclude in the same way as before that I (x, t) 
vanishes at t = 00 . 

It remains to discuss the singular points t — a l7 t = a 2 . 

Two cases can arise ; 

(i) yi: o 2 ; (ii) (q = ci.,. 

In the second case the differential equation is of Fuchsian type if, 
and only if, a, be a zero of We shall suppose this to be the 

case, so that the difference equation is normal in accordance with 
the definition. 

In the differential equation, substitute 

v(t) = c 0 (t-a l ) m + c 1 (( ~a 1 ) n ' Jrl +c.,(t - .... 

In case (i), the lowest power of (l - a,) is (t - a l ) m p ^ i . Equating 
to zero the coefficient of this, we have the indicial equation 

(8) - «! <j>' p (cq) m (to - 1)... (to - p + 1) c 0 

+ 4>p-i («i) «* ('« - 1) • - (m - p + 2) c 0 = 0, 

2 H 


M.T.C. 
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which gives for m the p - 1 integral values 0, 1, 2, ... , p- 2 and one 
other value which we denote by p 1 . The solutions corresponding to 
the integral values of m are holomorphic at t = Oj. With these 
solutions we are not concerned. On the other hand, ^ is not, in 
general, an integer and the corresponding solution is 

(9) = 

where /j(t) is holomorphic at t — a v 

Similarly, at t = o 2 , we have p-l holomorphic solutions and 
another solution 

(10) i’?(<) = (<-a 2 )"*/ 2 (0. 

where [i 2 is not, in general, an integer and f 2 (t) is holomorphic at 
( = • 

In case (ii), the indicial equation for m is 
c 0 af m (m - 1)... (m - p + 1) <f>" ( a x ) / 2! 

— CQtq w(m- 1)... (jn-j» + 2)^_j(a,) 

+ c 0 m(m- 1)... (m-p+ 3) = 0, 

which gives for m the p- 2 integral values 0, 1, ... , p-3 and two 
other values not, in general, integral which we denote by [ij and [i 2 
with /?([},)> R($ 2 ). 

The corresponding solutions are of the forms 
'U) v*(t) = {t-a 1 )*>f l (t), 

v*(t) = [t - atf* [f 2 {t) +/ 3 (t) log (t - aj)j, 

where f x {(), / 2 (0> / 3 W are holomorphic at t — a v The logarithmic 
term will only occur when j^, j} 2 are congruent.f 

15*1. The Canonical Systems of Solutions. The integrals 
v*{t), v* (t) of the differential equation 15-0 (5) are many-valued 
functions. 

f For the method Frobenius applied to the case of congruent indices, see 
Forsyth, Theory of Differential Equations, vol. iv (1902), pp. 243-258. The 
solutions can be written 

3k -1 

where A: =1, m — k- 2, m = 
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Two ways in which t x ~ l v* (t), t X ~ 1 v* ( t ) may be made one-valued 
are shewn in Figs. 15 and 16. In Fig. 15 we have cut the t plane 




from 0 through a, to infinity and from a, to infinity along the line 
Oa 2 . In the cut plane both the above functions are single-valued. 
Fig. 16 is explained in the same way. In the figures and l 2 are 
loops from the origin round a, and a 2 respectively. 

If /i!(x-a„) > 0, we have seen that the function /( x, t) given by 
15*0 (4) vanishes at the origin, so that 

( 1 ) « i ( j ) = <•*(()df, 

(2) “*(*) = akJ, 

are solutions of the difference equation 15-0(2). These solutions 
have been called by Norlund the first canonical system. That 
these solutions arc linearly independent and therefore form a funda¬ 
mental set will be proved later. 

If «j = a 2 = r 2 e*®». 0 :S 0, 0 2 < 2 tt. we shall suppose that 

as t describes /, in the positive sense starting from 0, arg(f-aj) 
increases from 0j — ti to Oj + tt, and that as t describes 1 2 , arg (t — n 2 ) 
increases from 0 2 - tz to 0 2 + tz, while arg t = 0 X or 0 2 along the 
straight parts. 

If Oj = a 2 , only one cut, namely, Oa. 1 a 2 » , is necessary, and only 
one loop circuit is needed for both solutions. If r x < r 2 , 0 X = 0 2 , 
both Uj and a a lie on the cut, and we must deform the loop J 2 so 
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that the point oq is not enclosed by l 2 . In every case each loop 
must be drawn so as to enclose only one point which represents 
a root of the characteristic equation. 

Consistent with this, the loops may be of any shape, the most 
convenient shape for l x , say, generally being two straight lines 
ultimately coincident with Oa t and a vanishing circle round cq. 
We note also that, if -R(Pi) > - 1, the integral taken round the 
circular part tends to zero when the radius of the circle tends to 
zero. In any case we shall suppose that neither (Sj nor p 2 is an 
integer, for in this case the integrals taken round the loops vanish. 

It may be noted here that integrals taken round a double loop 
contour (such as used for the Beta function in 9-89) joining any two 
of 0, cq, a 2 will furnish a solution of the difference equation.f 

The second canonical system of solutions is furnished by cutting 
the plane as already described and taking infinite loops and L z 
round a, and a 2 as illustrated in Fig. 17 for the point a,. 



This gives 

(3) 

(4) U t (z) = t' l v*(t)dl, 


where along L x we take arg{(-cq) to vary from Oj along the upper 
side of the loop to + O x along the lower side, arg t being 0 X along 
the straight parts. Here again the shape of the loops is immaterial. 


t See E. W. Barnes, Messenger of Mathematics, 34 (1905). 
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provided each encloses only one point representing a root of the 
characteristic equation. 

The second canonical system of solutions also forms a fundamental 
set. 

15 - 2 . Factorial Series for the Canonical Solutions. We 

consider for simplicity the case in which the roots of the charac¬ 
teristic equation arc incongruent. 

We have by 15-0 (9), 

where f(t) is holomorphic at t = a 1 . 

The only singular points of v*(t) inside and upon are t — a v 
t = 0. Thus f{t) is holomorphic inside and upon lj except at 1 = 0. 
Make the change of variable 

t = a 1 z ll “, o>> 1. 

Then 

«i(*) = 2 

where C is a loop from the origin round 2=1, Fig. 18. 



Fio. 18. Fio. 19. 

Now the circle j z — 1 ( = 1 in the 2 plane transforms into a loop 
in the t plane, round t ~ cq, enclosed by two rays OA, OB inclined 
at. angle 7r / w. 

For, if 

2 = r (•*», t = v c*+, a, = r 1 e'°', 


we have 
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so that 

t" = r“r, = 0+ OjM. 


When P describes the circle, 0 varies from 


7T , 71 , 

- to + s and r varies 


from 0 through 2 to 0, so that i]> - 8j varies from 


- — to + ~ , while 
2<o 2to 


t varies from 0 through r x 2^“ to 0, so that I describes a loop of 
the kind stated. 

By taking w large enough, that is, by making the angle AOB 
small enough, we can ensure that 0, a x are the only singular 
points of v*(t) on or inside this loop, and consequently that /(/) 
is holomorphic in and on the loop except at / = 0. It follows 
that f(a l z ll “) is holomorphic inside and on the circle |z-l | -- 1, 
except at z = 0. 

We can therefore find an expansion 




2izi(x> 


•11“ _ 1 a> 

z _i ) /(«1= V “)= £ O r (l"2)'. 

V — 0 


which is convergent inside the circle | z - 1 | = 1, so that 


«i(*)=f nfs''—V C v {\-zydz. 

J C y-^0 


Since the loop C is interior to the. circle, we can integrate term 
by term. Since by hypothesis arg(z-l)— - it at the beginning of 
the loop, 

u,(x) = c- ni *' a* y] C y f z r “'^ 1 (l - z) ffl 1 ‘ dz 

J <■’ 

= e-’M af(l - c 2 ^>) £ C. B (- , p, + v 4 l), 

in terms of the Beta function from 9-88. 

Since 


B(x / to, (3j+ v+ 1) = P(x/ «) r([3j + v + 1) / F(xj w+ jij + v +1), 
we can write 

u x (x) = a*r(xjoi) f2(x, p^/rix/oj + fa + l), 
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Q (x Q ) 4- V 7)_(ft l + 1) ••• (ftl + v ) 

’ 1 0 “i v (x + (i> ^ + ... (x + co jij + v o>) ’ 

where D 0 =j=Q and where the series is convergent for R(x- a„) > 0. 

In the same way by means of the change of variable 

t = 

we can shew for the second canonical system that 

Ui(x) — a* ^ F y B ( - ' - Pi, [ii+ v+ l). 


15-3. Asymptotic Properties. If x -y co in the region of 
convergence, since 


we have 


Similarly, 
Hence, if 


r(x/o>) /iN '* 1 '" 1 

f(*/w+"pi+!)~ W 


u t (x) ~ a](x/w)- 3 '-' D 0 . 


s (x) - «*(»/«) 


I | > I a 2 I > 

lim “*<*> = 0, 
00 (•*') 


so that, by the theorem of 12-16, the first system of canonical 
solutions forms a fundamental system. 

The same cau be proved for the second system of canonical solu¬ 
tions. 

As we have thus foiuid two fundamental systems, it follows that 
the members of one must be linearly related to those of the other. 
General methods of finding the periodic coefficients of these relations 
have been developed by Norlund. They are too long to introduce 
here but they will be illustrated by an example later. 





D(x) = 
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15*31. Casorati’s Determinant. By Heymann’s Theorem, 
12-12, the determinant 

«i(z) u i( x ) 
u 1 (x+ 1) w 2 (x+l) 

satisfies the difference equation 

£(_* +1) _ p 0 (x) _ Q„(x -« x )... (x -«„)__ 

-D(x) /> 2 (x) -4„(x- Yi + 2)... (x - y„ + 2) ’ 

CJA V = a 1 a 2 = b, say. 

Hence we have 

T)(x) - b x ^ ( x ~ a i ) r ( J ~ <* 2 ) ••• r ( x- « p ) , v 

() r(*-Y 1 +2)...r(*- Y ,+2) 1,1 

where ro(x) is a periodic whose value will now be determined. 

By the asymptotic formulae for v x (r), w 2 (x), we have 

«i(x) = H 0 (l+r a (x)), 

u 2 (x) = a\ X- *'-' D' b (1 + -/) 2 (x)), 

where r n (x), r l2 {x) -*0 when x —> 00 in the region of convergence. 
Now iq(x+l) = a 1 I - 1, (x+l)-^‘ _1 Z) 0 (l + 7) 1 (x+l)) 

= a x I+1 xrh- 1 D 0 (1 + t) 3 (x)), 
where t) 3 (x) -> 0 when x -> 00 . Thus 

D(x) = b x x-P'-i 3 *- 2 1) 0 D{,(a 2 - Oj) (1 fr,(x)), 
where 7](x) -->0 when x-> 00 , so that 

D(x) ~ b x x-P'-P'~ 2 1) 0 l)o(a 2 -dj). 

But 

T(x - a,) 

r‘(*-Yi + 2)' 

so that, from the value of D (x) in terms of the Gamma functions, 
we have 

D(x) ~ b x x k ~ 2v m(x), 

where 


■ X y ‘~ a ‘~ 


k = 2 j ( y »-° 0 - 


Comparing the two asymptotic values, we have 
ta(x) ~ x 2p ~ 2 -Pi-^»-*/) # J5'(a 2 -o,). 
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We shall now show that the index of x is zero. From the ex 
pressions for p 0 (x), p 2 (x), we have 


V 

- £ «. = (C,_ rl lp(p-i)C D )IC v , 


- V V. = 


Thus 

Again, from 15-0 (8), 

so that 




7. _ ^J>'1 1 

C, “ .1,' 

ft -7)4-1 — 


Pi+P 8 -2n+2 = ^ + &.-i(« 2 ) 

If we express in partial fractions, we get 

_ A Pl + _ ^p-i( a i) , <f>v A a ‘i) 
<f> v (x) A p (x-«j)^(oj) ' (x- n s )<j>^(a s ) ' 

Putting r = 0, we obtain 


and therefore 
Thus 


Pi + Po ~'2p i 2 --- A »~' 

*'1> * ;> 


2j»-2-p l -£ s -* = 0. 


m(x) ~ l) 0 D' t (d 2 - Uy). 

It follows that the periodic ro (.r) is a constant whose value is 
DoDoia^-ay). 

Thus we have the value of Casorati’s determinant, namely, 

' r^-y,-v2)...r(i--y p + 2) ^o^oK-a,). 

The above result, which is duo to Norland, has been obtained on 
the assumption Oj =f- a 2 , but even if a, = o 2 Nbrlundf has shewn 
that td(t) still reduces to a constant. 


t N. E. Norlund. Equations linmires a».r differences Jinies (1929), chap. iij. 
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15*4. Partial Fraction Series. The canonical solutions, as 
is evident from their developments in factorial series, are analytic 
except at poles in the region of convergence. By means of the 
difference equation itself these solutions can be prolonged over the 
whole plane. It thus appears that these solutions are meromorphic 
functions and must therefore, in accordance with a theorem of 
Mittag-Leffler, have a representation by a series of partial fractions. 

To obtain the development we make use of the solutions of 
15-0(5) in the neighbourhood of the origin. 



On the line 0<i l , take a point a which is nearer to 0 than a 2 is. 
Denote by C the path of integration OaaO and by ('/ the loop 
from a round a x and back to a, Fig. 20. 

Then 

2t tiu 1 (z) = [ < x_1 r*(/)+ f t T l v*(t)dt. 

Jc Jc 

The second term on the right is an integral function which we 
can denote by 2ni E(x). 

In the first integral, using 15 0 (7), we have, on the path (hi, 

v *(0 = b x v x (t) + b 2 v 2 {t) + ... + b v r v (t), 

while on the return path aO we have 

v?(l) = c x v x (t) + c 2 v 2 (t)+ ... + c P v p ((), 

where b,, c, (* = 1, 2 , , p) denote two sets of constants corre¬ 
sponding to the two determinations of vf ( l ) on opposite sides of the 
cut in the t plane. 
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154] 


Thus 

f v* ( l) dt.= £ (K - c.) f ‘ P J v s (l) dt. 

Now, by 10-0 (6), 

MO = <~M./o(0 + /i(0 log£ + ...+/ r (0 (log /) r ], 

where / 0 (0>/i(0> ••• > are holomorphic in the neighbourhood of 0, 
and consequently along the path Oo, since 


| a | < | «j | and | a | < j a 2 1. 

Making the change of variable t — az and expanding the holo¬ 
morphic functions in powers of z, we have 

2m J r ix ' lv * ( l ) dt = (,x £ zL] f 

,-d o Jo 

where the A, My arc numerical coefficients. 

Now 

n 


r 

j 0 


-x+»-« M -i(i 0 g z y ( iz~ 

e ' (rTS-otJ l ' +1 


Thus, with B ttky — (- !)*■ v! A tyy , we have 


Wj (or) ~ E (x) + a 1 


. B„ _ _ 

( J ’ + .v- « |1 ) v+1 


which is the required development of u l (x) in a series of partial 
fractions. The series converges over the whole plane except at the 

points a,, a,- 1, a,- 2. (s = 1, ‘2, ..., p) which are poles. If 

no two of the «, be congruent no logarithmic terms can appear 
in the functions r s (t) and wo have in this case the simpler 
development 


«,(x) — E(x) + <P 


X p J) 

V _ 

t 0 M-l (x ~t S — X M ) 


15-6. Laplace's Difference Equation. This name is given 
to the equation whose coefficients are linear functions of x. The 
general form of the homogeneous equation is 

[/Ij {x -f~ n) + A 2 ] u (x + n) + [S A (x+ n - 1) + 7? 2 ] u(x+ n- 1) 

+... + \K 1 x+Ii 2 ]v (x) = 0. 
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If A 1 = J5j = ... = K x = 0, we have an equation with constant 
coefficients. Some cases of the application of Laplace’s trans¬ 
formation have already been discussed in 13-3. For simplicity we 
shall again consider the equation of the second order 

[^ 1 (* + 2) + 4 0 ]u(x + 2) + [fl 1 {a:+l) + .Bo] M ( x + 1) 

+ [C 1 x+C 0 ]u(x) = 0. 

If A l ~i-- 0, C 1 0, this equation is of the normal type. 

Making the substitution 

u (x) = ^ . I t x 1 i'(t) dt, 

Ztu- J i 

we have for v(t) the differential equation 

(A^UB^+CJ lv'(1)- (A 0 l 2 + B 0 l + V 0 ) v(l) = 0 . 

When the roots a v a 2 of the characteristic equation 
= A 1 l 2 + B 1 l + C l = 0 

are unequal, we have, using partial fractions, 

«'(0 _ Zi 1 + A. + 

v(t) t t-a l t -a 2 
v* (t) = /-• (I - Uj) 3 ' (I - a.,) 11 *, 

where 

C'ja-i-6',, — 0. 

Again, from 15-0 (4), 

1 (x, t) ~ 

The canonical solutions are 

«i ( x ) = 2 ^-i T_1 »* (<) dt, u 2 (x) - ^| t*~ l v* (/) dt ; 

UA X ) = \ L * x_1 v * (0 dt, U 2 (x) = £ r -» c* (0 rfL 

The expressions for u 1 (x), u 2 (x) are valid in the half plane 
R(x-cl) > 0; those for U 1 (x), U 2 (x) in the half plane 

R (x - x + {Jj + ji 2 ) < 0. 
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15’51. Reducible Cases. Since v*(t) is multiplied by e ZHe ' on 
passing round t = a y , we have 

1 _ e 2"<P, fa, 
i*y(x) ~ — 2m~ j 0 

If j3j be a positive integer or zero, we see that I (x, t) vanishes 
when t — a r , so that we. can replace u t ( x ), which vanishes, by 

u ll (x)= | 

Jo 


In this case if we make the change of variable l — a 2 z and for 
brevity write 1; =x — a ., w r e have 

u 2 (x) = ^ a 2 ( ' * +* ~J -1 (z - 1 )* (s - 1 + 1 - I'j' dz, 


where l denotes a loop from the origin round z = 1. 

Expanding the last term of the integrand by the binomial theorem 
in powers of z -1, we have 


«.<*>=*■*£('-af " (f !) ),H '*• 


Thus, from 9-88, we have 


v (x) ~ a V (i a i )' * fPi\ .. _Li’l_ 

A ) 2 ,-e 0 \ l V V Jr(?+^+l)r(Jrs) 

A /. r^)(;+^ + s + l)...(;+?2+W 

Hence, when fh is a positive integer, we have (omitting a con¬ 
stant factor), 

“•‘"•"MV l V vk.H'- 


where 

P(x) = (u - k\ )(x- L) (x- k^) 


is a polynomial of degree jij. 
It follows that 


«»(*) = « 


,, r{x-*)r(x-k 1 +\)...r(x-k^+\)_ 

~ F(x-a + fh + ^ 2 +l) F (x - k x )... I (x-kfa) 
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Thus u 2 (x) satisfies an equation of the form 
w(x+l) = r(x)u{x), 


where 


Tit) = Or 


a 2 (a;-«)(x-^ + 1)... (x-k^ t +1 ) 


(x-a + Pi+Pa+lj^-^i)... (x-k h ) ’ 
and the given difference equation is reducible (see 12-24). 
Again, if - n, a negative integer, we have 


h\ x ) — 2^ J lf (iL 


The residue of the integrand at the only pole t — rq is the coeffi¬ 
cient of y"- 1 in (y + cii) ( ~ 1 (y + k) fit , where k — a l - a t . This is 


so that 

«iOO = afP(x), 

where P (x) is a polynomial and the equation is again reducible. 
Thus Laplace’s equation is reducible when either [}j or j} 2 is an 
integer. 


15*62. Hypergeometric Solutions. We suppose that 
neither fij nor p 2 is an integer and that j a l | < j a s j. We have 
then a solution of the form 


(*) = f t ( ~ 1 K - tV> (a 2 -t) 6 * dt, 

Ji, 

where £ — x-x. Putting t — a 1 z, a x = ka 2 , this becomes 
w, (x) = Oj t+3 ‘ a 2 ^>J z f_1 (l -z) p *(l -kz)^dt, 

where l is a loop from the origin round z— 1. 

Since the integrand is multiplied by e 2nif> ' on passing round 2 = 1 , 
we have 


Ux(x) = a 1 f+ ^ i a 2 p >(lf zf - 1 (l-z) p ’(l-&z) 3 ‘ 

Jo 


dt 


= -P,; 5+Pi+i; *), 
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from 9-86. This is valid, provided that 

Rfc)> 0, B(P 1 + 1)>0. 

These restrictions can be removed if we replace / by a double 
loop of the form used in 9-89. By various changes of variable we 
can get altogether 16 solutions of the above type. Eight more can 
be obtained by taking a loop from a x round a 2 and a loop from 
a 2 round a i . 

On account of the existence of these solutions, Laplace’s difference 
equation of the second order is also known as the hypergeometric 
difference equation. 


15-63. Partial Fraction Series. Taking |a| less than 
| aj | and | a 2 1, we have, as in 15-4, 

w, (x) — f t ( - 1 ( a. - 1) $ ' (a, - /) @ * dt 

= (1 - e-”'?') f l ( ~ 1 («j - t)h (a 2 - I) 11 ' dt + E(x ), 

J u 

where E (x) denotes an integral function. 

Now, by the binomial theorem, 


Thus 

a ~ ^ a;, **• 




t) $ > (u, - ty*dl 


\\ 


h ' 

> 2 )i- 

aj 



We can put | a j equal to the smaller of | cq j, | a 2 1. 

If | ttj | < | a t |, R{$])> - 1, the integral round a x vanishes, and 
we have 

u,(x) = af + * a^( 1 -«*■*>) Q-Q + j£) jrJi +■••]• 

The partial fraction series are valid in the whole plane and put in 
evidence the poles at x = a - s, s — 0, 1, 2 , ... . 
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15’54. The Relations between the Canonical Systems. 



Let dj = r 3 e ie ', a 2 = r 2 0 ^ 0 3 < ft 2 < 2u. 

Consider the loops Jj, shewn in Fig. 21, where the straight 
parts coincide with 0a x and the radii of the circles tend to zero. 
We first suppose that 

R{1)> o, *(&)>-!, 

and put 

X(0 = 

On AB let arg t — 0j, arg(l - a y ) = 0 X - -, then 

2t ti M x (x) = (1 - e 2 '^') [ x(0 


since the integral round the circle tends to zero with the radius. 

On EF arg (t - a x ) = 0 X + tt, arg t = 0 1 , 

while on GH arg t — G x + 27t, arg(? - a x ) = 0 X + ti. 

Hence 

| X(t)dt = |° e 2wili ‘x{t)dt+y e' ni < (i ^ ) x(l)dl. 

Thus, comparing these results, we have 

e - 2 W?,_ i r 

(1) 2 tu Mj(x) = e2 „ i( _ l J ^t*- 1 v*(t)dt. 

This integral has a meaning even when [R {£) < 0, so that we have 
obtained the analytic continuation of u x (x) over the whole x plane, 
except of course at the singular points. We can therefore now 
suppose that R(% + p x + (3 2 ) < 0. Without crossing any of the cuts 
in the t plane (see Fig. 15), we can enlarge the loop into a large 
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indented circle whose centre is the origin as shewn in Fig. 22, and 
when the radius->oo since /£(? + (i, -f (3 2 ) < 0, the integral along 
the circular arcs will be zero. 



Kic. 22. 


Let M, Q be supposed to coincide with and N, P to be at in¬ 
finity along Oa J . We then have on MN, arg (l - a,) = 0,, arg 1 = 0 v 
and on PQ, arg (t - a j = 0, + 2~, arg = Oj 4- 2n. Thus, if X denote 
the limit of the contour PQn j MN when the radius -> oo , we have 

[ t z ~ l v* {() dt = | c*’'*- '-"'t x(0 <ll + f e’ r,s ‘ x(0 

J K * oc ' J a l 

Dealing with the canonical solution l\(x) in the same way as with 
«j {r), we obtain 

2ni V^jt) = f e'**-y(/)d/+| cM'^-y(t)dt. 

J JO ~ d\ 


Thus we have 




Also the loop round a 2 is equivalent to - L„. 

We have now the complete value of the integral round ly and, 
substituting in (1), we obtain 

= V«--1 { ^TL-r u '< x >- u > {x) } • 

This is an identity between analytic functions and we can there¬ 
fore remove the restrictions originally placed on £, (3 2 . The 


M.T.C. 
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expression of u 2 (x) in terms of U^x), U 2 {x) is obtained from 
the above by interchanging the suffixes 1 and 2 and then writing 
e 2 *»< U 1 (x) for U 1 (x), the factor being introduced on account of 
the additional circuit round t = 0. 

This investigation illustrates a general method of finding rela¬ 
tions between the solutions of the two canonical systems. 

If x = re iB and r -> qo , then e 2 "t -> 0, if 0 < 0 < tc, and 

e 2>rjf _>oo,if — 7t < 0 < 0. 

Using the general asymptotic values of 15-3, it is easily proved 
by means of the above expressions that 


(x) ~ constant x a* 


er 


when x — > go along any radius vector other than the negative 
real axis which is a singular direction. Similarly, the positive real 
axis is a singular direction for V 1 (x). These are particular cases 
of a more general theorem that the asymptotic properties of the 
solutions of a normal equation hold when x -> qo in any direction 
which is not singular. 


15-65. The Case a x = a 2 . When the roots of the character¬ 
istic equation are equal, the difference equation is of normal form 
only if Oj be a zero of <f> 0 (t). In this case, writing a t = a 2 = a the 
differential equation of 15-5 becomes 

v'(t) ^ A 0 (t-b ) = x , g 
v(t) t(t — a) t ~ r t- a’ 

whence v*(t) = l~ a (L-a) e and therefore 

«i (x) = 2^ dt . 

Put t — az, we have, using 9-88, 

1 f< 1+ > 

u x (x) — a x ~ a+ ^2^l\ ~ x ~ I ‘" 1 (z- l)^dz 

a i-«+s r(x-a) 

~ r(*-«+p4T)T(^p) • 

In this case the equation is reducible, and in fact we see that a 
second solution is a x since, by hypothesis, 

A 1 a? + B l a + C l = 0 , 2A 1 a+B 1 = 0, A 0 a 2 + B 0 a + C 0 = 0 . 
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Thus we have found two solutions which are obviously linearly 
independent. 

When a is not a zero of tj> 0 (l) the equation is no longer of 
normal form, and if we make Laplace’s substitution, we obtain 

«'(0 = _« S _ y 
v(t) t t- a (l-a ) 2 ’ 

whence v(f) = t' a (t-a)? c y ' !<t ~ a> . 


This yields a solution 


L*-" 1 (l-ay e Y,(^ ' a, dt 

valid if R(x-a) > 0. 

To obtain a second solution, we observe that if 
Y — Xe‘*, l-a =rc il> , 


then 


_Y_ _ ~ A ,,«* - B) 
t-a r 


Hence when if and->oo if 

1 4 >~ o I < 

Through a draw a line AH perpendicular to the line joining 
a to a + Y> Fig. 23. 



Then e Y/(( o) ->0 when l->a, provided that t be on the side 
of AB remote from a f y. Draw the contour C as shewn in 
Fig. 23, which departs from a on the side remote from u + y 
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with arg(<-a) — it+ <f> and returns on the same side with 
arg(I-a) = —■n+<j>. Then 

u 2 (x) — f t x ~“- l (t- ay if- a dt 
Jc 

is a second solution of the difference equation, for by the way in 
which we have chosen C the integrated part corresponding to 
1 (x, t) of 15-0 (4) vanishes. 

Making the change of variable. 



and suppressing a constant factor, we have 

r / t \(3 l 2 / 

u 2 (x) = a* JJ-) (l- a y c=dz, 

where L is the contour of Fig. 10, 9-72. 

Since the contour C can be made on as small a scale as we please, 
we can arrange that 

j v/(« 2 ) | < 1. 

Expanding the integrand by the binomial theorem, we obtain in 
terms of the complementary gamma function, 9-72, 

u 2 (x) = a* V ( - 1)-1 (l) \\ (- P - * - 1). 

Since 

r a (- p) = (- p -1)... (- p -«-1) r, (- p -1), 

we have 



the series being a Newton’s Series. This case is interesting in that 
we have found solutions of an equation which is not of normal form. 

16*6. Equations not of Normal Form. Equations whose 
coefficients are polynomials and which are not of normal form may 
sometimes be reduced to normal form by a suitable change of 
variable. Consider 


?»(*) “x+n + TV-i(*)««+»-!+ ••• + Voi-r) «x = 0, 
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and suppose that, the degree of p„(x) is p, that the degree of p 0 (x) 
is p + nk, and that the degree of p n _ , (x) does not exceed p f sk, 
s — f > 2, ... , n— 1, where k is a fixed integer positive or negative. 
The equation will be reduced to the normal form by the substitution 

u x = jT(x)]*ij x . 

For, if k be positive, the term p n _ a (x) u x+n _ 3 becomes, after 
division by [r(x)] fc , 

[(x + n-s- 1)... (x+1 )x] k p n _,(x)v x+n _„ 
whose coefficient is of degree not exceeding 

(n-s)k + p+sk — p + nk, 

while the extreme coefficients are of degree p+nk. If k be 
negative, we multiply the equation by 

[(x-f u- l)(x-rn- 2)... x]~ k 
and obtain coefficients of degree not exceeding p. 

Example. 

(a, x l + a 2 x + « 3 ) m x+2 r (b x x + b 2 ) u J4l 4- c x u x - 0. 

Here p = 2, k - - 1. Writing u x = r x iP(x)]- 1 , we get 
(fij a: 2 + a 2 X + a 3 ) v x+i -i (x + l ) (b x x t b z ) v t + c, x (x + 1) v x - 0, 
which is of normal form. 

EXAMPLES XV 

Discuss the solution of the following difference equations : 

1. (x + 2) « x+ j - (7x + 3) u XTl + 12x u x = 0. 

, 2. (x - 3) u I+2 - (4x - 3) u x+1 + (4z+2) u r = 0. 

3. (4x4-5) u I+2 -r (12x+ 10) « XT i-r(ffx+ ') u x — 0- 

4. Use the method of 12-72 to shew that the solution of the 
complete equation 

V (a, x t b s ) u (x ( s) =/(x), 

« » 
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where f(x) is a polynomial, can, in general, be made to depend upon 
the case in which f(x) is replaced by a constant. 

5. With the notation of 15-5, shew that the complete equation 
[A 1 (x+2) + A 0 ] u i+2 +[B 1 (x+ 1) + -B 0 ] m* + 1 + (Cj x 4- C 0 ) u x — c, 

where c is a constant, can be satisfied by taking 

• u x = X| 

Jo, 

where X is so chosen that 

^ 1 X(l-a 1 )ft +J (l-o 2 )^ 1 = c. 

6. If ^ (X) be polynomials, shew that in terms of the 

operator E Laplace’s equation can be written in the form 

[^(E) + z«ME)] «(*) = /(*)• 

If f(x) can be expressed in the form 

f(x) = \\*-'F{t)dt, 

* a 

discuss the conditions under which the difference equation will 
have a particular solution of the form 



In particular, shew that v(i) must satisfy the differential equation 

1 “ - MO «(') + *’ (0 = 0. 

7. Shew that the equation 

(x + a) {x + b) 2 + (oq x + 6j) w x+1 + b 2 « x = f(x) 
can be reduced to the normal form by the substitution 
v x = u x r(a: + u - 1). 

Shew how the method of Ex. 6 may be applied to this equation in 
the case where f(x) = px + q. 
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8. Apply Laplace’s substitution to the equation 
(x-a.)(x- (3) u x -[2x{x- 1)- §(a;- l) + <x(3] u x ^ 

+ (x - 2) (x - y - 1) u x _ 2 = 0, 

where S = a+(J + Y+1- 



CHAPTER XVI 


EQUATIONS WHOSE COEFFICIENTS ARE EXPRESSIBLE 
BY FACTORIAL SERIES 

After equations with rational coefficients the next type in order of 
simplicity appears to be formed by those equations whose coefficients 
can be represented by inverse factorial series. Such equations have 
been considered in detail by Norlund who has shewn how to form 
series which satisfy certain classes of these equations and has proved 
the convergence of the solutions. Norlund’s method consists in the 
direct substitution of a series, followed by transformations. It 
seems, however, simpler to use an operational method which leads 
ultimately to the same series but avoids the transformation of the 
terms which is inherent in the method of direct substitution. We 
shall begin by establishing the necessary theorems of operation.* 

16-0. With definitions of Chapter XIV, we have 

x' = x-t, -ku(x) — x A u(x), 

-1 

We shall now prove 

Theorem IX. 

(n + p + a)- 1 = p- 1 - (7r + o+1) p -2 + (7r + o+ a + 2) p~ 3 - ... 

~p~ 1 + ]£) (-!)’<£(*+«+1. s)P" 1_ ', 

*----- l 

where the operand is any function of x, and 

a 1, s ) = (X + <z + l)(X + a + 2)... (X + a + s). 

* L. M. Milne-Thomson, “ On the operational solution of linear difference 
equations whose coefficients are expressible by factorial scries,” Proc. Cam¬ 
bridge Phil. Soc., 28 (1932). 
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16 0] expressible by factorial series 

Proof. Assume that 

(" + P + a ) _1 =? fo («) P' 1 +/, (It) p- 2 +f 2 (tt) p-3 + ... . 
Operating with tt 4 p + a, we have 

1 ^ p/oW P -1 I [p/i(it) p~ 2 + (w + a)/ 0 (7r) p~ x ]+ ... 

+ [p /«(it) p-^ 1 + (7t + a) f ,_.j (7t) p -»] + ... . 

Using Theorem I, 14 - 1, this gives 

1 r ?/o( 7r_ l) + [/i( 7 t-l) + (7r + fl)/ 0 (rt)]p- 1 + ... 

+ I./«(lt-])r (lt + a)/„_ 1 (j I )]p"* + ... . 

Thus we must have 

/ 0 (X-1) = ]. 
/,(X-l)+(X+a)/ 0 (X) = 0, 

/» (X - 1) + (a + a) f s (X) =-• 0, 

whence 

/o(X) = U = - (X + a + 1). / 2 (X) = (/,-« + l)(X + a+2), 
and generally 

/.(X) = (- 1 )“(X + «+ ])... (>, t-n-t s), 

which proves the theorem. 

16 01. Theorem X. 

[ (n + p + o+»- I)(w+p + o + n-2)... (w + p+a) ]- J 
== p~"-(jj(7t + o+n) p-"^ 1 

+ ( n ^^(-x + a + n)(7z+ a+ n-\ \) p~ n ~ 2 + ... 

4 P""+^ (-1) S (” H * 1) </>(x + a + n, s) p-"-*, 

where 

<f>(K+a + n, s) = (\+a + n)... (X + a + n + s- ]), 
and the. operand is any function of r. 
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Proof. The theorem is true when n = 1 for it is then the same 
as Theorem IX. We therefore proceed by induction. Assume 
Theorem X to be true for a positive integer m, that is to say 

(1) [ (Tr+p + a + n- 1)... (7r+ p + a) ] _1 

=FP _n +S (-1 y( H + S <l>(n + a + n,s) p- n ~\ 

»=i \ s / 

By Theorem IX, with a + n for a, we have 


f7t + p + a + n] -1 = p -1 + y, ( - l) a <£(7i + q + n + 1, s) P 1 

»=i 

Operating with this on (1), wc get 
( 2 ) [(7r+ p + a + n)(n+ p+a+n- 1)... (tc+ p4- a) ] -1 

=p-‘+si(-i)*(” + rr') 

» = 1 >-=0 v * v ' 

x<f>(v: + a + n+l, v) p- 1 -*’ ^(rc + a + n, s - v) p-"- ,+ *'. 

Now, by Theorem I, 

<£(7r + a + M + l, v) p- 1 -" <f>(n + a + n, s- v) p~" _s+ * 

= <f>(v: + a + n+ 1, v) <f>(n + a + n+ ] + v, s - v) 

=F <f>(ix + a + n + 1, s) p-"- 1 -". 


Also 


A /n + s- v- 1 
V s - v 


_ + 1 + s - lj _ ^n +1 + s - 1J 


so that the right-hand side of (2) is 

p—» + S 0 <f > (' r: + a + n + 1» s ) p~ n ~ 1 ~ > , 

whence the theorem follows by induction from the case n = 1. 

In proving Theorem X we have written in a certain order the 
factors in the left-hand member of the statement in the enuncia¬ 
tion. That the order is immaterial depends on the fact that the 
same expansion is obtained for [ (n + p + a) (re + p + 6) ] _1 as for 
[(*+ p +■ b)(n+ p + a) ] -1 . This is quite simply proved by assuming 
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an expansion for eacli as in Theorem IX and then operating 

on the first with (tc+ p + a)(7r+ p + b) and on the second with 

(x+p + b)(n + p + a). These last two operators are equivalent and 
we are led to the same functional equations for the coefficients 
in each case. 

The application of Theorem X to the theory of difference 

equations reposes on the equivalence of n + p and x — r = x' 

regarded as an operator. 

Thus with any operand 


1 _ 1 
X' 7t+ p 


p _1 - (tt + 1) p -2 + (71 -f-1) (:r + 2) p -3 - 


1 _ ] 

a;'(:r' + lj (rc t p)(rr f p i-1) 



+ Q(7 I + 2)(7r + 3)p->-..., 

and so on. 

It follows at once that a factorial series of the first kind can be 
replaced by an equivalent operator. 

Thus with r — 1, x' = x -1, 


/3\ 2 «*+J_ . 

' 0 X x{x+ 1) ' 1 x(x-<r 1) ... (x + s) 

a 0 + flj p” 1 + [a 2 - fl x (tt + 2) ] p" 2 

+ [ a 3-(j) a a( Tt t' 3 ) + fi[ i( 7r + 2 )( T: + 3 )] P“ 3 + --- > 
the general term being 

(a, - (* “ X ) a 3 _j (it+ s) + ( S ~ *) o 3 _ 2 (n + s)(n + s -1) -../) p-. 

( 4 ) = V 1 o s _ v (-l)^( S “ 1 )( 7 : + .s)( 7 r-)-s-l)...( 7 r + S -v+l)p- 

V*- (I 

the product (tc + s)(ti + s- 2 ) ... (tj-Ps- v+ 1 } being interpreted as 
unity when v = 0 .* 


* Wo shall make the corresponding convention throughout the chapter as 
the formulae are more readily expressed when it is adopted. 
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16-1. First Normal Form. Consider the difference equation 

(1) j> n {x)u{x~n) + 'p n _- y {x)u{x-n-\-\)+ ...+p 0 (x) u(x) = 0. 

Since 

u(x-r) = E -r «(*) = ^1- A yu(x), 
we can reduce the equation to the form 

n n~ 1 

(2) q n (x) Au(x) + q„.. y (x) A u(x)+... + q Q (x) u(x) = 0. 

-1 - 1 

If q,(x) = a s (x-l)(x-2)... (x-s+1), 

(« = 1, 2, ..., n), and q 0 (x) = a 0 , 


the equation is of the form which we have called monomial 

d" F(x) 

(see 14-5) and has solutions of the type p [x k) ' °* :>v * ous 

generalisation of the monomial type is obtained by supposing in 
the definition of q,(x) that a, is replaced by 


(3) 


*.(*) = 



j j &i) ( g 

x{x+ ]) + x(x + l)(x + 2) + ' 


When x -> oo the modified coefficient -> a a , and we should expect 
such an equation to have solutions which behave asymptotically 
in the same way as the solutions of the corresponding monomial 
equation. 

We shall therefore consider an equation of the form 


(4) t n (x)(x - l)(x - 2)... (x - n +1) A u 

- j 

n - 1 

+ t B _j(x)(x- l)(x-2)... (x-n+2) A u-f ... + < 0 (x) w = 0, 

- i 

where l s {x), 8 — 0, 1, 2, ..., n, is of the form (3) and where a n -/■- 0. 
An equation of this type will be called the first normal form. 

Since a„ =£=Q, we can divide (4) by t n (x) and thus obtain an 
equation of the same type in which t„(x) = 1. We shall therefore 
suppose this to have been done. 
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16 - 2 ] 

16-2. Operational Solution of an Equation of the First 

Normal Form. For simplicity we consider an equation of the 
second order, which we write in the form 
2 

(1) (x- \)(x-2) u- (a + p{x))(x~ 1) A u + (b + q(x) )u 

= c 0 a (k)f 0 (k) p-*l. 

Here a and b are constants and p(x), q (x) are factorial series,. 


( 2 ) 

(3) 


p (af)= x + *(i+r) + *(*+i?(^2) + -” * 

. , b, bo 

^ X ~ x f x(x+ 1) + x(x+ l)(x + 2) ^ f 


while the indicial equation is 

(4) / 0 (*) = *(*■-1) 4-«*+6 = 0. 

When the roots k v k 2 of this equation are congruent, say 

h = k i+P 

where p is a positive integer or zero, we take 

x(k) = f 0 (k + l)f 0 (k + 2)...f 0 (k + p). 

The right-hand member of (1) is introduced, as in 14-22, to allow 
for this case. Taking x' = x~ 1, we have p- fc 1 = V(x) jT(x + k), 
and we note that the right-hand member of (1) vanishes when 
k — ky and its partial derivate with respect to k vanishes when 
k - k v As in 14-22, we suppose the variation of k to be restricted 
to a small region K in the neighbourhood of k v k z . 

Using 16-01 (3), we have 

p(x) = V fcfr) p-, q{x) -v <!».(«) p-, 

»<■ i 8=1 

where 

M*) = V «,,(-!)’ ('■'" 1 )(Tr + s)...(7r+J-v+l), 

and a similar expression for <b s (~) obtained by writing h,_ v for a,_„. 
Thus, using Theorem II, our equation assumes the operational form 

w(7t-l)M-(a + ^ 1 (7t)p- l + ^(7r)P' 2 +-) JtM 

+ (6 + <K(w) p~ l + 4's( 7t ) P~ 2 + •■•) u = Co«(*)/o(*-) P * I> 
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which can be written 

( 5 ) [/o(-*)+/i(-*)P~ 1 +/ 2 (-'rc)p- 2 +...] M 

= c 0 *i k )M k ) 9~ k >» 

where, using Theorem I, 

( 6 ) f 0 (~ it) = aiz + b, 

M-n) = -<£i(*) (*+!)+'Wfa). 

M~n) = -<M*)(* + 2) + 'M7t), 

and so on. 

We can at once obtain a formal solution of this equation by 
assuming that 

(7) u = u (x, k) = c 0 a (k) p k + c x p~ k 1 + c., p~ k ~ 2 |-... , 

where the operand unity is understood. 

Equating coefficients, we thus obtain 

/„(*) c o * (*) = /„(*) f, o * (* : )> an identity ; 
c i/o(^+ l) + c u a (^)/i(^+ 1) = 0, 

<> 2/o(* + 2 ) + c i/i(*+ 2)+ c 0 a(X*)/ 8 (^-I 2) = 0, 


( 8 ) C s f 0 (k + S) + C s _ i f 1 (k + S) + C a _ 2 f 2 (k + S) j r ... 

+ <!(»«(*)/»(* + «) = 0 - 


As already explained in 14-22, these equations yield determinate 
values of c } , c 2 , ... in terms of c 0 , provided the domain of variation 
of k be sufficiently restricted. We have thus found a formal solution 
of the non-homogeneous equation (1). Calling this solution u(x, k), 
the homogeneous equation 

(9) (x-l)(z-2 )&u-(a+p{x))(x- 1) A u + (h + q{x))u = 0 

-1 - i 


has the solutions u (x, k x ), u ( x , k 2 ) when k lt k 2 are iticongruent and 
the solutions 


(10) u(x, kj), 

when k x , k 2 are congruent. 


du(x, kj) 

dk l 
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16-3. Convergence of the Formal Solution. We have 
found the formal solution of 16-2 (1) in the form 


(1) u(x, k) — c 0 a.(k) + c , ^ ^ _ \- c . _ l . 

0 'T{x+k) 'r{x+k+\) + 2 V{x + ]c+2,) + "' ’ 

which may be written in the form 


where 


u (x, k) ~ 


v 

r {x+k) ’ 


(2) 


v = e 0 »(k) + 


+ 


(x + k) ' (x bk)(x + k+\) 


+ ... . 


Using 2-51, we have 

a _ T(x-1) 

r(x+k) 

l r(x-2) 
A , u -r(x+k) 


kv-(x\-h- i) A v 


A (A; 4-1) v-‘2fc(x+&- l)/\v 
- i 


4' ( x 4- k — 1) (x 4' k 




Substituting in 10-2 (1), we obtain the equation satisfied by v, 
namely, 

(3) (x + k~ l)(x + k - 2) &v- [(2k + a) + p(x)] (x+k - 1) 

-1 - i 

+ [/«W + ^M + l lW]'' = c Q x(k)f 0 (k). 

If in the definitions of tt and p wc now take x ~ x + k- 1, 
then (3) assumes the form 

O (n- 1) - (2k + a) it + /„ (k) J r-p (x) ~v+ [Ip(x) + q(x )] v 

= c Q x(k)f 0 (k). 

Since 


t: (7r- 1) - (2£t«) iz+ k(k + l) + ak + b = f 0 ( - iz+ k), 
wc have finally 

(4) /„(-«+*)« = c 0 x (k)f 0 (k) + [p(x)(n-k)-q(x)]v, 

which is the original equation with rc-k written for it. 
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Now, let the factorial series for p(x), q(x) be supposed trans¬ 
formed so that 


(5) 


( \ __ y ___T a * __ 

p{ ) tzt* (z'Ts) ’ 


( 6 ) + 

Then (4) becomes 

f 0 (-n+k)v = c 0 ct(k)f 0 (k)+ ^ [ - a. w + p J. 

Now, since x' = 7t + p, 


s! 


si 


"V . [-a,w+p,l i 'll / . - . I -«,w + P,l 

/=o ® ••• (® +«) 1 H J „“"o (tc !■ p)... (rc-f-p-f s) 1 K 

4 w X A , ) (t: + /(+ 1 )... (tt + s) p 1 -*[-* fc 7r+p A ], 

«=o a=o s-n/ 

using Theorem X. Thus (4) becomes 

(7) / 0 (-* + fc)v = c 0 a (k)f 0 (k)+ V F„.( - *) p- 1 ’ v, 

*-0 

where 


(«) F.(-w) 

= y, (-l) 5 '' , ^lf;)(w + /i + l)...(7T + s)[-(7t + s+l)a A +p A ]. 

A-=0 

Now we know that (7) has the formal solution (2), which can be 
written in the form 

v = c 0 a (£) i-Cj p 1 4 r 2 p 2 Tc 3 p~ 3 + ... . 

Substituting this in (7), we get 
/o( - * + k) [c 0 « (k) + C] p - 1 -f ...] = c 0 a( k)f 0 (k ) 

+ [F 0 (-r.)p" 1 +F 1 {-T:) p- 2 + ...][c 0 a(A) + Ci p" 1 + ...]• 
Equating the coefficients of the powers of p, we have 

c i/o(^ + k) = ^o> d 0 = c 0 a (£), 

^/ 0 (2 + *) = i’ 1 (2)d 0 + F 0 (2) Cl , 
c 3./o(3 + &) — i’ 2 (3)rfo + ^,(3)c 1 + ^o(3)c 2 , 


(9) 


C,f 0 (s + k) = C,^ (s) + C,_2 F, (s) +... + d 0 P.-l(*)• 
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Now, from (8), we have 

A<*> = (»-*-!).. -(*-»)[(v-*-i)«,+M 

Put 

= a 0^' a l ^ + a A> Bh = Po + Pl + ■+■ Pa- 
Then by Abel’s Identity, 10-07, we have 

(10) P,(v) = s! V f;:^ 2 2 )[(v- s -]),b + B A ]. 

Thus if v > s, a condition always fulfilled by (9), we see that 
F,{m) is a linear form in A h , B h with positive coefficients. Hence, if 
in the difference equation (3) we replace the factorial series (5) and 
(6) for p(x) and kp(x) + q(x) by majorant factorial series (see 
10-091) the numbers corresponding to the f*,(v) in the formal solu¬ 
tion will be replaced by numbers which are larger in absolute value 
than the numbers J F,(v) in (9). We have supposed k to be restricted 
to a small region K in the neighbourhood of k v k 2 . We can there¬ 
fore find a number p 0, independent of k, such that the factorial 
series (5), (6) certainly converge if It (x) > p. We then take as 
majorant series (see 10-091) both for p(x ) and kp(x) q the function 

\1 3/(p + e)(p + e-f 1)... (p-te-ts - 1) 

x'-p-e ,“o x'(x' + 1)... (x' + sj 

where e > 0 and M is a fixed positive number chosen sufficiently 
large for the majorant property to hold for all values of k in K. 
Now consider the difference equation 

2 m r 1 

(11) cx'(x'-l)Afl + cr'Af + r = " -x'Av + v +Yo> 

i x - p - e L J 

where 0 < c < 1 and y 0 is a constant whose value will be deter¬ 
mined later. This equation being analogous to (3) has a formal 
solution (which we shall presently determine) of the form (2), namely, 
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The coefficients y a are given by equations of the same form 
as (9), namely, 

(13) y,(cs*+ 1) = y»-i Xo ( s ) + Yj -2 Xi ( s ) + ■ • • + Yo Xs-i (*) > 

but the numbers x«( v )> which correspond to F,(v), are now all 
positive, as is easily seen from the form analogous to (10). More¬ 
over, we have shewn that 

(14) Xs (v)> i^ s (v)|, v> s. 

Now, since 0 < c < 1, we can find a positive integer n, such that 

(15) cs 2 +l <\f 0 (k + s)\, s^n, 

for all values of k in K. Also, by successive applications of the 
recurrence relations (13), we have y a = m, y 0 where m, is a 
positive number, while in a similar way from (9) we obtain 

c , = +«(&)> 

where ty s (k) is a rational function of k. It follows that if m be 
the smallest of the numbers 1 , ntj, m 2 ,, m„, and if 

> max [I c o a W l> I ^i(^) , I i>u{k) |], 

we shall have 

(16) y,>|c,|, 3=1,2,..., n, y 0 > i c 0 <x.(k) |, 

provided that y 0 be so chosen that my 0 > If this condition 
be satisfied, it follows from (13), (14), (15), (16) that, interpreting 

C n-T> as ^0’ 

Yn +1 > ^l jf ’*( n+1 ) C »-*l -V l/o(* + »+ 1 )l> K +1 |, 

from (9). We prove in the same way that y n+2 > [ c n+2 ( and so on, 
and thus we have y„ > | c„ | for v = 1 , 2, ... , n, n + 1 , ... . It 
follows from this inequality that, when the series (12) converges, 
the series (2) also converges. To establish the convergence of (12) 
we substitute this series in (11), which gives in operational form 

(c7r 2 +l)^y,p-»= -^- e (-Tr+l) ^y,p-' + y 0 . 
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whence, using Theorem IV, we obtain 

(Tr+p-ix-e) V] (cs 2 + l)Y,p-* 

a 0 

= M ^ (.S + 1) Ys p"' + {n + p - (t - e) y 0 - 
* —0 

Using Theorem IV again, we obtain 

OO 

Y, [-(«+{!.+ e) (c s* +1) Y, p-* + (c s* f 1) Y, P—+ 1 ] 

• - 1 

= M V)(. s + l)Y,p-‘. 

1~0 

Equating the coefficients, we obtain 

( c + 1) Yi — M To , 

Y«+i lc(»+!)*+!]- (.s- + u - e)(cs 2 +1) Y , = M(s + 1) Y< . 

Thus 


T»+j _ (« + P + z)(cs 2 - I) - M (,s + 1) _ (s-(,)(s- |j)(s -y 
Ys c ( , ‘ i + 1 )~ t 1 (s — ?» t ) (.? - w 2 ) 

say, where 

(17) i| + / 2 +ia - - ;a- s. wq + >n 2 = - 2. 

Thus if jT s , r, u be consecutive terms of (12), we have 

i = t* 

T s (g - Wj)(.s - »> 2 )(y -r.l-i 1 ) 


a 1 t/jT^ty wij — w 2 +1 


+0 


and therefore by Weierstrass’ criterion (see 9-8), the series (12) is 
absolutely convergent if 

li (x' +(, + /, + / 3 - »q - ?/i 2 + 1) > I, 
which gives, using (17), 

R(x') > e- 2. 

Since x' — x+k- 1, we see that (12) converges in the half plane 
determined by 

( 18 ) 


R(x+k) > p.- 1. 
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We have therefore proved the convergence of (12) and therefore 
of (2) and consequently of (1) in the above half plane. Since the 
convergence of a factorial series is uniform in a half plane interior to 
the half plane of convergence we have established the existence as 
analytic functions of the solutions u(x, kj, u(x, k 2 ) of the difference 
equation 16-2 (9), at least in half planes defined by (18). 

Moreover, since u is independent of k, the convergence is uniform 
with respect to k, so that we have established the existence of the 
solutions 16-2 (10) when the indicial equation presents congruent 
roots. The linear independence of these solutions follows at once, 
as in 14-3, from their asymptotic behaviour when x -> co in the half 
plane of convergence. 


16*4. Example of Solution. Consider the equation 
(!) (os+| z )(a;-l)(a!-2)A«-(a 1 + ^)(x-l)A« + (o 0 + 6 x 0 Ju = 0. 


This equation has rational coefficients. We shall, however, here 
regard it as an equation with factorial (in this case finite) series for 
coefficients. The equation is of the first normal form, if a 2 -f= 0. 
The indicial equation is 

f Q (k) = a 2 k(k+l) + a l k + a 0 — a 2 (k -k l ){k-k 2 ). 

Take x' = x- 1, then the operational form of the equation is 


(a 2 -\ --—r-)TC^-lJu-faj-f ^ tz u+(a 0 -i - --—-)u 

\ 2 TC+p+V V ' \ 1 7 T+P+ 1 / V 0 7 T+p-|-l/ 

= /„(*) P~ k - 

When the roots of the indicial equation are congruent, say 
k 2 = k x +p, p 0, we take 

d 0 = c o fo(k+l)f 0 (k + 2)... foft + P)- 


When the roots are incongruent, we take d 0 = c 0 . 
Expanding by Theorem IX, we have 
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whence, using Theorem 1, 

j/o(- it) + V) (- i)*- 3 (* + 2) ... (te + s) 

** J-l 

[6 a (7r + *)(rr+«-l)-h 1 (Tc-Fs) + 6 0 ]p-*| u = d 0 / 0 (A)p~*, 
which becomes 

(2) [/ 0 (- «) + A (- n) p- 1 + / a (■- *) p-* +...]« = d 0 /„(A) p-», 
where 

fi(-n) = & a (Jt+l)7i-hj(ir+l) + h 0 , 

/>•(-'*) -• (~ l)‘ ,_1 (^ + 2)... (tt +v)/j(-7r-v+1), 

(3) /„ +1 (A-i-s-f 1) — (A-fs- 1)... (A+s- v + l)/i(A + s- v-f 1) 

— (A-fs - l)f v (k+s). 

Now substitute 

u = d 0 o' * + e, p- t-1 + c 2 p~*" 2 + ... 
in (2). Equating the coefficients we get 

ei/o(*+l) + ^o/i(*+l)=0, 

(4) C, f 0 {k + s) -f C s _2 /i(A -r s) -r... -i-rf 0 f s (k + s) — 0, 

(5) c sfi / 0 (A +s + l) + c s /,(A + s-;-l) + c s _i /.(A + s-t1)4-... 

+ d 0 /m(A + s + 1) = 0. 

Using (3), we get 

c,+i / 0 (A + s + l)f c,/j(A- s-> 1) 

+ (A + s- l)tc,_i /i(/« ts) + ... + d 0 / 0 (* + s)] = 0, 

whence, using (4), 

<Wi So (A + « + 1) + t fi (A + « 4-1) - (A + s - 1)/„(A + s)] = 0. 

1’ut 

A/ 0 (A -f1) — fi(k + 1) = a 2 (k- li){k— l 2 ){k - A,), 

/i (A) = b 2 (A - wi, - 1) (A - »i a - 1). 

Then 

c„ +1 _ a 2 (A-/j + s- l)(A-U+5- 1)(A-Z 3 + s-1) 
c s — a a (A-Aj + s-t 1)(A-A 2 +s+1) 

and 

C! __ -6 2 (A-»q)(A-w 2 ) 

dp o 2 (A + 1 - Aj)(A+ 1 - Aj) 
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[16-4 


Thus using the factorial notation 

— C S41 ~ 

(k-l 1 + s-iy^(k-l 2 + s- 1)<*>(£- l s + s-l) w (k-m 1 )(k-m 2 )b 2 d Q 
a % (k- ky + s +1 (k-k^+s + 1 ) (a+1) 

Thus (2) has the.solution 

u(x, k) — d 0 p-* + c 1 p- ,: ~ 1 + c 2 p“ ,I - 2 +... 

_ r(z) f , Ci , _______^2___, 1 

T(x + k) [ 0+ x + k + (x + k)(x+k+\) " j 

= r|x + l) d ° { 1 " a* &" m i>^ “ ,w *) H*' *)} > 

where 

Air l-\ ~ V> __(A'-/ 1 + S-l)W(l ; -l 2 + S -l) ( »Hfc-?3 + *-l) (,> 

^ ' ~ ££(*-Jfc 1 + « + l)< i+1 >(i- ** + « + l)<* +i )(x+it).'.7(* + A + «) 

and the solutions of (1) are u(x, k j), «(x, £ 2 ) when k lt k 2 are in- 
congruent and u(x, kj), du(x, ij) / 31-j when iq, it 2 are congruent. 


16*6. The Second Normal Form. An equation which can 
be expressed in the form 

T n (x)x(x+1)... (x+n-1) 

+ T„_i(x) x(x+ ])...(x + »i - 2)A« + ...+ T 0 (x) u — 0, 

where 


**.(*) = «. + r~ 




«,.2 


x-1 ' (x-])(x-2) (x-])(x-2)(x-3) 


+ . 


= 0, 1, 2, ... , n, 


and where a„ =£ 0, is said to be of the second normal form. 

The operational method of solving such an equation is exactly the 
same as that already explained except that the operators re, p are 
replaced by 7t 1: p r The basic theorem for these operators is 

Theorem XI. 


(-TTj-a + pj)- 1 -= p- 1 + (7r 1 -t-a+l) pf 2 

+ (iTi + 0 + 1) (Ttj + 0 + 2) Pj -2 +... , 

where the operand is any junction of x. 

The proof of this theorem, which is analogous to Theorem IX, 
offers no difficulty and is left to the render. 
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An equation of the second normal form has solutions of the form 


U ( x, k) — 


r(l-i) c 

r(1 - x+ k) (x~k—\) ...(x-k-s)’ 


and partial derivates of this with respect to k, when the indicial 
equation presents multiple or congruent roots. 

The region of convergence is R{x) < max(X + n, n+\, R(\+k)), 
where X is the smallest abscissa of convergence of the coefficients 
of the given equation and k is the root of the indicial equation 
whose real part is smallest. 


The proof of these statements follows exactly the same lines as 
that for the first normal form. 

The solutions have the same asymptotic forms as those of an 
equation of the first normal type and form a fundamental system. 


16-6. Note on the Normal Forms. Consider the equa¬ 
tion 

o 

(1) p 2 (x) A u + Pl (x) A u + p Q {x)u~ 0. 

- 1 -1 


If p 2 (x). Pi( x )' Po( x ) polynomials of descending degree, the 
equation can be reduced to the first normal type, for we can write 
the equation in the form 


(x- (i- = 0, 

V -i ?M X ) -1 Pz( x ) 

and since the degree of the numerators of 

Pi (x)(x-2) Pq(x)(x~ l )(s-2) 

Pt(*) ’ Pii*) 


does not exceed the degree of the corresponding denominators these 
rational functions can be expressed in factorial series of the type 
necessary for the equation to be normal. Now, with v(x+2) =u(x), 
(1) can be written in the form 


[ft (x) + p 1 (x) + p 0 (x)]Av + [ft (*) + 2p 0 ( x )3 A v + p 0 (as) v = 0, 

and the coefficients are again of descending degree, so that this 
equation can be reduced to the second normal form. 
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Thus we see that an equation like (1) in which the coefficients are 
polynomials of descending degree can be expressed in both normal 
forms. We can thus get two fundamental sets of solutions according 
to the type to which we reduce the equation. These correspond to 
the two canonical sets of solutions discussed in Chapter XV. 

More generally an equation of the first normal form 
2 

t 2 (x){x-l)(x-2) A u+t 1 (x){x- 1) Ati + i 0 (i)« = 0 

-i -l 

can be reduced also to the second normal form, provided that the 
factorial series which represent ( u {x), fj(x), t 2 (x) be holomorphic 
in the whole domain of the point infinity. 

If a given equation cannot be reduced to either normal form it 
may still be possible to obtain a certain number of solutions by the 
operational method. These will not of course form a fundamental 
set, for the normal forms constitute the only type in which the 
solutions are all represented by the class of factorial series already 
obtained. 

Example. 

( 2 - ~i) 1) A«-(i -J)*A«+« = o.. 

The equation is expressed in the seoond normal form. 

The indicial equation is, taking x' = x, 

/,(*) = 2 k(k +l) + &+ 1 = (2 k + 1) (k + 1) = 0, 

whence £, = - J, k 2 = - 1. 

These are incongruent, so we write 

( 2 “ 7T +l4- D .) 7r i (7T l~ 1)_ ^ 1_ 7r l , „ ) 7t l+ 1 M = 0 - 

L' - *1+ >■ + fa' _ + ?y J 

Expanding by Theorem XI, we get 

[/o( _7c i)“ X ( TC i( Tt i+ 1 ) ••• (rcj + s-2) pr*rc I (7t 1 - 1) 

- (Ttj + 1) ... (K, + S - 1) p^ * TCj j j u = 0, 
00 —> 

[/o( -^l)- X K-1 )(w 1 +1)(7c 1 + 2) ... (rtj + i) pf'jM = 0. 
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U — C 0 Pi * + C l Pi 1 1 + c 2 Pi k ""+••• > 

then 

«./•(*) = 0 , c,/ 0 (4+l)-c 0 (i+2)i = 0 , 

c./o(i + *)-c,_ 1 (4 + s + l)(A: + s- 1) 

+ c s _ 2 (A + s+l)(A + «-l)(A + s- 2 )- ... 

+ (- 1)’ c 0 (A + s +1) (A + s - l)(A + s - 2 )... A = 0 , 

c »+]/o(& + s + 1 )- c »(fc+s + 2)(fc+s) 

~t ^ 5^1 (A 4“ s -f- 2 ) (A + s) (A 4 - s — 1) — ... 

+ ( - 1) ,+1 c 0 (k + s + 2)(k+s)(k+s- 1)... A = 0. 
The last two equations give 
c,fo (k + s) 

C 8 +1 / 0 (A + s + 1) _ 

A + .s+i (A-i-«+ 2 ) (A+ s) * ’ 

whence we obtain 

c s+i_ _ (A J -s)(A + .s) 
c, " A + s + i! ’ 

_ (- l ) 5 (A + s)(A-i-s- 1 )... (A + l)(A+s)(A+s- 1 )... (A+ 1 ) 
C ’ +I (k+'s + -f) (A -f «+">)... (F+ j)" 


Thus we have 


x 


A 

2A + 3 C °' 


u(a:; - £) = 
tt(j; - 1) = 


1 (x +1) 
F(x) 

r(x+i) 


L 4(x-i) + 2 5 (x-|)(x-{i) 
- 1 = ar- 1 . 


EXAMPLES XVI 
Solve the following difference equations : 

1. (x- l)(x-2) A«-(«i+^) (*-!) A“ + (ao + ^)« = 0. 

2. (x-l)(x-2) A «-(2 + ^)(*-l) A« + (2 + ^)u = 0. 
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3. (®-l)(®-2)(l + ^)Au-(6 + ~J(a;--l)Au+12u = 0. 

4. (i-1)(*-2)(4+~)a« 

-( 8+ i?i)< ls - 1 >4 1 * + ( 9+ D'‘ = 0 - 

5. (*+1)(*+2)(i-^| i )a« 

~( l ~ z-'i) ( x +i)Au + (l-~- i )u = 0. 

6. x(x+l)^4- A u ~(^~ ^^ 2 ) + ~ 

7. *(* + l)(l- i | T )A«-(5-f)*A« + (8- !e ^ l )« = 0. 

8. x(x+l)^4-^™j A M -(8 + ^)'i-A w + 9w = 0. 

9. Establish for the operators n v pj the theorem corresponding 
to Theorem X. 



CHAPTER XVII 

THE THEOREMS OF POINCARE AND PERRON 

In this chapter we discuss certain theorems on the asymptotic 
behaviour of solutions of linear difference equations. The theorem 
of Poincare * marks the beginning of modern methods of research in 
the theory of linear difference equations. The failure of the theorem 
in certain cases leads us to discuss the theorem of Perron. The 
proof here given is Perron’s and is based on the properties of sum 
equations.t 

It has been considered advisable to reproduce here the whole of 
Perron’s paper both on account of the elegance of the method 
employed and also to give an insight into the theory of sum equa¬ 
tions which have an interest of their own apart from the particular 
application in view. 

17-0. The Linear Equation with Constant Coefficients. 

Consider the equation 

( 1 ) u (x + 3) - (a -f P -f y) u ( J + -) ■ 

-r (ap + py -t ya) tt(* +1) - a^Y «( a ) = 0, 
where a, p, y are constants. The roots of the characteristic equation 
are a, fl, y. If we put 

(2) a = r x < ,fl , p = r 2 e», y = H ei *> 
we have 

| a [ = r v | P | =r t , | Y I = h- 


• H. Poincare, American Journal of Math., 7 (1885), p. 213. 

| O. perron. “ Cber Summengleichungen und Poincar&iehe Differenzen- 
gleichungen,” Math. Avvalen, 84 (1921), p. i. 
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We propose to investigate the value of 


(3) 


Urn 

»— u(x+n) 


where n is a positive integer. 


Case I. |aj > |$| > | y |. 

The general solution of (1) is 

u (x) — m 1 (x) a 1 + to 2 (x) [3 r + to 3 ( x ) y 1 , 

where to,(x), to 2 (x), to 3 (x) are arbitrary periodics. We dismiss 
once for all the trivial solution u(x) — 0, which corresponds to 
the case in which these arbitrary periodics are all identically zero 
Let us choose an initial value of x, say x 0 , for which m 1 (x 0 ) =/-- 0. 
Then 


u (x 0 4- n + 1) _ to, (x 0 ) + mj,(x 0 ) p»«+«+i + m3 y*.+«4 i 

u(x 0 +n) ~ ro 1 (x 0 )a I «' ,n + oj 2 (x 0 ) ji x «+ n + ro 3 (x 0 ) y 1 * l n 


n + 1 


*#+» 


M*o)+«*(*•)(£) 

h( x o) + m 2( x o)(^) 

j ft : 1 y | 

Since j ■, •■ |, are less than unity, we have 


= a- 

to, 


+ to, 


/^\z 0 +n (1 

<*•>(«)' 


\*»+n 


(4) 


w(x 0 4 n+ 1) 

lim “-, — a. 

u(x 0 + n) 


Similarly, if to,(x 0 ) = 0 while to 2 (x 0 ) /- 0, we have 

tt(x 0 + n +1) _ to 2 (x 0 ) + ro 3 (x 0 ) y 1 ** n+1 

u(x 0 + n) ~ to 2 (x 0 )p**+"+ 1 + to 3 (x 0 )y r »+" +J ’ 


so that 

(5) 

Finally, if to 3 (x 0 ) 4 0 while to, (x 0 ) = 0, to 2 (x 0 ) = 0, we have 


= 8 . 

»-» u{x 0 +n) r 


Km «(*.+«+D 

u(x 0 + n) 


( 6 ) 
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Thus, if u(x) be any solution of (1), which is not zero, we have 
proved that 

limU(* + n+ 1 ) 

u(x + n) 

is equal to one of the roots of the characteristic equation. 

Case II. « = p, |a| > | y|. 

In this case 

u (x ) = m 1 (x) x. x -f (x) x x x -f ro 3 (a;) y*. 

Suppose that when * = x 0 , ro 2 (x 0 ) f 0. Then 

u(x 0 + n 4-1) 
u(x 0 +n) 

so that 

Hm *K + »+l) = 
u(x 0 +n) 

Similarly, if ro 2 ( J 'o) — m x (^o) 0> the value of the limit is 

again a, and if cq(x 0 ) — 0, st 2 (z 0 ) = 0, w s (x 0 ) -± 0, the limit exists 
and is equal to y. If | «| > | (3 (, (3 = y, a similar conclusion is 
ched. 

Case III. a = j3 = y. 

In this case 

u(r) — m x (x) a T + enr 2 (sr) xx x + w 3 (x) x 2 a 1 , 

and we can easily prove as in Case II, that the limit (3) exists and 
is equal to ot. 

Case IV. |a| = | {J|, 0-T & |a|>|y|. 

In this case 

u (x) = m 1 (x) r[ e ij> + m 2 (x) r[ +m 3 (x)y x . 

If Bj(x 0 ) 0, td 2 (x o )t^ 0, we have 

w(x ft + n+l) ® 1 (x 0 )c i ( J ^ n+1 >«+B 2 (x () )e<^+’‘+iH 

«(*,+») “ u 5l (x 0 )e-(*.+*)«+ m 2 (z 0 ) *<*+«♦ ' 


*(*„ + « + 1) + ro (x 0 )- J^5oL(Y)*’ +n+r 

LZf ,-»+1 “ v w x 0 +n+lW J 


(X 0 +M) 


(^0) + ( X ) ^ ( X 0 ) 

?o + n ■' x 0 + n'«/ J 
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Since e ine , e in * do not tend to definite limits when n -> go , we 
see that the limi t (3) does not exist. For particular solutions the 
limit may exist; for example, if ro 2 (x 0 ) = 0, ro 1 (x 0 )^=0, the 
limit is a, while for ^(xj = 0, w 2 (x 0 ) 0 the limit is fi, and 

for w 1 (j 0 ) = 0, ru 2 (.r 0 ) = 0 the limit is y. 

Thus in this case we can state that the limit (3) does not always 
exist. 

The cases | a | > | j3 |, ! P | = i T 1» 4 ^ and i a I = I P I = I Y l> 
0 are similar to the last and do not require separate 

discussion. 

The method of reasoning evidently applies to a homogeneous 
equation with constant coefficients of any order, and we can state 
the following general theorem. 

Theorem. Given a homogeneous linear difference equation with 
constant coefficients, let u(x) be any solution such that u(x 0 )ffO. 
Then, if n be a positive integer, 

lim^t" + l) 
u(x 0 + n ) 

exists and is equal to a root of the characteristic equation, whether 
these roots be distinct or not, provided that those roots which are 
distinct have distinct moduli. 

If the characteristic equation have two or more distinct roots with 
the same modulus, the above limit does not in general exist, but 
particular solutions can always be found for which the limit exists 
and is equal to a given root of the characteristic equation. 

17*1. Poincare’s Theorem. Poincare has generalised this 
theorem for equations whose coefficients tend to constant values for 
large values of the variable. For simplicity we consider an equation 
of the third order. The particular initial value x 0 which figures in 
the above theorem may by a displacement of the origin be taken as 
unity. We therefore consider the equation 

(1) «(n + 3) + [a + x(n)]w(n + 2) 

+ [b + y(n)]u(n+]) + [c + z(n)]u(n) ~ 0, 
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where n is a positive integral variable and a, b, c are constants. 
If when n-y oo , 

(2) lim x(n) = 0, \imy(n) = 0, lim 2 (w) = 0, 

we shall call an equation of the form (1) a difference equation of 
Poincare’s type. 

When n is large, the difference equation (1) approximates to the 
form 

(3) u(n + 3)+au(n + 2) + 6u(w+l) + cu(n) = 0, 

which we may call the associated equation with constant coefficients. 
With these definitions we may state the following theorem: 

Poincare’s Theorem. If u(n) be any solution of a homo¬ 
geneous linear difference equation whose coefficients tend to constant 
values, when n + oo , then 

u(n+ 1) 
lim - - 

n~» «(«) 

exists, and is equal to one of the zeros of the characteristic function 
of the associated difference, equation with constant coefficients, provided 
that the moduli of the zeros of the characteristic function be distinct. 

We prove the theorem for equation (1), which is of the third 
order. The characteristic function of the associated equation (3) is 

(4) f(t) = t 3 + at 2 + bt f c = (t - xf ( t - a 2 ) ( t - a 3 ), 
and we can suppose that 

(5) i <*11 > I *2 I > I *3 I 

since, by hypothesis, the moduli are distinct. It also follows that 
/’(•i)*/*(**)>/'(*®) are all different from zero. Now put 

(6) u(n) =/),(n) + p 2 (n) + p 3 (H), 
u(n+ 1) = x 1 p l {n)-tx 2 p 2 (n) + x 3 p 3 (n), 

u (n + 2) = af p x (n) + a; p 2 (n) + a 3 p 3 (n). 

These equations are compatible since 

! 1 1 1 

j «i aa <*3 ' = (a. 1 -a 2 )(x 2 -a 3 )(x 3 ~a. 1 )f=0. 

i O *> « 1 

j ctf or, <x 3 
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Multiply equations, ( 6 ), by a 2 Og, -(02 + 03 ), 1 respectively 
and add. We then obtain 


a, ag u (n) - (04 + 03) u (n + 1) + u (n + 2) 

= K - a i (*2 + as) + *2 a s] Pi ( n ) = /' («i) Pi (»)• 
Writing (n+1) for n, we get 

(7) oij 03 u(w +1) - (a, + 03 ) u(n + 2)+ «(n +3) = /'(a J )p 1 (n+1). 
Substitute the value of u(n + 3) from (1) and observe that 
a 1 + a a + a 3 = -a, a 1 a 2 + a 2 a 3 + a 3 a 1 = 6 , OjO^Og = -c. 
We then have 


/' (* 1 ) Pi («+l) = oju (n + 2 )- (o 2 + a 3 )u(n+]) + a 2 a 3 u (n)] 

- x(«) u(n + 2) - y(n) n(n + 1 ) - z{n) u{n), 

whence, using ( 6 ) and (7). 

/'(<*i)pi(n + l) 

= a i/'(*i)Pi(«) - x i( n ) Pi(») ~ A r 2 (n) P 2 ( n ) “ X 3 (n) p 3 (n), 

where 

X a (n) = a,**(n) + a,y(n) + 2 (M), s = 1 , 2, 3, 
so that, from ( 2 ), X,(n )->0 when n-vx). 

Thus we have the three equations 
( 8 ) p t (n+ 1 ) = a 1 p 1 (n)-' 1 (n)p 1 (n)-r il (n)p 2 (n)-C 1 (n)p 3 (n), 

p 2 (n+ 1 ) = 02 p 2 (n) - l a (n) p x (n) - rj 2 (n)p 2 (n) - ^(w)p 3 (n), 

Pa ( n +1) = *3 Pz ( n ) ~ S 3 ( w ) Pi («) ~ *13 (n) p 2 (n) - ^ (n) p 3 (n), 
where ^(n) = X 3 (n) -^/'(oj), ..., so that the coefficients £„(«), 
?),(n), C,(w )->0 when n-> 00 . 

Since |a J |>|a 2 )>|a 3 |, we can choose a positive number (3 
such that 


( 9 ) 


*3 

l *, 


l + P 
l"P 


< 1 , 


L«3 l+P 
I * 2 1 — P 


<1, 


i «* 
a, 


l+P 

i-P 


< 1 , 


it being sufficient to take 2(3 less than the smaller of 
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Since the coefficients £,(n), r lt (n), Z, s (n) in ( 8 ) tend to zero, 
we can find a positive integer « 0 such that the absolute value of 
each of these coefficients is less than J( 3 , provided that n'^i n a . 

We exclude the trivial case u(n) 0 , from and after some fixed 
value of n. It then follows, from (6), that jq(n), p 2 (n ), p 3 (n) 
do not vanish identically. Now take a fixed integer N ^ n 0 and 
consider the sequence of functions 

lft(m IfttfOI. IftWI- 

As we proceed from left to right in this sequence we must, at a 
definite stage, first come to a function whose value is at least as 
great as the value of any of its successors in the sequence. 

Lot | Pi{N) | be the function defined in this way. 

If we change N into N +1 we shall shew that the suffix i cannot 
increase. It will then follow that i will tend to a limiting value when 
N -* oo ; for i cannot increase and has one of the values 1 , 2, 3. 

The possible distinct types of inequality between the functions of 
the sequence arc 

(A) |pi(A r )| >\lh(N)\, |Pi(A r )| >\P»(N)\, i = 1; 

(B) !p 2 (W)i>|,MA T )|. I MA T )| !? 3 (A t )|, » = 2; 

(C) \p 3 ( N )\ > |Pi(A’)|, |p 3 (A T )| > |p 2 (A T )|, * = 3 - 

Since | o + 61 < | a | r | b |, |a-h|r?|a|-|b|, we have in case 
(A), from ( 8 ), 

I Pi (Am I)| 5* I *i 11 Pi (A) I 

- J 3 P { I Pi (A) | +1 p 2 (A 7 ) | +1 p3 (A 7 ) I} > II *r | - P] I Pi(A r ) | , 
|p«(.V+ l)K|a 2 Mp 2 (N)! 

+ £ P {| pi (A’) | 1 p 2 ( A T ) | t | p s (A) |}<[|a 2 |f P] l pi(N) |, 
|p 3 (A+l)KI« 3 ||p 3 (W)| 

+ £ P11 Pi(A r ) I +1 p 2 (N) I +1 p s (A r ) I} < [| *31 + p] I Pi (A) |. 
Thus, by division, since p,(A r ) 0, we have, using (9), 


p 2 (A T +1) 
Pi(A'+ 1) 


^ ja*.l + P 
^ i «i i - p 


< i, 


| Ps (A^ + l ) < KI + L 1 

! Pi(A + l) ^Kl-p^ 


which shews that case (A) when once established for sufficiently 
large values of n will persist for all greater values of w. 

M.T.C. 
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In case (B) we have from (8), in the same way as above, 

Ift^+iHMKI-MIftWI, 

| A (y + l)|<[|«,| + p]| ft (y)| f 

and thus, using (9), 

jft(IV+l) + 

I ftfar+i) ’ 

so that | /) 2 (A 7 +1) j > | J >3 (A 7 + 1) |, and therefore 

if | (IV +1) I > I ft(IV + l) |, (B) has persisted, while 

if | p 2 (N + ]) j ^ ( Pi(N + J) |, (B) has become a case of (A). 

Evidently (C) either persists or becomes (B) or (A). 

Thus we have proved that the suffix i cannot increase, so that for 
sufficiently large n, i remains constant. 

Suppose, for example, i = 2. We now prove that 


( 10 ) 

For suppose, if possible, that 
lim sup 


lin, = 0, = 

«-*®ft( H ) n-*oo ft( >( ) 


Pi(n) 

p 2 (n) 


L 


where l > 0. Then, given e > 0, we have, for sufficiently large 
values of n, 

&-<"> |<(+c. 

?,(») i 

Suppose that N be chosen large enough for this to be the case, 
then, from (8) and (B), we have 


lft(A T + l)| >|«illft(IV)|-p|ft(tf)|, 
i ft(IV + l)l ^ I 11ft (IV) I + PI ft (A 7 ) l> 

and thus, by division, 

K] lft.0 I rl I ftM I <- i ft ( N + ] ) | ^ 7 , _ 
(fftl + WlftWr ft(A T "+l) i + ' 


Pi (IV) 
ft (IV) 


< 


(l+ z) {| j -t- ft} + ft 


and thus 
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Now, from the property of the upper limit (10-08), we have 


Pt(N) 

MN) 


> 1 - 


for infinitely many values of N. Thus we have 


which gives 

MKI-KI-PlyJ 
I *i I +1 *2 I + P 

which is impossible, since s and ,8 are arbitrarily small, and 


! a,! - ! a, I > 0. 


Thus we must have l = 0, which proves the first part of (10). 

The second part is proved in the same way. Then, from (6), we 
have 


and thus 


lim 

n x 


«(«) 

;>»(«) 


i. 


lim 

n~* x 


u(n+ 1) 
p 2 (n) 


= « 2 > 


lim 

x 


u (n -- 1) 
u(n) 


= a 2 > 


which proves Poincare's theorem in the case i = 2. The cases i = 1, 
i — 3 present no new features. Thus Poincare’s theorem is proved 
for the third order equation. 

The method of proof for the equation of general order follows 
exactly the same lines, the essential point being the proof that the 
suffix i cannot increase. 

Poincare’s theorem shews that 


u(x+«+l) 
hill , - , 

,.-=0 u(x-t-n) 

is equal to one of the roots of the characteristic equation. A more 
general theorem has been proved by Perron,* namely : 

If the coefficient of u{x) in the difference equation of order n be 
not zero , for x = 0, 1 , 2, ..., and the other hypotheses be fulfilled, then 

* 0. Perron, Journal/, rein. u. angeiv. Math. 136 (1909), 17-37, 
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[17-1 


the equation possesses n fundamental solutions tq (x), , u„(x), such 

that 


lim 

X —► CO 


' = 1, 2, ..., n, 


where a, ts a root of the characteristic equation, and x -> ao by positive 
integral increments. 

When the conditions of the enunciation of Poincare’s theorem are 
not all fulfilled, that is, when the characteristic equation presents 
two or more roots of the same modulus, the matter becomes very 
complicated, and it may be shewn by examples that the theorem 
may even fail completely. We shall discuss another theorem due 
to Perron which frees us of these complications. 


17*2. Continued Fraction Solution of the Second Order 
Equation. We first establish a certain identity due to Thiele. 
Let 


(1) 

2. 

_ x s x t+l _ 

X s + l ~ 

" x s+3 

J 

s = 

1,2, 


x s ~ x t+2 

X t+2 ~ 

" x i+3 



(2) 

V, 

_ X n-X, 

^ X ‘~ 

x >+2 
_ > 

*V 

■ 2 = 1 


x n ~ x t+l 

x e+l 

~ X t+2 



Then 









ef 

- X ’~ 

X * +1 X 

**'n ~~ 

x s +2 




x s~ 

x s+2 

x„ — 

x .-n ’ 

and thus 

we 

obtain 






n- 3, 


and hence 


1 - Z ' = v s , s = 1, 2, 3. n-3, 

V A+1 



Proceeding in this way we obtain the identity 


1 - 


] - 


*3 

1 - 


i n-4 


1 - 2 , 


n-S 


( 3 ) 
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Now consider the Poincare difference equation 

u (x+2) + p (x) u (x+ l) + j (x) u (x) = 0, 

lim p (x) = , Jim q(x) = a 2 , 
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where 


where x -> oo by positive integral increments. 

The characteristic equation is 

i“ + ( 11 1 4" a 2 --- 0. 

We shall suppose the roots a, p of this equation to be of unequal 
modulus and that 1*1 > I PI- 

Now let u x (x), u 2 (x) be a fundamental system of solutions. We 
then obtain from the difference equation 

tq(x + 2) u 2 (x) - u 2 (x + 2) u l (x) 

Uj(x) u 2 (x+ 1) -u 2 (x)u 1 (x+ 1) ’ 


p{x) 


If in (1) we take 


_ u l (x+l)u 2 (x+2)-u 2 (x+\)u 1 (x+2) 
^ ' %i l {x)u 2 (x+l)-u 2 {x)u 1 (x+l) 


X, = 


Mj(x + s-2) 
u 2 (x+s- 2)’ 


q( x + s _- 1 ) 

' P (X + S - 2) P (x -r S - 1 ) ' 


we have 

( 4 ) 

Writing n t- 2 for n, we have, after reduction, 

_ (x + n) u 2 (.r + 1) - u.,(.r. + n) u % (x + 1) 1 

tl_ ~ u l (x+n)u i (x)~u 2 (x + n)u l (x) p(x- 1)' 

Substituting in (3), we have, by means of (4), the identity 

m,(z4 n)u 2 (x+ 1) - u 2 (x + n) u 1 (x+ 1) 

«,(/ + »)u 2 (x)-u 2 (x inju^x) 

-q{x) 

vlx)- q{X+1) - 
P(} p(x+ 1)- 


q(x+n-2) 
p(x+n- 2) ‘ 
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The right-hand member of this identity depends only on the 
coefficients of the difference equation and is therefore independent 
of the particular fundamental system chosen. Let us choose our 
fundamental solutions so that 


.. «,(z + n + l) 

lim -■ 

n-+*> *h{x+n) 


u 2 (x + n + 1) _ 

«,(*+») 


which is possible by Perron’s theorem, given at the end of 17-1. 
Then 

. j M a (* + n+l) ^ u 2 (x , n) j _ j p | 
n — x I U^(x+ n + 1) ■ Wj(j- + «) j j a | ’ 


from which it follows that 


lim = 0. 

n^vU^X + n) 


Hence, dividing the numerator and denominator of (5) by «j [x+ n) 
and then letting n -+ oo , we obtain 


M x ) 


p(x)- 


~q(x) 
?(*+']) 


1 )- 


q(x-‘-2) 
p(x + 2)- 


and u 2 (x) is obtained as a solution of an equation of the first order. 

In a similar manner, by writing -1-2 for x in the difference 
equation, we can prove that a second solution is given by 


u 3 (x) 

Wa(*+i) 


-1 


p(x-\)~ 


q{x- 1) 


p(x-2)- 


p(z-3)- 


17• 3. Sum Equations. By the name sum equations we 
understand a system of infinitely many equations in infinitely many 
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unknowns, such that in the (jz-f l)th equation the first p. unknowns 
are absent.* 

Thus we can write such a system in the form 

. a O, O X 0 * a 0. 1 x l^ 0‘S, % x 2 + a 0,3 x 3+ ■■■ ~ C # , 

®1, 0 X l + ®1,1 X 2 + a l, 2 *3+ • • • = Cj , 

®2. 0 X 2 "h ®2,1 *3 + ■ ■ • ~ C 2 , 

or, more briefly, 

X 

(1 ) £ «m > ***» = c„, *4 = 0, 1,2,.... 

We assume that 


( 2 ) K,v| A! > 0, 0 <5- < 1, 

( :i ) lim sup “/| c„ | ^ 1. 

M“► X 

Wc then seek solutions for which 


(4) lim sup y|:r, | <1. 

v —> <Tj 

For such solutions the series (1) are absolutely convergent. Now 
let 

/(*)= 

v =-0 

be an arbitrary power series, which for | z j < 1 is holomorphic 
and different from zero, so that the reciprocal 


1 

/(=) 


CO 

= V Tv'- 

v —— 0 


is likewise holomorphic for j z | ^ 1 and different from zero. It 
follows that the radii of convergence are both greater than unity, 
so that f 

(5) lim sup v | y, | < 1, lim sup “J | yj | < 1. 


* I have translated the German “Summcngleichungen” by “sum equations’'. 
The equations form a semi-reduced or semi-normal linear system. The idea 
of these equations is due to J. Horn, Journal f. rein. u. aiigeu-. Math. 140, 
(1911). 

t K. Knopp, Infinite Series, p. 155. 
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Moreover, from the definition of the coefficients, 

(6) V v v' = V y' y = / 1 for X ~ °» 

U ^o Yx ~‘ Yr -o Yx -‘ Y ' ( 0 for X > 0. 

If then we put 

V 

(^) If - X Tx 


X “0 


( 8 ) 


^, <V+x Tx ~ c m > 
x=o 


we obtain without difficulty 

(9) \ a L*\ < A’'S'-, £'>0, 0 < a' < 1. 

(10) lim sup */1 | ^ 1. 

M —* X 

From (7), we have 

V V V - * 

«, - - «Y« = X 'Ij' 1 *'* *■». «■ -«- X Yx Y- 

K =<=() * 0 X “U 

* A 

— ^^, o m+ x,»-xYx-«Y« *> 

X-0 «=0 

from (6). Again, from (8), since by (3) and (5) the double series is 
absolutely and therefore unconditionally convergent, we have 

00 oO 00 

C »-' « Y« — ^ C M r « i-X Yx Y* 

* n 0 A“-0 
OC A 

= X X C e * x Y.x - « Y- = c s • 

A* s 0 

from (6). Hence we have proved that 

V 

( H 4 *, v - K -IX 7 

* ^0 

(i2) £ wy; =■■*,- 

If now we form the sum equations 
00 

^ v X ii \ y — C fi> |X = 0, 1, 2, ... , 


(13) 



537 


17 3] THE THEOREMS OF POINCARE AND PERRON 

these are equivalent to (1) in so far as every solution of (1) (which 
satisfies (4)) is also a solution of (13) and conversely. To see this, 
it is sufficient to shew that (13) follows from (1). 

The converse is then obtained by interchanging the letters with 
primes and those without. In (1) put p+X for p, multiply by y k , 
and sum with respect to X. Then 

* * 

" x ^.(*+► ya — y .ya = 

A-0 ,-0 >To 

and since by (2), (4), (5) the double series converges absolutely, by 
interchanging the members, we have 

, ? " <*> 

C M = y, ^ • A,. -A Ya ! V = V < V 

v •*0 A '■*0 

from (7), so that (13) follows from (1). 

17-4. Homogeneous Sum Equations with Constant 
Coefficients. 

Theorem I. Let the coefficients of the homogeneous sum 
equations 

£ja„x„ + , = 0, (a-. 0, 1,2,... 

v -0 

be such that a 0 i 0 and such that the function 



. -o 


is holomorphic and has n{ 0) zeros (multiple zeros being counted 
according to their multiplicity) in the region q. Then the sum 

equations have exactly n linearly independent solutions for which 

limsup V | i '/• 

r or 

These solutions are 

= Pa”. v Pa”. *••, v ’"*~ 1 Pa”. 

where p k is a zero of F(z) of order m k . 
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That the above values are solutions is easily verified, for the 
statement amounts to proving that 

( Z |l) = s = 0 > 1, 2,.... m x -l, 


when z = p x • 

Clearly we can take q — 1, since the substitution 
a, = K q v , x„ = q> y„ 

brings us to this case. 

Since the series is now convergent for | z | ^ 1, we have 
j a y | < K y, Ii > 0, 0 < P < 1, 
so that condition 17-3(2) is fulfilled (o M> , = a„). Let 


P(z) = z n +g 1 z”- l + ...+g„ 



have the same zeros as F(z) for j z | ^ 1. Then the function 


P(z) 

F{z) 


= /(*)= 

•■-0 


is holomorphic and has no zeros if ] z | 1 and therefore fulfils the 

hypothesis of 17-3. The sum equations can therefore lie trans¬ 
formed and, by 17-3(7), 

v 

k Ya- 

X =0 


But multiplying the former equation by F{z) y we have 


v - 0 v = 0 v «= 0 

so that 

d tlf , ffn—vi ^ — 0, 1,2,...,/?, 

< V = 0, v > n. 

The transformed sum equations are therefore 


5 v 9 n -1 


■V **V+r 


= 0, 


or 


x *+n+Si x *+»-i+ — +9nX* = 0, p. = 0, 1, 2. 
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which are linear difference equations with constant coefficients 
whose solutions are just those given in the theorem. The point of 
the theorem lies not so much in the fact that the given values are 
solutions as that there are no further independent solutions. 


17*6. A Second Transformation. Returning to the hypo¬ 
theses of 17-3, let us put 

(1) + n = 0,1,2,..., 

thus obtaining the equations 

X (°r+&,.r)*,.+r = <>, 

* 0 

and assume that for all p 

(2) «o + ^,of=°- 

so that in the (p f 1 )th equation the unknown actually occurs. 
Moreover, let 

(3) \K,A<K*'> 

(4) liin = 0. 

Finally, let the function 

( 5 ) F{z)=X a * z ' 

be holomorphie for |s| < 1, so that, if necessary replacing h by a 
greater number which is still less than unity, in addition to (3), 
we have also 

(6) i«, b>0. 

Then the hypotheses of 17-3 are fulfilled. If n ^ 0 be the number 
of zeros of F(z) in | z | < l (counted according to multiplicity), we 

let 

(j) P(z) = : n + z"- 1 +... +g« = 9n-« 2 ” 


be the polynomial with just those zeros. Put 


(8) 
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Then /( z ) is holomorphic for j z | ^ 1 and has no zeros in this 
region. We can therefore use the transformation of 17-3, 
whereby (1) becomes 

CO 

(9) X ( a l + K,*) x »+, = (a = 0, 1, 2, ..., 

0 

where, analogously to 17*3 (7), (8), we have 

(10) Y*> 

A =0 

(11) K tV = £ 6„ + a.,-aYa, 

a-o 

(12) £c,iaTa. 

A =0 

and in particular from (2), 

(13) «o + ^,o = («o+^,o)Yo : f 0. 

Multiplying (8) by F(z), we get 

n qo x> 

S 9n z v = Y- 

K“0 V *= 0 v “ 0 

so that 

P 

Gy - ^ i Gv-\ Ya ~ 9n—v ? V — 0, 1, 2, ... , 71, 

A-0 

and a' w — 0, for v > n. The transformed sum equations therefore 
take the form 

00 

(14) 2^+n + <7, :r M+n „j +... -r<7„4- 6*,,, M-— 0, 1,2,..., 

► -o 

and, by (13), 

(15) g„ + b;, 0 ^0. 

For 61,, „ from (3), (4) and 17-3 (5), we have 

( 16 ) I&;. r |<i;a", o<a'<i, 

(17) lim K = 0. 

ft —+ X 

We also obtain 

lim sup £/ j c„' | 1. 

ft —> 00 


( 18 ) 
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In solving the system, (14), it is clearly sufficient to satisfy 
these equations for p M, where M can be as large as we like. 
When we have done this the missing unknowns x M _ v x M _ t ,..., x 0 
can, on account of (15), be found from the equations (14) by 
putting successively p = M - 1, M - 2,..., 0. 

We shall now transform (14) when p > M, leaving the precise 
determination of M till later. Put then 


(19) 


2" _ “ 8„ 
p(*) ~ 2V ‘ 


A majorant function for this scries is clearly 


so that wc have 
( 20 ) 


z n _ (n+ v -1\ 1 


Also, from (19), multiplying by P(z), wc get 

(2D i=v^;v 6 ; v , 

1- 0 * >----o “ 

and hence S„ -- 1. Now, in (14), put successively 
p = M, M+ 1, M + 2,..., p 

and we have 

00 

£<tl + n + ?1 X M tn-1 4" - • • + 9n X M ~ ~~ , x M+v > 

ao 

x Mi«+l + 9l X M+n+ ••• + 9n x U+l = C M+1~ ^M+i, . X M tl-hJ 


X !L+n + x *+n-l + •“ ~^9n — *> ^V. r x n+y 

v=»0 

Multiply these equations in order by ..., 8 0 and 

add the results. Then, from the identity (21), the numbers 


x M+n> X M+ n+l> — > X n+n-l 




[ 17-5 
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disappear and, since S 0 = 1, we obtain 

( 22 ) 


n -1 v 

x n+n + 2 2 fftt - v + A 

X = -0 


M- M 

£ 

xo 


= £ v.x*x-£ 


- A/-- X X iU + r 


M - A/ 

^ ^ - X, i' &X x ti \ v - XI 

x~o 


where the 8 with negative suffixes which may appear on the left 
are to be replaced by 2 cro. 

The system (22) for p. = M, M + 1, M + 2,, is clearly the full 
equivalent of the system (14) for the same values of p. The 
condition 17-3 (4) is here unnecessary, and we shall therefore allow 
solutions of (14) and (22), for which this condition is not fulfilled. 


I7”6. General Solution of Sum Equations. Let £ be any 
number in the interval 

(1) 1 <£<!/»'. 

Then from 17-5 (17), if M be sufficiently large, we have 

(2) *;<* (!-»'£) (;-!)», v>d/, 

an inequality which still holds if £ be replaced by another 
number sufficiently near to We can therefore determine two 
numbers s 2 , such that, in the interval 

I c^cHc^ci/V, 

we have 

(2a) *; < i (i - a' -1)-, 

(26) t;<J(i-a'C,)(C,-l)", v^d/. 

We now prove that, if the number X, and the. index At be chosen 
to satisfy (1) and (2), then the sum equations 17-5 (14), when 

X M+ 1. ••• i x M+n- 1 

are arbitrarily assigned, have exactly one solution such that 
lim sup V J | x v | 

V —► QC 

From 17-5, we see that it is sufficient to consider the system 
17-5 (22). 
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In the first place it is easy to shew that there is at most one such 
solution. 

For, if possible, let x v , y v be two such solutions. Then their 
difference *„ - y, = z„ satisfies the homogeneous sum equations: 

('*) *»+» — ~'£ S ^ ^ z * * - - X, 

v-0 A=0 

and 

^ Z M ~ Z M +1 ~ ~M+n-\ = 0 . 

Also, since 

lim sup ;/1 x, i < X. < r 2 , lim sup \J \ y y | < ; < r , 

v->* 

we can find a number <7 such tiiat 

(5) I--. I = K-sU^cg. 

We here take C to be the smallest number for which this holds, 
which is possible since the aggregate of all such numbers clearly 
includes their lower limit. Then, from (3), using 17-5 (16) (20), 
the relation (5) gives 



where, in the last line but one, we have used (2b). 

Taken in conjunction with (4), this states that 

for pSsili: 

in other words, that in (5) we can replace C by |C. Since C was 
already chosen as small as possible, we must have (7 = 0 and 
therefore x u = for p > M. Thus we have proved that there 
is at most one solution of the prescribed kind. 

To prove that there is actually one solution, denote the prescribed 
initial values by 
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and let us seek to solve the system 17-5 (22) by successive approxi¬ 
mation, putting 

(G) *£*' = 0, p>M + n, 

(7) a£° = M < p ^ M + n- 1, 


( 8 ) 


X , 


,(« + !) 
>+» 


M-Af 


ao — M 




X™0 


i-0 X-0 


»(*) 

X • C M + >' - X 


- ^?n-vfX^-J/-x Sil/fv, P>Af. 

►«0 X-~U 


We first shew that the successively formed series converge in that 


(9) \^\<CZl p>M, 

where (7 is independent of p and s. 

From 17-5 (18), (20), we see that 


|oj<A' 1 rr, 


n - 1 


^Li 9n-r~k 8^-lf-x + k j < 

! v-0 x-o ! 

where A\, A 2 are independent of p. Now, on account of (7), no 
proof of (9) is needed for M sC p. M + n - 1. Also for s = 0 no 
proof is necessary. If then (9) be true for a certain value of s, we 
have from (8), 

i ~(*+i> | ^ k r<* - x ( n +x -1 \ 
i t x^o 1 ' x ) 


!•—0 *“0 ' A / 


and if we approximate by the same method as that just used in 
discussing (5), but using (2a) instead of (26), we get 


*i>+n 


If then we take 


< { r i % )n ^ +n +hC^' n + K ^V n - 


( '>Ktr K V**)’ 


.(C-i)" 

we have proved (9) by induction. 
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From (8), it follows that 


( 10 ) 

»--() x~o 


AK’i 


X.^X L%+*-X 




We now prove that 

( 11 ) 


By (7) no proof is needed, for M ^ M + n- 1. Also (11) is 

true for s = 1, by (9). If (11) be true for a certain value of s, 
we have, from (10), 


l eD - x<’\ 

I p ( M f* -j 




r-M 

V k’ 


>■=•() X^fl 



•2ocr ln 


again using the method employed in treating (5). Hence (11) 
follows by induction. 

From (11) we infer the existence of the limit 


(12) 

lim x (,) 
* 



*-^CO 


and in fact 

1 *<»>-* | 

1 H M 1 

'2(7 Of 

(13) 

< .»~r 


From this we get 

x I 

.-u x-0 


<rzK.A*r l )-K- 

p-0 A — O 

n 

< r_. 

^ 2 s ' 1 ^ 

once more using the method of approximation adopted for (o). 
Hence 


lim ^ ^ 

X 0 

2m 


go t* - Af 

= v; ^ 4 ;.»,avp 

»^o x-0 


M.T.C. 
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and hence, when s-> oo, equation (8) become equation 17-5 (22). 
The solutions obtained by the successive approximations therefore 
all satisfy 17-5 (22) and therefore 17-5 (14). They also satisfy the 
postulated condition, for from (13) and (9), 

(14) lim sup ;/ K | < Si < £, 

► 00 

so that the proposition is proved. But from this proposition, in 
conjunction with (14), we can draw a further conclusion, namely, 
that if a solution of 17-5 (14) satisfy the condition 

lim sup “J j j < s, 

—► 00 

then the sign of equality never occurs. 

Now £ is any number in the interval (1) and hence £ can be 
taken to differ from unity bv an arbitrarily small quantity, so that 
we can replace (14) by the sharper inequality 

lim sup ) 1 < i. 

fk—+ X 

For solutions which satisfy this condition the sum equations 
17-5 (14) are equivalent to the sum equations given at the beginning 
of 17-5, namely, 

00 

V (a,+ &„, „)*„+„ - c„, 

so that we have solved these also. 

If these equations be homogeneous so that all the and therefore 
all the c are zero, then there are n linearly independent solutions, 

which can be fixed with, say, the initial values 


*M, 1 

X M -1 1, 1 • 

■ • ^M+n-l.l 


_ l 

0 . 

, . 0 “ 

X M, 2 

x Ml 1,2 • 

• • x il in- 1,2 

= 

0 

1 . . 

. . 0 

_ X M, n 

X M -f 1, » • 

■ • x M + n - J, n — 


_ 0 

0 . 

. . 1 _ 


The general solution has then the form 

M 

X » ~ ^ X r,A> 
A«1 
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where the 0 X are arbitrary constants. In the non-homogeneous 
equation the difference of two solutions is clearly a solution of the 
homogeneous equation. If then x y = x y t0 be a particular solution 
of the non-homogeneous equation, the general solution is 

*r = *r, 0 +£;Cx *,,»■ 

X I 

We may sum up all these results in the following theorem. 
Theorem II. Letthe, coefficients of the sum equations 

CC 

^ K~ip. = 0,1,2, ... 
satisfy the conditions ; a 0 i 6^ „ -j 0, p = 0, 1, 2,..., 

\K.v\ 0<A<1, 

lirn k y — (>, lim sup | q, | ct 1. 

M —* X m —> X 

Let I lie function 

FC)=±a y z' 

6c holomorphic for | ; | ^ 1. If n( > 0) be the number of zeros of 
F(z) in this region, counted according to tlieir multiplicity, then the 
general solution of the sum equations which satisfy the condition 

lim *' | a- M | < 1 

n —► X 

contains exactly n arbitrary constants C k , and has the form 

n 

X r = Z„, 0 + 

X -1 

If M be a large enough index, there is one, and only one, such 
solution for which the n unknowns 

have prescribed values. For n = 0 there is exactly one solution 
and no arbitrary constants. 
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17*7. Difference Equations of Poincare’s Type. Con¬ 
sider the following difference equation of the rth order, 

(1) «(li+r) + a, if . 1 u(|i+r-l) + ... + a, il «(n+I) + a^ 0 «(|i) = 0, 

where the independent variable p takes the values 0, 1, 2, 3, .... 
This equation is of Poincare’s type (see 17T) if the limits 

lim a, iV = a,, v = 0, 1, 2, .... r- 1, 

ft —► aC 

all exist. We now prove 


Perron’s Theorem. Let q u g 2 , g 3 . g, be the distinct moduli 

of the roots of the characteristic equation 

< r + a r _ 1 f r ~ 1 + a r _ 2 < r “ !! + ...+a x <4 a 0 = 0, 

and let l K be the number of roots whose modulus is g k , multiple roots 
being counted according to their multiplicity, so that 

ijt L r i I a — r. 

Then , provided that a hi 0 be different from zero for all values of p, 
the difference equation (1) has a fundamental system of solutions, 
which fall into a classes, such that, for the solutions of the tdh class 
and their linear combinations, 

lim sup | «(p) | = g k . 

M —► U0 

The number of solutions oj the till class is l k . 

Let the numbers g k be arranged in ascending order of magnitude 


0 < 7i < 'h < 7a < ••• < 7c- 
Let p be an arbitrary positive number and let 


( 2 ) 


a r = C py’ aL H.V~ 0L r — v = 0, 1, 2, ..., r-1, 

a r — 1 — a r r , 0 - 

P r P T 


(3) «([*)-P = 0,1,2,.... 

Then the difference equation (1) is equivalent to 


Yj («r + 6 *. .)*,+. 


v =>-- 0 


= 0. 
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Let us regard this new equation as a system of sum equations 
whose coefficients clearly satisfy the conditions of Theorem II, since 
they vanish for v > r. The number of zeros of the function 

^(z)- v;«,*-= Va,p' Z -, 

► y^i) 

for | 2 | 1 depends on the choice of the positive number p. If 

we choose p smaller than > h (provided < h ± 0), there are no zeros 
in | 2 | iC 1 and hence no solution, other than zero, for which 

limsup *'|rj <], 

M —► SO 

that is to say, for which 

limsup ''|w(u)| < p<q v 

p QC 

If we choose for p a number between q i and q.,, there are i, zeros 
and therefore 1, solutions, such that 

bin sup */1 j M | ■<: 1, 

t* - v x 

that is to say, for which 

limsup * | M(p.) | < ]) < q t . 

t* -** 

Since p can be. taken arbitrarily near to q v we have for these i x 
solutions 

limsup s | m(r) | = <h- 

M X 

If now we choose p between q 2 and q 3 , there are l x + l 2 zeros 
and hence I j i /., solutions for which 

limsup *'| «({z) Kp<}j. 

p —► 00 

The i x solutions already found are of course included among 
these ; for the /, others, since p can he taken arbitrarily near to q 2 , 
we have 

limsup v ; |w(p)| = q 2 ■ 

M — ► 00 

Proceeding in this way the theorem is proved. 
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EXAMPLES XVII 


1. In the case of the equation 


t (» + 2)-(l+^ n+ 1) 1 ‘)«(») = 0, 


shew that 


u(n+l) 


n -*0 «(»*) 


does not exist for anv solution at all. 


[Perron.] 


2. In the equation 

«(» + 2)-[2 + />,(m)]w(/m-1) i ji t ;> 0 (m)]m(h) - 0. 

where 

p 0 («), p t («) -0 when n > x. 

and for sufficiently large n, p, (n) >> 0, //,(»<) - p 0 («) > 0, shew that 

Um ^! 

n-x «(«) 

for every solution which is not constantly zero for large values 
of n. [Perron.] 

3. In the equation 

u(n +-2) -rpi(n) ?<(« +1) +-p 0 («) u(n) — 0, 

where p 0 (n), Pi («) - - - 0 when « > x, and where 

.. p„(«) 

lmi , = «, 

„_«Pj(n- l)pj(n) 

where a is not a real number 2? ], prove that for every solution 
which does not constantly vanish for large n, 


Jim “<*+*> = 0. 
»-* u(n) 


[Perron.] 


4. Shew that the limit given in Poincare’s theorem does not 
exist in the case of the equation 

, (n + 2) + 2(-l)" , , . 

u(n + 2) - . ' , ... u(n) — 0. 

v ' (n + 2) 2 (n + A) ' ' 



kx. xvii] THE THEOREMS OF POINCARE AND PERRON 551 

5. Let a be a number whose modulus is greater than that of 
every root of the characteristic equation of a difference equation 
of Poincare’s type. Prove that 


lim 

n— ► ao 


u(n) 

a* 


= 0 , 


where u (n) is any solution of the equation. 


[Poincare.] 


*f>. Let «(») be aii}^ solution of a homogeneous linear difference 
equation of order r, with constant coefficients, and let 


D (»i, n) — 


m (n) 
v(n+ 1) 


v(n+ 1) ... v(n + m- 1) 
u(n + 2) . . . v{n + m) 


i u{n+m- 1) 


v (n + »i) . . . v (n + 2m - 2) 


where m < r and w is a positive integer. 

Then if />(»», n) y 0, prove that 

lim />(«!, w+ 1) / Z>(wi, n) 


W 00 


exists, and is equal to the continued product of m zeros of the 
characteristic function, provided that those zeros wffiich are distinct 
have distinct moduli. [Aitken.] 


*7. If the difference equation of Ex. G be replaced by an 
equation of Poincare's type, shew that the corresponding result 
(which is a generalisation of Poincare’s theorem) still holds, pro¬ 
vided that no two zeros of the characteristic function of the 
associated difference equation with constant coefficients have the 
same modulus. [Aitken.] 


* ] have to thank Dr. A. (\ Aitken for communicating these elegant 
generalisations. 
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of the first order, 137. 

Polynomials, 126 ef set], 
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Collins, 59. 
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Confluent divided difference, 13. 
Confluent interpolation polynomial, 
16. 

Confluent reciprocal difference, 117. 
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log V(r), 252. 
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532. 

Convergence, Abscissa of, 276, 309. 
Landau’s theorem on, 279. 
order of singularity and. 292. 
Weierstrass’ criterion for. 260. 
du Bois-Ravmond’s test for, 274. 
Cotes’ formulae, 168. 

Cubic, Approximate root of, 4. 


Davies, VV. B., 98. 

Dedekind. 276, 277. 

Deri vates. First order, 103, 154. 
from Bessel’s formula, 161. 
from Stirling’s formula, 159. 
Functional, 369. 

Markoff’s formula for, 157. 
of higher order, 155. 
Reciprocal. 118. 

Dienes, P„ 226, 292. 


The references are. to fiages. 
' Sec Con- 



554 


INDEX 


Difference, Central, 22. 
in terms of derivates, 37, 162. 
notation, 20, 22. 
operators, 20, 22. 
quotients, 23, 24. 

quotients in terms of derivates, 37. 
uotients of zero, 36, 134. 
ee also Differences, and Divided 
differences. 

Difference equations, 322. 

Adjoint, 374. 

Asymptotic forms of solutions, 457, 
487. 

Binomial, 465. 

Boole’s iterative method for. 343. 
operational method, 392. 
symbolic method for, 387. 
Bronwin’s method for, 475. 
Canonical forms of, 443. 
systems of solution, 482. 
systems in factorial series, 485. 
Oasorati’s theorem and determin¬ 
ant, 354. 357, 373. 385, 488. 
Characteristic equation, 479. 
Characteristic function, 384. 
Clairaut’s form, 344. 
Complementary solut ion. 389. 
Complete, 328," 374, 388, 460. 
Complete primitive of, 322, 390. 
Conditions for exact, 337. 
Convergence of solution, 459, 511. 
Exact, 334. 

Exceptional cases of, 451. 
Existence of solutions of, 352. 
Formal solution of, in series, 445. 
Fundamental systems of solutions 
of, 353. 

General theorems on, 357, 360, 443, 
526. 527, 531, 548. 

Genesis of, 322. 

Haldane’s method of solution, 341. 
Homogeneous, 324, 346, 351, 384. 
Hvpergeometric solutions of, 494. 
Indicial equation of, 446, 509. 
Linear independence of solutions 
of, 360. 

Linear, of the first order, 324, 328, 
329. 

Method of variation of parameters 
for, 375. 

Milne-Thomson’s method, 410. 
Miscellaneous forms of, 347. 
Monomial, 461. 

Multiple solutions of, 370. 


Multipliers of, 339, 372. 

Non-linear, 341, 346, 420. 

Normal forms of, 478, 508, 518, 
519. 

Not in normal form, 500. 

Partial. 423, 475. 

Partial fraction series for, 490, 495. 
Particular solution of, 390, 401, 
404, 406, 407. 

Reducible, 366, 493. 

Reduction of the order of, 367. 
Relation between fundamental sys¬ 
tems, 359. 

Relations between canonical sys¬ 
tems, 496. 

Resolvable into first order equa¬ 
tions, 426. 

Riceati’s form of, 346. 
Simultaneous, 420. 

Singular points of, 352. 

Solution by continued fractions, 
330, 378, 532. 
differencing. 344. 

Gamma functions, 327. 

I^aplace’s method, 427, 476. 
operators, 392, 410, 413, 509. 
undetermined coefficients, 403. 
Solution in Newton's series, 448. 
Special forms of, 472. 

Symbolic highest common factor 
of, 361. 

lowest common multiple of, 363. 
Transformations of. 467, 478. 
with coefficients expressible in 
Factorial series, 504. 
constant coefficients, 329, 384, 
423, 523. 

polynomial coefficients, 377. 
rational coefficients, 434, 478. 
Differences. Ascending, 22. 

Backward. 22. 59. 

Descending, 22. 
for sulslivided interval, 87. 
Forward, 22, 56. 
in terms of derivates, 162. 
Numerical applications of, 87. 
of a numerical table, 88. 

Reciprocal, 104. 

as determinants, 110. 
confluent, 117. 
of a quotient, 112. 

Properties of, 114. 

See also Difference and Divided 
differences. 
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Differential equation, numerical sole- ] 
tion of, 18:i. 

Differential equation of Fuchsian 
type, 47H. 

Differentiation, Numerical, 103, lf>4. 
Divided differences, 1. 
as contour integrals, 11. 
as determinants, 9. 
as definite integrals, 10. 
confluent, 13. 

for equidistant arguments, 50. 
in terms of functional values, 7. 
of x n , 7. ' 

du Bois-Heymond, 273, 274. 

Elderton, \Y. l’alin, 40. 

Elliptic integral, complete, 70, 85. 
Error Test, Stcffcrmen’s, 62. 

Euler, 124, 252, 257, 270, 311. 

Euler- Maelnurin formula, 1K7, 210. 
Euler's constant, 245. 

(Milvnomials and numbers, 143. 

of the first order, 147. 
transformation of scries, 311. 
Everett's interpolation formula, 72. 
Existence of the principal solution or 
sum, 200. 

Expansion of circular functions. 138. 

j-t n > in powers of x, 133. 
x" in factorials, 13:). 
Exponential function as a continued 
fraction, 121. 
sum of. 231. 

Expression for F(x i -<»). 238. 

Factorial expressions, 25. 

of the form x<" l> , 25. 42. 
of the form -i< 25. 44. 

Integral of, 131. 
moments, 41. 
scries, 271. 

Associated, 272. 

Convergence of, 273. 

Finite difference and sum of. 300. 
for canonical solutions, 485. 
Inverse —See Inverse factorial 
series. 

Newton’s—Nee Newton's series, 
region of absolute convergence. 
276. 

region of convergence, 275. 
Theorems on, 272, 275. 

Figurate numbers, 52. 

Finite summation, 191. 


Foraytli, A. It., 482. 

Fourier series, 218, 247, 326. 

Frobenius, 434. 

Function, Bernoulli’s periodic, 187, 

210 . 

Beta— See Beta function. 

Gamma— See Gamma function. 
Holomorphic, 221. 

Hypergeometrie, 261, 264. 
Incomplete Gamma, 331, 407. 
Integral, 226, 230. 

Meromorphic, 221. 

I’rym’s, 332. 

I’si - -See Psi function. 

Functional derivates, 369. 
j Functions with only one singular 
point, sum of, 232. 

Gamma function, 249. 

Asymptotic properties, 254. 
Complementary, 258. 500. 
Complementary argument theorem 
for, 251. 

Duplication formula for, 257. 
Generalised, The, 255. 

Hankers integral for, 259. 
Incomplete, 331, 407. 

Infinite products in terms of, 251. 
Integral for, 257. 

M n Implication theorem for, 257. 
Kcsidues of, 252. 

| Schiomilch's infinite product for, 
250. 

! (lauss, 19, 23, 257. 

clauss' backw ard formula, 65. 

1 forward formula, 65, 73. 
interpolation formula, 63. 
method of integration. 173. 

J Generating function of Bernoulli s 
polynomials, 127. 

Bernoulli’s numbers, 134. 

Euler's polynomials, 143. 
i Euler's numbers, 147. 

inverse factorial scries, 290. 
Newton's series, 312. 

1 (lenocchi, 18. 

Goursat, E., 478. 

Gregory. J.. 47, 59. 

Gregory-Xewton formula, 59. 

Gregory’s formula, 191. 
j theorem, 33. 

| Gudcrmann, 54. 

I 

1 Hadainonl, 292. 
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Haldane, J. B. S., 341. 

Halving the tabular interval, 84. 
Hardy’s formula, 171. 

Hayashi, K., 108. 

Hermite, 10, 124. 

Herschel’s theorem, 32. 

Heymann’s theorem, 357. 

Heymann, VV'., 357, 488. 

Hobson, E. W., 176, 220. 
Holomorphic, 221. 

Horn, J., 535. 

Hughes, H. K., 294. 

Hyperbolic functions, 101, 232. 
Hypergeometric function, 261. 

Definite integral for, 264. 

Expansion in, Newton’s series, 316. 
for 7=1, 261. 

Hypergeometric series, 260. 
Hypergeometric solutions of differ¬ 
ence equations, 494. 

Indefinite summation, 301. 

Integral, Contour, 11, 221, 404. 
Integral function, 226, 230. 

Integration by Lagrange's inter¬ 
polation formula, 164. 
Numerical, 162. Set. also Quadra- ! 
ture. 

Interpolation, 55. 

Aitken’s quadratic process, 78. 
by iteration, 76. 
formula, Bessel’s, 68. 

Central difference, 85. 

Everett s, 72. 

Gauss’, 63. 

Lagrange’s, 8, 15, 75. 

Newton’s, 2, 11, 13, 57, 59. 
Steffensen’s, 74. 

Stirling’s, 67, 155. 

Thiele's, 106. 
to halves. 84. 

inverse —Nee Inverse interjKilation. 
polynomials, 14. 
without differences, 75. 

Inverse factorial series, 284. 

Addition and multiplication of, 295. 
An asymptotic formula for, 298. 
Differentiation of, 297. 

1 ntegration of, 299. 

Majorant, 283. 

Poles of, 287. 

Theorems on, 287, 295. 
Transformations of, 293, 294, 
Uniform convergence of, 284. 


Inverse interpolation, 95. 
by divided differences, 96. 
by iterated linear interpolation, 
97. 

by reversal of series, 100. 
by successive approximation, 99. 

Jacobian elliptic functions, 78, 97. 

Zeta function, 80. 

Jeffreys, H„ 412. 

Knopp, K., 138, 147, 260, 261, 274, 
277, 304, 312, 535. 

Lagrange, 375. 

Lagrange's interpolation formula, 8, 
15, 75. 1(54. 

Laguorre’s polynomial, 321. 

Landau, E.. 272, 279. 

Ijmdau’s theorem, 279. 

Laplace, 427. 478. 

Laplace's difference equation, 491. 
formula, 181, 193. 

Application of, 183. 
integral, 288, 314, 40*. 478. 
Ix-gendre. 257. 

Leibniz’ theorem, 156, 211. 

Analogue of. 34. 

Levy, H., 184. 

1 jetstone, G. J., 1(H). 

Limes superior, 277. 

Linear indi pendenco, 353, 300. 

I»g I», 86, 249. 

1 hi)! Tl/-* 1) as a definite integral. 
257. 

Lubbock’s summation formula, 193. 

Maclaurin’s theorem. Secondary form 
of, 50. 

Majorant projicrties, Theorems on, 
310. 

Markoff's formula, 157, 162, 192. 
Matrix notation, 108, 379. 

Mean value theorem, 163. 

Mechanical quadrature See Quadra¬ 
ture. 

Meromorphic, 221. 

Milne-Thomson, L. M., 38, 70, 72, 
78, 80, 85, 94, 97, 99, 101, 109, 
124, 330, 334. 378, 410, 434, 
504. 

Mittag-Leftler, 332, 490. 

Moments, 40. 

Factorial, 41. 
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Multiplication theorems, 141, 205, 

240, 257. 

Neville, E. H., 98. 

Neville’s process of iteration, 81. 
Newton, 13, 55, 154, 271, 434. 
Newton’s interpolation formula, 2, 
11, 13, 57, 59. 
series, 302. 

Convergence abscissa of, 309. 
Expansion in, 306, 315, 316. 
Uniform convergence of, 302. 
Nielsen, H. }’., 181. 

Nielsen, N., 272, 295. 

Norlund. N.I5., 124,200, 201,202,203, 

241, 272, 284, 290, 294, 302, 
311,483, 487, 489, 504. 

Norland's definition of log 249. 
o|«?rfttor A, 23. 

Properties of, 30. 
theorem, 400. 

Null series, 304. 


tolerations with P" 1 on a given 
function A", 412. 
unity, 411. 

Operator />, 23. 

A, 23. 

V, 31. 


31. 32. 
p -', 37. 

Theorem on, 39. 
r, 436, 437. 
rr,, 439. 


of the 


(i, 434. 

/’!, 439. 

Operators, Applications 
operator P” 1 to 
difference eijuations, 413. 
dynamics, 411*. 
energy, 417. 
geometry. 415. 
linear oscillator. 418. 
probability, 415. 

General theorems on tr, 7 t, 

439, 467, 504. 518. 
Relations between I>, A, E“ 

Order of au integral function, 226. 

Order of singularity, 292. 


/>. Pi- 
33. 


Partial fraction scrim, 245. 330, 
332, 490, 495. 


Partial summation, 4), 206, 243. 
Pascal, 170. 

Periodic function, arbitrary, or peri¬ 
odic, 324. 

Perron, 0., 107, 121, 523, 531, 550. 
Perron’s theorem, 548. 

Phase, 58. 

Pincherle and Amaldi, 361, 369. 

Plana’s formula, 257. 

Poincare, 217, 244, 523. 550. 

Poincare’s theorem, 526. 

Pole, 221. 

Polynomial, Laguerrc s, 321. 

Sum of, 208. 

Polynomials, /?, 126. 

i?, 142. 

</., 124. 

Bernoulli’s, 126, 2l>4, 213, 338. 
Complementary argument theo¬ 
rem for, 128. 
in interval (0, 1), 141. 
of successive orders, 129. 
of the first order,^136. 

Properties of, 127. 

Relation to factorials, 129. 
Boole's theorem for, 149. 

Difference quotients of, 28. 
Euler-Maclaurin theorem for, 139. 
Euler’s, 143. 

Complementary argument theo¬ 
rem for, 145. 
of successive orders, 145. 
of the first order, 146. 

Properties of, 144. 

Expansion in factorials, 27. 
Interpolation, 14. 

Confluent, 1C. 

Legendre’ b, 176. 

Prym, F. B., 332. 

Prvin’s functions, 332. 

Psi function, 241, 268. 

Asymptotic behaviour for large 
values, 244. 

Complementary argument theorem 
for, 249. 

Differentiation of, 241. 

Duplication theorem for, 247. 
Expansion in Newton s series, 315. 
Fourier series for, 247. 

Gauss’ integral for, 247. 
Integration of, 242, 256. 
Multiplication theorem for, 246. _ 
Partial fraction development, 245, 
Poisson’s integral for, 248. 
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Quadrature formulae nvolving differ¬ 
ences, 180. 

central difference, 184. 
of closed type, 170. 
of open type, 172, 199. 

Remainder term in Newton’s for¬ 
mula, 5, 61. 

terms, 166, 167. See also individual 
formulae. 

Residue, 221. 
theorem, 221. 

Application of, 222. 

Rolle’s theorem, 4, 156, 175. 

SchlOmilch, 250. 

Sequence, Upper limit of, 277. 

Series, Euler’s transformation of, 911. 
Factorial —See Factorial series. 
Fourier, 218, 247, 326. 

Generating function of factorial, 
290. 312. 

Inverse factorial —See Inverse fac¬ 
torial series. 

Newton’s—Nee Newton’s series. 
Null, 304. 

Stirling’s, 253. 

Sheppard, W. F., 22, 55. 

Sign for symbolic equivalence, 32. 
Simpson’s rule, 171, 197. 

Singular point, or singularity, 221. 
Singularity, Order of, 292. 

Staudt’s theorem, 153. 

Steffensen, J. F., 62, 85, 166. 
Steffensen’s inteqiolation formula, 
74. 

Stirling, 272. 

Stirling’s formula, 254. 
inteqiolation, 67, 155. 
series for log I'(.r 1 h), 253. 
Subtabulation, 91. 

Sum, Asymptotic behaviour 
for large values, 214. 
for small values, 216. 
complex variable, 222. 
Differentiation of, 213. 

Existence of, 209. 

Fourier series for, 218. 
of exponential function, 231. 
of a polynomial, 208. 
of squares of first « natural num¬ 
bers, 43. 

or principal solution, 201. 
Properties of, 204. 


Sum equations, 534. 

General solution of, 542. 
Homogeneous, 537. 

Theorems on, 537, 547. 
Transformations of, 539. 
Summable function, 203. 

Summation, 200. 

Indefinite, 301. 
of finite series, 42. 
of series of polynomials, 43, 46. 
of series of rational functions, 45. 
Partial, 41, 243. 

analogy with integration by 
parts, 42. 

Repeated. 208, 243. 

Sylvester, 420. 

Svmbolie highest common factor, 
361. 

lowest common multiple, 363. 

Taylor, 13. 33. 59. 119. 

Theta function. 72. 

Thiele, T. X.. 104. 

Thiele’s identity, 532. 

interpolation formula, 106. 
theorem, 119. 

Thompson, A. J., 74, 88. 
Three-eighths rule, 199. 

Trajiezoidal rule, 170. 

Tsehebyscheff, 1*.. 177. 
Tsrhebvsrhetf’s formula, 177. 
Turnbull. H. W., 101, 109. 

Unique development, 305. 

Theorem of, 288. 

Upper limit, 277. 

n 

Value of 1 e”, 137. 

ft 1 

Vandermonde, 9, 134. 
van Orstraiul, (’. E., 63, 68. 

Wallis’ theorem, 268. 

Waring’s formula, 291. 

Weddle’s formula, 172. 

Weiurstrass, 274, 290. 

VVeierstrass’ definition of the Gamma 
function, 250. 

criterion for convergence of series, 
260. 

Whittaker and Robinson, 98. 
Whittaker and Watson. 11, 217, 222, 
245, 251, 252, 258, 259, 260, 
272, 277. 
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